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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

18,2 (1977)

ON A CLASS OF TANGENTIAL CAUCHY-RIEMANN MAPS

Alois SVEC, Olomouc

t: We present conditions for a tangential Cau~-
chy—R%emann map £: sl's — H1 | §8% ¢ H£ a unit hyper-~
sphere and H g Hermitian space, to be constant.

§g¥ wordg: Hermitian space, tangential Cauchy-Rismann
map, integral formula, harmonic l'nap.

AMS: Primary 53C55 Ref. %.: 9.917.3
Secondary 32410

Be given a Hermitian plane H 2, i.e., the Euclidean
apace ) 3 together with an endomorphism J: v(zH — V(l‘),
F = -id., v(E4) being the vector space of l‘, such that
{ Ju,dv> =<u,v> for each u,veV(B‘). By a frame of H2 we
mean each frame @ = {m; '1"2"3"4‘ of 4 such that vy =
= Jvl’ v‘ = Jv3. Let [ be a field of frames of Hz; then

(1) dm = wlvl + wz'vz * w3v3 * w‘v"
avy = o« ‘:.f_'vz > mgv3 + w?v‘,
vy =-w3vy rwdvy + wdy,,
dv3 =-Q fvl-wgvz + wgvv
vy =-@ v @Fv, = @ vy
together with the integrability conditions (i,J,k = 1,...:4)

(2) dwl=wdna wj, dwi’ 2wk Aw)d,

i
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From dv, = Jdv,, n:lv4 = Jdvj. we get

(3) w?=wl ©l=-ab

Let 53 c HQ’ be a unit hypersphere. Let us associate to each
of its points m a frame @ in such a way that m + v, is its
center; evidently, we get

4 _ .3
(4) a)4=0,0{=01, wgswz, w3 =W,

Further, let H! be a Hermitian straight line, i.e.,
the Euclidean plane Ez endowed by an endomorphism } : v(xz)-+
—V(E), ¥P=-1d., (Jx, Fy > =24<x,5) for x,yeV(E?).

For its frames € =4{n;w;, v, }, v, = & ¥,, we may write

(5) dn = cyl‘vfl - 92’10'2, aw; = qiw'z,, aw, =
=-q§’llfl;
(6) dglx—ngqi, dszSqlA qf, dq’§=0.

Be given a mapping f: s3 — w* o Let us write

eli= gx ql, wZ2p* ?2’ z‘f:= £* 9%. Then
(n vl = aiwl + a%,mz + 3:1503. 2% = aia)l + a%raz *
+ a§<o3

end the differemtial f, : T,(S3)— T, (H'), ne$3, 1o gi-
ven by

‘ 1 2
‘8) f” vi = aiwl - Bi’w'z-
Let «,cTy(S%) be the plane given by Je = &, Tp is
spanned by v; and vye The mapping £ is said to satisfy the

tangential Cauchy-Riemann condition, see (2], if ZFo £, =
=f,0 J; let us call it TCR. It is easy to see that £ is TCR
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if and only if
1 4

(9) 81-82=O, 31+32=0’
i.e., (7) are of the form
(10} el aw! - ba? » ca)3, ? = bl + aw? + ewd.

By the exterior differentiation,

(11) {da + b3 - 2DiAwl -fab-atw?-22)jaw? s

"‘(dc‘e'l‘i)/\w3=-2001/\02"ba)lA a)3—

aw? A @3,

\

fab-a(w? -2t awd rfda+bw?-2DiA 0l o
1 1 1 1
3 =—2ec.>1A a)z +aa>1A (03‘-

*

(de + c'c':zL) AW

2 A w3,

bo

and we get the existence of functions A,...,F: S3—> R such
that

(12)  da + blw? -%) = (A - edwl + B+ o ? + cw?,

(c -Bwl + (& +edw? + Da)3,

dp - a(wi -’ti)
de -~ e?2 = (c - Dol - (D+aw? + 303,
de + ct’i =(D+aot + (€ -blw?+ Fe 3.
Further,
(13) fan + B(w? - 2003 aw? v 4am - a2? - 202134
A0l +{ac + D(mf —e‘%)? ad =

= - 4CcolAa)2 +(B-F + c)wl/\w3 +(E-A+e)wia

Aw3,

-4aB - az? - 20t wl s fan +Bl2? - 20Dr3 A
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aw? +{ap - c(wi - 'ef)SA w3 =
=-4lesz¢ (A+E+ e)wlAw}‘ +(B+F - daw
Aw3,

fac +ptw? - 2xNHiawl - - cwi -z} taw?e
+ (4B - Fqsf)»\mja
= 2(E + )t aw? ~ (2D + adwta w3 - (2¢ - D@ 2A

3
AW

{ap - c(wf - 'e'f)? Awlefac s D(wi - ef)i»\ w? .
» (@ +BrHand=
=-2(F - dwtaw? + 20 - Dwlawd - (20 + adwd
A3,
this implying the existence of functions K,...,S: S3— R
satisfying

1

(14) ax +Blz? - 20) = (L - 2Dw? - (K - 20w? + N3,

aB - akz? - 20?) = -k + 200! - (L + 2D ? + w3,

ac+ w3 - %) = (M+B-F+ ol + (N-AeE+

+ e)wz + P¢J3,

an

cw? - 22) =-(N=-Kk-E-e)ol + M+B+F-

dw? Qa3,

aE - Fel=(P-2D-aw! - (@+20-bw?+

+ Ra 3,

2

F+Evs = @w2c-Dwl e (P-20-aw? s

+ Sw 3’.
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Let ? ={m 71172»"73:%‘4} ’ & =4{n; "’6'1: 'i‘v"z; be anot-
her fields of frames, let

(15) v} = cos «.V] - sinx.V,, Vv, = sine« Sy o+ cos .7y,

V3 = ’;3, v‘ = 'Vv‘_;

wy

~
cos (3.55’1 - sinp.'?rz, w, = sinf.uy +
+ cos (3 + Wy

Then the direct calculation yields

(16) &' = cosexx.0? + sina.w?, 32 = ~sinc.w’ +
+ cosx.w?, B3 =03, B2-= wi-vdcc ;
1

'(}'1 = cos[!..wl + sin/s.a)z, §2 = -sinf.g +

+ cosf3 .qz H

(17} ¥ = coslx-f).a - sin(x-3).b, b = sin(x~3).a +
+ coslex =f3).b,
¥ = cos f.c * sinB.e, € = -sinfl.c + cos f3.e;
(18) % = cos(2ec=f3).A + sin(2a-3).B, B = -sin(2ac-3).
& + coslRa ~f3).B,

= cos(x-3).C - sin(a=3).D, D = sin(a-f3).C +
+ cosla = (3).D,

(224

£ = cos f.E + sinf3.F, F= -sinf3.E *+ cos 3.F.
Lempg. The 2-form
(19) Q = 2¢aC + D) wrAw?Z -{a(2B - F) + b(24 - E) + eC -
- ¢cD - ac - be}col/\ca3 +*
+{a(2a - E) - b(2B + F) +cC + eD + ae - be PN w3

on 83 is invariant and we have
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(20) d0 =42+t + A2 + B2+ © + I + &E - oF) dv,

dv = wlszAw:’ being the volume element of 33. The func-

tion
(21) T = ¢E ~ cF

is invariant as well.,

Theorem 1. Be given a TCR mapping £: $3 —» H? sa-
tisfying T2 0. Then £ 1s a constant mapping.

Proof. From the integral formula f;, dn =0, we get

a=b=A=B=C=D=0. from (12)), 0 = —ew’ + ca?, 1.c.,

c=e =0 and e1=t2=0. QED,
4
The harmonicity of a TCR mapping f: 83—-> H should
imply its constancy. Let us now prove a generalization of

this assertion. Be given an arbitrary mapping f: 83—-> H4 )

(22) =l («=1,2).

From this,

(23) (ady - o wg + afc‘,g) Ao,

and we get the existence of functions B.;.J = a;i: 53——# R
such that

(24) da’i-s}"wg#a';'u; 331‘.1 w’.

To each point me 83, let us associate the vector
ij 1
(25) t=d Jaidw‘ € Tf(m)(H );

the mapping t is called the tension field, see [11 or [3]
resp. The mapping f is called harmopic if t = 0 on 53. Now,
let £ be our TCR map. From (24) and (12), it is easy to see
that

1l 1l 1 1 1
(26) 811=A"e, 822.3-A"‘e, 933=E' 912‘81 31330,
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a3 = D,
eil = -B + ¢, agan«t c, ag3 = F, a§2=A, a€3 =D,
a53 = C,
i.e.,
273 t = (E = 2e)wy + (F + 2c)w,.

For each me 83, congider the vectors

(28) t) = £, vy = cm *ewyy ty = F ULy v3) = ~ewy » cwy,

ty = v3(f* v3) = Ewy + Fw,.

Then

(29) t= t3 + th
and

(30} <t2,t3) = T,

this presenting the geometrical description of T.

Theorem 2. Let £: 3 —> H' be a TCR map and let
there exist functions p,q: 33—-* R , q&0on 83, such
that

Then £ is a constant mapping.
Proof. All we have to do is to prove TZ0. From (31},
E+pc-qn=F#pe*qc=O,T=q(cz*c2), and we are

done.
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