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ON FINITELY GENERATED COMMUTATIVE SEMIGROUPS
Karel DRBOHLAV, Praha

In this paper we show that in every finitely generated
commutativegemigroup the meximality condition for congruence-
relations is satisfied. This may seem to be important becau~
ge of the fact thet for those commutative semigroups which
satisfy this maximality condition the noetherian congruence-
theory is true. This theory has been discovered by the author
& short time before (see [1] or [2] ).

We shall use the following notation: S; 1is the additi-
ve seuigroup of all non-negative integers, S (n > 1) is de-
fined recurrently by S, =S;® S _; , @ being the sym-
bol of the direct sum. Sn is in fact the free commutative
semigroup with n generators and with the unit element. Con-
gruence-relstions on S will be denoted by ¢ , & and
egpecielly a chain
(1) ‘focf,c‘fz c.c.cf c...
of congruence-relations on S, will be considered. 1 is
the identity-relation. The notion of an ideal will be used
in the usual way but the empty set will be regarded as an
ideal, too.

If n>1 we often write A instead of Sl and B

instead of S, , sothet Sp ., @ B ed we use a, 8y,

8oy eee 4, X1y Xy for to denote elements .of A whereas

b, bl' b2, Y1 Yo belong always to B , Elements of Sn
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will be mostly written as a ® b , ete.

Having € on S  and a€ A& we define a congruence-

relstion €% on B by )
by €% b= a @ b € a @ b,

It is clear that € c D implies ¥2%c D*  and
that € c ‘f“'t for every te& A .

Heving ¥ on S  and &, 8, € A we define an ideal
J(¥¢, a, a2) in B s the ideel consisting of all b, € B
such that there exists. at least one b, € B with a&; @ by
14 a, @ b2 . It 8 clear that ¢ < D implies
g€, 8, a)c JHD, a, a,) andthat J(Y¢, 8, a,)c
c J(€, 8 +t, a, + t) holds for every te A.

Having d€ A we define K(d) as the ideal in S, con-
sisting of all a (® b with a  d . In connection with
this K(d,¥ ) is defined as the ideal consisting of all
X € S, such that there exists at lesst ome Y€ K(d) with
X¥€ Y. TIt is clear that ¥ <« D  implies K(d,¥ )< X(4,2),

Having ¥ on S, ean idesl B’ in B will be called
an € -ideal if and only if we can f£ind numbers 8y < ai ,

8,< a5 , ..., 8,< a7 in A such that
td — M ’
B = «‘.&J'l (€, a;, ay)

It will be shown that in S, always the maximelity con=~
dition for ideals is satisfied so that e maximel € -ideal in
B tan be found. Of course, this maximal 4% -idesl in B is
the greates}: ¢ =ideal in B, so it is uniquely determined
and it will be denoted by M(Y¥ ). It is clesr thet ¢ < &
implies M(¥€ )< M(D ).

' Finally, heving an ideal X in S, (m> 1) and a € A
we define K- as the ideal in B consisting of all b€ B
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such that @ @ b € K . It is clear that Kyc K, implies
K; c K; ad thet K%c Ka*t for every te A .
In the proof of the maximelity condition for ideals o
chain
(2) Koc Kl < % C ove C‘ Kk < ceo
of ideals in S, will be considered.
Before coming to our main theorem we have to prove some
propositions. Pnoofs, when they are simple, are omitted.
Proposition l. For every ¥ on Sys ¢ #+ 1, the factor
senigroup S,/ ¥ is finite,

gruence-relations and the maximality condition for ideals ere \
satisfied. '

Propogition 3. In S, (n =1, 2,/3, «..) the meximality
condition for idesals is satisfied. '

Proof: We can suppose that n > 1 and that our proposi=-
tion is proved in B . Consider tre chain (2). Let K‘;:. be

meximal -in {Ki} a,kesx ™4 for every a < a*  let

x;(a) be maximel in { K3} ., - Putting & = max{x*,
k(a) for a < a*} we have K§=K§_ for every k Z k.
and for every a€ A . Hence k= k implies Kk =2 Ka

Propogition 4. Consider a chain (1) on S, (n>1)
and suppose that the maximality condition for congruence-re-
letions holds in B . Then it is possible to find £ e A
such that Yo = €, holds for every k > £ and for eve
ry & €@ A.

Proof: Let ¢ i: be meximal in {"Ci;a, xea =4
for every a < a* let ¢ ]a:(a)be meximal in {%¢ la:}kcA .
Now we put £ = max {¥* , k(a) for a< a*}.
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Proposition 5. Let be ¥ < D on Sy (n> 1), 8y,
a, € 4. Suppo:e that J(€, &, a2) =J(2, 8y 82) and
thet € 2292, Then ay, @ b0 a, @ b, implies
85y @ b € a, @b, .
Eroof: Let a @ b12 a, @ b, . We conclude step
by step: by € (9D, ) a?_) i b€ J(€y ay, a2) ;
2, @ pp ¥ a5 @ b for some b; ;azal ® b Qaaz @
.. 2N .., 2 ’,
@bz,aaz@bzibaz@nz,bz@ by 5 b, €2 by
2 a2®b2“f82@b2';al@hbl'fa2@
@ bz L]
Proposition 6. Conmsider the chain (1) on S, (n>1)
and let O<d € A . Then it is possible to find k (d>€ A
such that J(¥y, a, a + d) = J(€, ¢a>» @& @+ d) holds
for every k> k<d > and for every a €4 .
Proof: Let J(¢ .« , 8*, a*+ d) be meximsl in
a*
{d(€y, a, a + Q)} a, kes 2ond for every a < a™ let
I y(a)s 8y &+ A) “be maximal in {J(fk, 8, a+ @} o, .
Now we put k (a> = max {k*, k(a) for a < a*}.
let 0< d € A . Then it is possible to find k [d] € A ‘such
that J(€y, ay, 8,) = J( ¥ k[a]® 21» 8) holds for every
kx> x[a] and for all &), s,€ & such that 0 <a, - 8, € d .
Proof: We put k[d]l=max{k (t D} oct<d °
Theorem. In S, (n =1, 2, 3, ..e) the maximality condi-
tion for congruence-relations isg satisfied.
Proof: For the case n =1 see proposition 2 . We can
suppose that n > 1 and that our theorem is proved in B

Consider the chain (1) on S . We can clearly find me€ A
such that UM(¥€,) =M(¥ ) for all k Z m. let
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M(€,) = _:LZ J(€py 84, 85)
for some a;< a] , &< By seey 8= az', in A . Of cour-
se, it is M(¥,) = ‘,4;'54 J(€y, 85, 8y) forall k> m.
Put d = max {aifli jep ©ond find k [d] € A as in propo-
sition 7 . Then find AL € A es in proposition 4 . Finally,
find w'e A such that X(4,¥,) =KX(d, ¢ -) for all k> .
Now let us ots erve that m can be chosen in such a way

thet n2k[(a], n>4L, n 2> n’ end that J(¥,, a;, aj) =

J(¢;, a5, a;) holds for every k > n sand for every i =
=1, 2, eeey T

Now we shall prove that ¢, = € is true for every

k?m. Let us fix any k > m and assume that x; @ ¥
fk x, @ y, end x @Vyl (non ¢ ) x, @ y, hold for
some Xy, X, € A end for some TR e B . We may obviously
auppose that x1$ X . Consider now three cases:

I. a=< xls X, . In this case we may suppose that X =X
is minimal in regard to all possible cases which preserve all
conditions mentioﬁed up to this pqint. Now x, = X, =x is
not possible for it would be ¥, ‘C’l: ¥, and y;{non 'f;)yz
contrary to k, m =4 . In the case 0O <x2 -x; < a we get
a contradiction when using proposition 5 after having observed
that k, m=k [d] andx k, m = £ g0 that J(¥y, x;, x,) =
= J(fm, %, X,)  end ek2 = {:2 are true.

Hence we have d< X, = X} . Starting with x, @ ¥
fk x, @ Yy, we conclude step bjr step: y; € J(‘t’k, Xy, xz);
v, € M(‘{k) 3 ¥ € M(€ ) 5 ¥y € J(¥,, 8, a)) for some
1=1,2, 0,758 @y ¥ o @ y, for some i =1,
2, ee.s r ond for some y, € B.

As a; < 4<x wecm write X =8y +t, tea,
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Putting a{ +1t= xé we have
(3) Xy @ Iy {mxé ® 32’
It follows that % @ ¥ “Ckxz' @y, emd x; @ 3,
‘Ckxz ® ¥p « Now 0<x2'—x1=a£-aisd<x2-xl s
x) < x£'< x, and so, using the minimelity of X, - X; we have
xy @ 3y, ¥;x, @ 3, . Observing (3) we get x; @y, € @
® y, - a contradiction. _
IT. x1< %, < d . In this cese we have x; = x, or 0<x, =
-x< d and we use the same way as that contained in I +to
get a contradiction. _
III. x< d€x, . Wewite v, @ y; =X, x, ® 3, =
= X, so that Xlﬁfk X, is assumed. We conclude step by
step: X, € K(@) ; XeK(d, € s X; € K(q, C) i [ty ¥
for some Ye K(d) ; XY, Y5 X, Y.
Now, using the results of I , we have X, Y , hence
€, Xy o
Remark: 1In our theorem the maximality condition has
been proved in the case of any finitely generated free commu-
tative Semigroup with unit element, But it is gquite clear that
our theorem can be generalized to any finitely generated co-
mmutative semigroup.
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