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Commentationes Mathematicae Universitatis Carolinae 

9,4 (1968) 

SOME REMARKS ON THE SPECTRA AND NUMERICAL RANGE 

V. ISKS&fESCU, Bucarest 

If A is bounded linear operator on an Hilbert space 

H then the numerical range of A is by definition the 

set 

W(A) * {( Ax,x > , I x II * 1 I 

and it is known that its closure W(A) is a convex set 

and contains the spectrum & (T) of T . The purpose of 

this Note is to present some new results about connection 

of spectra and numerical range and also new proofs for 

known results strongly related to these. 

1. In this section we consider operators on an Hilbert 

space H o 

Theorem 1.1. If T is any operator such that 

1) ST** S""1 • T * ^ , p an integer > 1 , 

2) 02 Wis) and 1 • (̂ r ) • ... • (~|r ^ * 0 

for a f ( a e f f ( T ) - - ( 0 } 

then the spectrum of T is real. 

Proof. It is clear that it will suffice to consider on

ly boundary points. Let Xa e d & (T) , Im X0 4* 0 . We 

find a sequence of unit vectors {x^| such that 
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and thus 

oг 

and thus 

T x л - Л л x 

тv o 

s-1sЛ. - ЯÎs-Чx, 

S ^ ( T * ^ S ) x ^ - A;* S " f S x ^ - > 0 
'*V O 'W. 

which implies t h a t 

( T * * - X? ) S x^ —+ 0 

and condit ion 2° and the r e l a t i o n 

( T * - X0 ) (T**-* * . . . • A / ' * ) S x^-* 0 

leads t o the fact 

(T* - 1 ) S x ^ 0 . 

As in C9] we obtain t h a t Im X0 =£ 0 produces a cont ra 

dict ion* For completeness we give a proof. We consider 

(A- - A X S x ^ , x ^ > l = l< ( T * - a ) S x^ ,x > -
O 0 /Ttf * TV O 1*1* * 1*L 

- < (T* - XQ ) SX^ 9X„ > I 

which clearly tends to zero. But 0 e W(S) and this comp

letes the proofo 

Remark^, l) For p = 1 the theorem was proved by J. 

Williams 191. 

2) For the case when T is a hyponormal operator it 

is in C2J . 

Cordllary. If T is an operator such that the condi

tions of theorem 1 are true and W(T) =s convex closure 

6* (T) then T is a selfadjoint operator. 

The corollary contains results about selfadjointness 

of operators similar to their adjoints C5]fC6J. 
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2. In this section we give now proofs for some known 

results as an application of the following theorem [8J th. 

1. 

Theorem. If A and B are operators on the complex 

Hilbert space H , and if 0 £ W(A) , then 

<ru-"B)c ^ ^ 
WLA) 

Theorem 2.1. If A is a bounded linear operator on a 

Hilbert space and W(A) a subset of real numbers then A 

is a selfadjoint operator. 

Proof. We may suppose, without loss of generality, that 

A is an ivertible operator and thus A = UP where U is 

a cramped unitary operator and P is a strictly positive • 

From the theorem 

6-(P~1T*)=* ff(u~1) c ^iZ^ € R1 

which implies that U is equal to I or - I • 

Theorem 2 .2 . If S i s a s e l f ad joint operator and 

STS~1 * !r* then the spectrum of T i s real . 

Proof* From the theorem . 

^ ( T * ) » 6 (S- 1 TS) c *£[&• C R* . 

Remark* Theorem 2.2 furnishes a proof of theorem 1.1 

in the case p =» 1 since from theorem 2 of t83 we can 

consider S to be a selfadjoint operator* 

Theorem 2.3. If y i s a selfadjoint operator, r i s 

a s t r i c t l y posi t ive and ryr • y - 0 then necessarily 

y =- 0 . 

Proof o I t i s enough to prove that (y) =* 0 • 
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Since ( ry ) 2 -* - y 2 from a consequence of a theo

rem (T8jp.24 ) <5 (ry) i s nonnegative and by right mem

ber of the above equality i s nonpositive, i t follows that 

only 0 i s in the spectrum of y • 

3« In th i s sect ion we consider the case of elements 

of a Banach algebra* with identity E7J* 

For an element x of a Banach algebra B the nume

r i ca l range i s the set defined by 

WQ (x) =- { f (x) , f € /3 } 

where 

(I * { f , f € B* , f (x) = 1 a I f II J • 

It i s known L73 that W0 i s a convex closed set which con

tains the spectrum ff (x) of x . 

The following represents a translation to this case 

of theorem in section 2. 

Theorem 3 . 1 . If afb are elements of B and i f o 

W0 (a) then 

&{* b ) C -V^te) ' 

Proof. Exactly as for the theorem. 

We do not insist upon further translation to this ca

se or when B is an involutive Banach a lgebra of results 

presented in the section 1 and 2. 

Finally, I am indebted to Professor J. Williams for 

the possibility to see his papers before publication. 
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