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FURTHER NOTE ON FRECHET SPACES

R. FRICG, Zilina

Abstract: This is a continuation of [1]. Further pro-
perties concerning C¥ -embeddi and complete separation
of discrete closed countably infinite subsets of the Fré-
chet space A, constructed by F.B. Jones are studied.
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Answering a problem of J. Novdk ([6, Problem 9]) it
was shown in (1] that the space A, 1) constructed by
F.B. Jones in [4] (as a Moore space which is not complete-
ly regular) is a sequentially regular Fréchet space which
is not &, -completely regular 2), i.e.

(A) There is a countable set X c A, and a point
X € Apo-X such that for every continuous function £

on A, we have £(x)e £LX].

In the present paper (which is a continuation of [11)

it is shown that much more is true,viz. a discrete closed
1) The space Ao was denoted by (L g, A,) in [1] .

2) o -regular was improperly used for 4 -completely
regoular in [1): henceforth only the latter wgﬁ be used.
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set X c N\ o aatisfying (A) is constructed. This pro-
ves a conjecture of J. Novédk. From the construction it
follows that

(B) There is a liscrete closed countable subspace Z
which is not C(* -embedded (in the sense of [3]) in A .
Moreover, two propositions concerning complete separation
of subsets of a discrete closed countable infinite set in

A are given. Finally, it is proved that

(C) Ay 1is closed in every sequentially regular Fré-
chet space in which it is C* -embedded.

The notation and results of [1] are used without ex-
planation.

The following proposition is a slight modification of
Proposition 1.2 in [5, p.4441]:

Proposition 1. Let £ be a continuous function on the
Niemytzki space (L, A)., Then the function A(x)s £((x,0))
is of the firat Baire class.

Proof. For each me N, )_»,,,,(x)-f((x,nb")) is a
continuou; function of a real variable and %h,—> % .

In what follows E denotes the set of all rational
points of D, i.e.

E =4qlg = (x,0), x rational}.

Proposition 2. Let £ be a continuous function on’the
Niemytski space (L ,A) such that £LE1= 0. Then for
uncountably many points ¢ € D  we have f(q)=10 .
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Proof. By Theorem 5.2 in [7] a function A is of the
first Baire class if and only if /4 [V} is an Fg -set for
every open set Vc R . Thus, in the above notation, h*(0)
is a G4 -aset. Since from the Baire category theorem it fol-
lows that a countable dense set of real numbers cannot be a
Gg. -aet, the set % “°(0) is uncountable and hence £(g)=
= £((x,0)) = A (x) = 0 for uncountably many ¢ eD .

Let X be the set of all rational points of the first

"edge" of L, ,i.e.

X=49,lgeAnE}uilq,; Qz)lqunE}

It follows that X is a discrete closed countable infinite

subset of (L, ﬁw) .

Proposition 3. Let £ be a continuous function on
(Lo, Ap) such that £[X)=0.Then f(p)=10.

Proof. Since (L,,A,) can be obviously regarded as a
subspace of (Lo , A5) it follows from Proposition 2 that
£(g)=0 for uncountably many o € Y , where

Y=49,1geA3ui(g,59,)IqeB} .

Now let ¢ be a positive real number and & a natural num-
ber. Since £ (a)=0 for uncountably many 4 €Y we have
£(x)=0 for uncountably many points of at least one of
the sets {q,lq eA? and {(q 3 q,)/qeB}. Recall (cf.[4])
that if an open set 1 cl contains uncountably many points
of one of the sets A 4B, then AU contains uncountably
many points of the other. Using this result we obtain, af-

ter finitely many steps, Og (£)n£<C(-¢,€)) % f.Since
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{0 (p)} is a fundamental ayatem of neighbourhoecda of 4 ,
we have £(pn)= 0.

Let Z = Xu(pn). Then.Z is a discrete closed count-
able subset of L .

Proposition 4. The subspace (Z, a’”/z) ias not C* -
embedded in (L, ,A,) .

Proof. Let £ be a function defined on Z as follows:
£(x) =0 for xeX, £f(pl=1 .

Then £ is continuous on (Z,ﬁx/z ) and it follows from
Proposition 3 that £ cannot be continuously extended onto
(La, , Ao -

Proposition 5, There is a discrete closed countable
infinite set I in (L, ,A,) and infinite subsets I, I, c
€l, I,n I, =/ which are not completely separated
in (Ly, Ap) -

Proof. In the same way as in Proposition 3 it can be
proved that if
Ewiglg =(x+V2,0), x rational}
then

X’'={9.1qeAnE'3ui(g,;9lgeBNE"}

is a discrete closed countable infinite subset in (L, ,4,)

such that X* and f» are not completely separated. Put

11-x, 12 =X, 1I= 14 vi, and the assertion is ob-
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viously satisfied.

Proposition 6. For every discrete closed countable in-
finite set I in (L, ,A,) there are infinite subsets

I4 ,Iz cl which are completely separated.

Proof. Since I is a discrete closed countable infini-
te set in (Lo, A, ) it follows that I - (p) is infinite
and for some neighbourhood 0g (f2) of fo we have
I-(p)e L, -0 (£2) . Consequently, there is an‘infini-
te subset I,c I such that I, can be arranged into a
one-to-one sequence < Z_;)> and either

a) Projection of every z; lies in L -D ,
or

b) For some fixed m every z, ia of the form

4, 1) :
(‘Zf,,,)é Q,;.M) and if g“) =(x;,0) €D is the projec-

tiom of #; ,then {X; > ias a atrictly monotone, say inc-
reasing, sequence of real numbers.

In both cases, similarly as in [1, pp.414-415] ,a con-
tinuous function £ on (L, ,A,) can be constructed such

that

£(z,) =1 ena £(zm,, =0, i=1,2,3,.. .

=4

Proposition 7. Let (L ,Ayp) be a C* -embedded sub-
space of a Fréctiet space (S,6). Then 6Ly, =L, -

Progf. Suppose that, on the contrary, 6L, -L‘.,'# g .
Consequently, there is a one-to-one sequence < X, > af

points of* L,, and a point x € S-L,,x= &im X, . Hence
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1= U(x,) is a discrete closed countable infinite set in
(LepsAyp) and from Proposition 6 follows the existence
of a continuous function £ on (L, , A, ) such that the
sequenice { £(X,) > does not converge. Since £ can be
continuously extended over S we have a contradiction
wvith x = &m %, .

Note. The reader familiar with (2) may have noticed
that (Lo, ,A,) haa the property 4o .Further results con-
cerning mutual relations between the property o and C*-
embedding of discrete closed countable subspaces of sequen-
tial (convergence) spaces are intended to be published el-

sewhere.
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