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13,4 (1972)

NON-EXISTENCE OF CARTESIAN GROUPS OF ORDER 2pm

Ivan STUDNIGKA, Brno

By a cartesian group there is meant an algebraic sys-
tem (5,+,+,0,1) vhere ($,+, 0) is an additive group
(with a neutral element 0 ), (S,.) a multiplicative
groupoid, further O.x=x.0=0, 41 - x=x+1 = x hold
for Yxe€ S and fimally the following "planarity" condi-

tions are valid:
(A) Ve,m,teS,n4n 3lxedS x-x=x:.sr+t,
(B) Yo, m,teS,ndn lyeS -n.y=-by+t .
S termed the order of (S,+,.,0,1) .

Cartesian groups are just Hall planar ternary rings
of flag (_A,, a ) -transitive planes provided q 1is the im-
proper line and A +the improper point of q_—axis. Thus the
existence or non-existence of any prescribed order m ex-
presses the existence or non-existence flag (aq ,a.):.tran’-
sitive planes of order m . The purpose of the present no-
te is to give a contribution to the open problem of finding
all integers m for which there exists a flag (A, e) -tran-

gitive plane of order m .
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The aim of this note is to prove that there is no car-
tesian group of order 2p™ (p odd prime, m =4 ). In
the sequel (S,+, -, 0,4) will denote a fixed cartesian
group of finite order m + 4 . Obviously (SN 40},-,1)
is a loop so that

(1) the multiplication table of it is a Latin square
of order m .

First we affirm that

(2) for distinct rows (XaqyeeesXm )y (Yyyeer, 4p )
of this Latin square the m differences X =4 ,.c.) Xp= %¥m
are always exactly all the elements of S\ 40% .

Froof. Suppose thet the Latin square mentioned above

is of the form

2y, Qps - Qm
Q/d Q-,, av,’ s @4@2 g tve g aqav’w
Ag| ¥3% s  B%gycecs @ Ay

.
. .
. .

a'n alma“’ . alnaiz,ooo, a,wd'”

where fa,,..c)jam¥ = S\4§0}, a,=1.
Thus the i-th and j-th rows are

(Qpe @y, QueQgyeeey Qprm)
(ageay, @y ay,..r,ay: ay )
and it suffices to show thet @y « We=Qg4 « Qg *ay.ap-

—aj.aqVi,j, e, Ledd,....m3, i %z, hal,
Suppose on the contrary aqgi-Qp-ajcap=a; dp-a;:ay for
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scme 4,4,k,L ed4,...,m}, i 44, kL, Futting
~Q;Qpta; Q= a.‘_- a,l_fa.*-a,‘-t ,We get Q; ‘ay =
= a",‘, °L+t) a-‘é‘“’b"“‘é'“‘t +t . Tow (A) implie: @1" -
-aj;, 8 contradiction,

Now we shall use the elementary facts: & a group,

Go, its commutant =ed G/G, Abelian and G a group, H
its normal subgroup, G/H Abelian ==> G, & H .

(3) Let 6 be a finite group (additive) with commu-
"tant Gy such that Gg, Ggy+-0y Gy are preciskly
all elements of @/ G, . If Xy+...+K, € G,  for some
3€40,1,000, A1 with K4y.e. , Kp @ G then eech sum
of K,‘ yeoen J(”_ indeperndently of the order belongs to
G; .
In fact, for 4 € {4,..., £} there is z A €
€40,1,...,»% such that X; e G”-L . Thus G,,1+...+ G,,nﬁ Gy,
The required conclusion follows at once because G ./ G,

must be Abelian.

(4) Let (S ,+,+,0,4% Dbe a finite cartesian group
of order m 44 ., Then every sum K 4+ ...+ Kn with
pairwise distinct summands K4 ,...,Km @« S\{0% Delongs
to the commutant of the group (S, +,0) . .

Broof, Let (XqgeeryXp) o (agpgneoey iy ) be dis-
tinct rows of the Latin square considered in (2). Thus
Pirst {Xqse00y) Xm3 = L4 50009 Ym 3 = S\{0} , Further,
by @), Xy = qs000y Xy = hm are pairwise distinct and

non zero, Now remerk that Xq=a; +Re-4z +...+ X~ Y, = 0



(wvhich belongs to the commutant of additive group.conside-
red) for Yiyy = Xgyeeer Y, = Xm 80 that, by (3), xy-np, +
T Xy =Ygt oo+ Xm =~ Ym also belongs to the mentioned
commutant, The members X, -agqyeeey Xy = %n are non-zero.

Repeating use of (3) gives the conclusion of (4).

(5) If ¢ 1is a group (additive) of even order and N
its normal subgroup of odd order such that G /N is of
order 2 , then no sum of all elements of & ©belongs to

Gy (commutant of G ).

Proof. Since G /N is Abelian it suffices to show that
the sum considered does not belong to N . As G/N has
order 2 (with elements N = Ny, N, ), it must be N,‘+N1-
o No. Let X pue, K,, ©be all the elements of G (v e
order of G ) denoted in such a manner that Kg,..., Xp ,
respectively K, . ..oy Kqp are all the elements of N, or
of Ny, respectively., Then Kj+...+ Ky e No, Kpyq + ...

eeo+Xyy € Ny because Ng + Ny w Ny and because N, has

an odd order,

For the proof of our main result we need still two e~
lementar& facts about solvable groups, namely that no sum
of all elements of any solvable finite group of even order
belongs to its commutant and that every finite group with
order ,p"“q”/’ (41,’% prime, &, 3 integers) is necessari-
ly solvable., The first assertion follows at once because
‘every group of odd order 2m  has at least one subgroup
of order m,  and consequently of index 2 . This subgroup

must be normal and we can apply (5).
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After these remarks, assertion (4) gives the non-exis-
tence of cartesian groups of order 24;"” (41 odd prime,
m=21 ).

Using the Bruck-Ryser theorem we see that for odd m
and £# =3 (mod 4 ) we get nothing new but the remaining

cases seem to give a result which is not yet known,
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