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ON ORTHOGONAL CONJUGATE NETS IN E*

Alois BVEC, Praha

Abstract: We prove that orthogonal conjugate nets sa-.
tisfying globally certain conditions are situated on a
sphere.
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Let McE' bea surface, let OM be its boundary;
everything be of class C® .0n M, be given two unit tan-
gent vector fields vp, v, such that v,(m) is orthogonal
to vz(m) for each me M . We say that Vi, V, 8generate
an orthogonal conjugate net on M if vy v, e T(M) , T(M)
being the tangent bundle of M . This being the case, int-

roduce the normal vector fields

(1) v = (v vl)N y Wy = (v, vz)N ,

(vi vi)N being the normal part of vy Vg oe We are going to

prove the following

Theorem. Let M c E4 be a surface, and let v vy €
€ T(M) generate an orthogonal conjugate net. Suppose:

(i) X>0 on M, K being the Gauss curvature; (ii) on
M,
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(2) Cvylwy = 12), vy w0

(iii) on O M, we have w,
sphere.
Proof. To each point m

frame (m; v,, Var V3 v4) .

+ vy W, Vol —w) > & O

w, . hen M is a part of a

&€ M associate an orthonormal

Then

(3) an = w? vy o+ c'.>q'v2 y dvy = w:vj ;
wz.'* c;);=0 ’ da)‘.'= wé/\ w';_ , dw_;-w:"/\a{;
(4) wdzwl=0.
From (4), AN w?‘+ @? A aoaz =0, PN c.):'-o- @’ A m:-_- o,

and we get the existence of functions Byyeee; b3 such that

(5) w:=a1a>4+ azwa s w:'=blco’ +b2w°',
w; = 324)11- 3302 ’ O:I b2w1 + b3w2 .

Thus

(6) vy = (v, + ajvy + byv, , Vv, = vy + a,vy + byvy,
vovy = (v, + ayvy + bV, , Vv, = (v + ajvy + byv,.

The vector fields

net, we have

7

and

(8)

+ byv, ,

) T av3 1Y4

vy V5 generating an

8y = b,

orthogonal conjugate

0

'2 = 33V3 + b3V4 .

The moving frames may be chosen in such a way that w; - w,

- 184 -



and V3 + vy are linearly dependent, i.e.,
9) 31-33=b1-b3.
From (5),(7) and (9), we get

1 2

(10) (da, - blwg‘ Yaw! + (a) - ay) a?{ Aw? =0,
(al-a3)w§/\w' +(da3-b3wg)/\w" =0,
(db1+316)g)/\w4 +(al_33)w§/\oz =0, .
(31—33)603‘/\601 +(db3+a3wg)/\w2 =0

and the existence of functions o, ,..., 34 s8uch that

(11) day - bla): = oo,'a)" + x2w2 R
db, + alwg = 3 w4 cczwz ,
day - by} = wal v x, 07
dby + 330‘;= ecaa)" + B2,
(a) - a3)wf = g e c:c,,c«)2
and
(12) 208y - awd = (B, - x el + (e, - B, )7 .

Consider the invariant 1l-form

(13) v = (ay - a3)2w3 = (a) - ay)ecy !+ %y w?)

we get

' 2 2
(14) am ={(x,+ Byleg + (a, + B, )e, - 20y - 2y
- (ay - a3)2K}co‘A w?

because of
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1 2

(15) dw? =-Ka&'Aw? ,i.e., K=aja;+bby.

The second order invariants of the corisidered orthogonal con-

Jjugate net being

(16) gy =<wy,w? ef+b§ y Iy =Wy, W0 =a§+ b§ ,

K = <w1,w2)

-

we get

A7) vyw = - J) vy + g vy + By
viw, = - Kv) + 4 (v3 + v4) ,
vow = - Kv, + ecz(v3 + v4) ,
Va3 = - JpVp vy V3 By,

from (3) and (11). Thus

(18)  Lvylwy = wy), vy wy )+ Lvom, Volw, - w)d =
= (o;q+(31)x3+ (ac, + 33) e, - 2«.:— zxg +
+(J) +J,-2KK.

From (13),(14),(18) and J; + J, - 2 K = 2(a) - 33)2 , We
get the integral formula

(19) (8, - a3)(ec, @' + o, @?)
, (o - ey ot

= fM{(vl(wl = W), vywy >+ L vowy, Volwy = wy) ) -
- ey - a2 K3l A @ .

Because of (iii), we have a; = a; on @dM; K>0 and

(2) imply
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(20) a) = a,

on M, and (11) reduce to

4 -
(21) da) - by =0, db +awf =0.

We see that J = J2 =K = af + bf = const., and we are
able to choose the moving frames in such a way that w =

=20 from (21), and

=Wy, = a1y, i.e., b, =0 . Then @,

1 2 2 1
(22) dam= vy + @V, , dvy =wiv, +ta oV, ,

- 2 2
dvz--w1v1 +a)w V3
dv, = - a co"v-aa)zv dv, = 0
3 1 1 1 2 4 *

Because of

(23) d(m + v3) =0,
a
¥ i t of the sphere (m + — L) s
is a part of the sphere (m >, v3 ’ laf,,l situa-

ted in the hyperplane spanned by Vis Vi V3 .

For the details on the local differential geometry of
surfaces in E4 see my paper On the existence of parallel
normal vector fields of surfaces in E4 (to be published

in Czech.Math.Journal).
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