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TRANSDUCER, GENERALIZED RELAYS AND THEIR
CHARACTERIZATION
Jaromir SISKA

Abstract, In the present paper, a definition of a transducer
is given, and then a special type of a transducer - a gene-
ralized relay is investigated, It is proved that a generalized
relay is continuous in LCC-topology, and a characterization

of transducers which are generalized relays is given,
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-

Introduction, Various special methods are used to overcome di-
fficulties that arise in describing processes and systems con-
taining elements with hysteresis, One of these methods(used
by Krasnoselskij et al. in [1,2] for a description of hyste-
resis effects appearing if plasticity and elai}icity of bodies
is studied)is based on a conception of a transducer.

Let sets X, Y be given. Roughly speaking, a transducer is
a mapping attaching to a pair - a time-dependent variable
x(t)ex and a point ycY - a time-dependent variable y(t)eY., Here
the definition of a transducer is given and the conceptions of
2 transducer and of a dynamical system are compared. Several
examples of transducers are presented and two of them - a relay
and a generalized relay are studied more in detail. We shall
give two equivalent definitions of relays and generalized relays,
one of them purely topological, and prove the continuity of a
generalized relay in the LCC-topology. The main result of this

paper is a complete characterization of generalized relays that
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1s, according to the terminology of Krasnoselskij (2] the iden-

tification problem of relays and generalized relays is solved.
1 would Like to thank to M, Kat&tov for calling my atten-

tion to these problems and for his patient help during the pre-

paration of this work,

1. Notations and definition of a transducer

1.1. Let f be a mapping from a set X into a set Y, The domain
of the map f will be denoted by D(f) and its image by Im f,
We shall say that a map f is on X 1ff X is its domain and that
it is onto Y iff Y is its range, A map f on X into Y will be
denoted by f: X —»Y,
Let X and Y be topological spaces and f be a map from X

into Y, Then f is a continuous map if it is continuous with
respect to the relative topology of its domain.
1.2. Let (T,£€) be a chain i.e. a linearly ordered set. A subset I
of T will be called an interval if for any a,be I, bfx€fa implies
X ¢€1. The set of all left-closed intervals (an interval I is a
left-closed interval if inf I exists and inf I61) will be de-
noted by J. For an interval I let L(I) = inf I, r(1) = sup I,

Let T be a chain and Let X be an arbitrary set. A subset X%
of the set of all mappings from T into X will be called a full
set of trajectories into X, if it meets the following two con-
ditions:

i) it fe, then d(f)e J,

24 31t fe%, 163, 1c0(t), then fr 16X,



1.3, 1f J = {j} is a set and {ij is a family of sets indexed by
U

J, their disjoint union is denoted by TEJ xj = o (jxxj).

The topological sum of an indexed collection of topological spa-

ces {xjj jed is the disjoint union % x’, equipped with the

finest topology in which each inclusion ij: xj—oj-yj xj,

ice xv—(j,x), xexj, is continuous,

it
Given a left-closed interval I, the set {fe Xi0(f) = 1§

will be denoted by X(I). The set Xmay be considered either as

a disjoint union of the fanily{l(l)j“’or, if ¥(1) are topolo-

gical spaces, as a topological sum of this family.

1.4, Definiton. Let T be a chain and let X, Y be sets, possibly
endowed with a structure and let 2‘,’ be full sets of trajecto-
ries into X and into Y, respectively, A mapping W: S—rcxp}uﬂl

be called a transducer if it satisfies the following conditions:

1) scxxy, (f,y) es=pu[f,y] ¢4,
$1) if gew[f,y] and 0(f) = I, then D(g) = 1 and g(L(1)) =y,
141) causality: if (f,7)es, (f,y)es, L(o(t) = L(o(f,)
and if there exists an interval Icd(f)n 0{(f) such that
i) = l(o(f,)) and f,M I = f,1 I, then {gl1 | g€
wlt,,ydi= for1l geulf,,y]}.
The transducer W will be called deterministic if w(f,y] is
a one-element set for each pair (f,y)€S. The set Y will be called
as a state set of the transducer W, its elements - as states,
trujec\tories from ¥ - as input functions or inputs; an input from
@ pair (f,y)eS will be called an admissible input with respect to
the initial state y, and trajectories fro-]rlll be called out-

comes or outcome functions of the tranducer W,
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Let W: S—vexp7 be a transducer, This transducer will be
called full if for every pair (f,y)éS, every Left-closed in-
terval 1cd(f) and every output geu‘},y], the pair (frl,g(l(llp
is also an element of S.

For a full transducer, another useful notion will be intro-
duced. We shall say that a full transducer W is compositive (or
has fhe conbosition property), if for every pair(f,y)¢S, for
every Left-closed subinterval I of 0(f), and for each g€ W[f,y)
the equality W[fPr, g(t(1))] = {nt 1| hew[f,y), h(1C1)) = g(LCIN}
is vatid.

1.5. The definition of a tran;ducer is similar to that of a dy-
namical system, Differences between those concepts are small and
a transducer could be considered to be a generalized dynamical
system, The main reason for using this different term - a trans-
ducer - is to avoid confusion,

Let us concentrate on deterministic transducers only and
compare their definition with the definition of dynamical systems
as it is stated in definition 1,1, in Chapter I of the book of
Kalman, Falb and Arbib [3].

The sets X, Y from the definition of a transducer may be
jdentified with the sets U and X from the definition of a dyna-
mical :yste-)respectively. As for the time sets T, there appears
a slight generalization in the definition of the transducer,

Another difference which should be mentioned is in defining
the input sets L and ¥, The domains of mappings fromfL are sup~-
posed to be the whole set T and for two inputs fromSfl, their
concatenation is also an input from{l. (se'(c)z) from the de-

finition of a dynamical sxstgl.) The domain of an input from X%
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1s supposed to be a Left-closed subinterval of T and there
is no demand concerning concatenation of inputs,

In the definition of a transducer there are no sets corres-
ponding to the sets/"and Y, But this difference is not substan-
tial - because, as it is well known, an equivalent definition of
a dynamical system can be given, in which sets Y and/ are not ex=-
plicitly involved, These are implicitly included in the set of
inner states of this dynamical system and in the set of time
evolutions of inner state of this, -The advantage of this equi-~
valent definition is that only one mapping - sometimes a bit
more complicated - may be studied, This was also the reason for
leaving out an output value set and an readout map in the defi-
nition of a transducer,

The state-transition function approximately corresponds to
the mapping W, The most important difference is that W is not
generally defined on the whole product ¥xY, Another éiffercnce
is that a transducer does not have be compositive,

1.6. Examples, It follows from the previous paragraphs that an
automaton could be treated as a compositive deterministic trans-
ducer with T = N,

A differential equation with parameters, can serve, as
another example of the transducer, Let F: R x R" x R™R" be a
mapping such that the differential equation dx/dt = F(t,x,a)
with a parameter a¢R™ has a unique solution., We will denote
a solution of this equation with an initial condition (t,y)
by x(tly,a;t). In this example, let T = R and Let R™ be the set

of “all cz—-apping from R into R™ defined on Left-closed inter=
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vals. If W: R"x R"—~R" is such a mapping that b(W) = § =
-[(o,y) € &"x R"|d(a) is a domain of the maximal solution of
the above equation for the initial condition (L (p(a) ,y) and
the evolution of the parameter a = a(t)} and Wla,y1(t) =

= x(L(p(a)), y,a(t); t), then W is a deterministic transducer
possessing the composition property.

More examples are presented in [2].

'2. Relay and generalized relay

2.1. In the rest of this paper we ghall study deterministic
transducers with real time only, i.e, with T = R, and with the
two state set Y = {0,1). Furthermore, we shall suppose that
X = R, Inputs will be the continuous maps. Thu:‘in the rest
of this paper we shall denote by Rthe set of all continuous maps
from R into R, the domein of which is a Left-closed interval.
From now on, the set of all trajectories from R into {0,1) will
be denoted by J.
The simplest non-trivial example of such a transducer is
a relay - r(x,B(see also [1]), for «,8 €R, x§ A, The set § of
admissible inputs of r(x,8)is {(f,4)eRx{0,1} 1£(L(0(f))=< 1 # O
and f(L(0(f))=8%>% ¥ 1). Let us denote t_ = inf {t c0(f)If(t) =
s}ty = inf{ted(£)1(t)=A) and T, = sup [Tt 1(7) e (« Al tor
ted(f) and t @ lin{t.c,t‘s. -
We define r(x,B)(f,01(t) = 0 if tct,,
e, [f,11() = 1 4f tee,,
re,)[,11(t) = 0 it t » minft ,t,Yand H(r)=«,
r(,B)(f,11(t) = 1 4f ¢ » minft , te)and f(t;t)' s,
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It is easy to check that s relay is a transducer with the com-
position property,
2.2. For each relay r(«,8), there exists the minimal topology
vt on the set Rx {0,1 such that the following statement holds
for the space R(-n.,n)-(nx{o,ﬂ,'t).
Statement (St): For each pair (f,1)€S there is exactly one
continuous map F: I—R(=,H8), I = D(f)cR, such that
i) FCLCOCE= (fCL(DCED) , i),
ii) wm eF = f,(971: R x {0,]—R is a projection ,
iii) Wé oF is a right-side continuous mapping,
(o, : Rx{0,0—~{0,1 is a projection).

Moreover, W, o f = r(=,8) [f,1].

Thus, the correspondence [f,i]—-)'rz e F induced by the space
R(x,8), is the mapping r(x,8):s —F,

Let us describe the topology T. The points(<,0) and (8,1)
are isolated., The local base of the point(x,1) is UuviU is a
euclidean naighborhood of (x,V in Rx{1} and V is a euclidean
nieghborhood of (x,0) in Rx{0! without this pointi. The Local
base of(3,0) is defined analogically and local basis of the
other points, (x,i)eRx{0,1}, are the sets {UIU 1is a euclidean
neighborhood of (x,i) in Rx{iJ}. It is simple to verify that
this is the topology which the statement (St) does hold for,
2,3, The idea of relay can be generalized in a natural way. iLet
A, B be two disjoint, closed subsets of R, Let the lLocal basis
of the points (a,i), a &«A, resp.(b,i), beB, resp.(x,i),
x¢§AuB, be the same as the Local basis of the points(s,i),
resp.(B,i), resp, (x,i). The space with this topology will be
zenoted by R{(A, B). If the set S = {(f,i)e«x{o,ﬁlf(l (o (t)er=pi #

¥ 0 and f(L(0(f)) € Bmdi # 1), then the statement(St) holds slso



for the space R(A, B) and thus the correspondence [f,ij—um} eF
induces the mapping r(A, B):S—¥, This mapping will be called

a generalized relay. A generalized relay is a deterministic
transducer with the composition piouperty.

2,4, For the sake of completeness we shall present a definition
of the gereralized relay formulated analogously as the former
definition of a relay. Similarly to the previous, we shall denote

?

t, = int {ten(f)If(tIer}, tgy = inf {t€p(f) 1£(t)¢B} and

T, = sup{té tIH{t A v BY for t & 0Cf) and t 2 min {tA' tB} and
define r(A, 8) [f,0](t)
r(A, B8 [f,11(t)
r(a, 8 (f,iI(t)
r(A, B) [f,i)(t)

It is quite easy to see that the outcomes of a generalized

0if t<t,,

14f t<t,
0 if t Xmin{t,, taj and (T )eA,

1 if ¢ 2 min{t,, tgl and f(T )eB.

relay detined in this paragraph are right-side continuous, too.

It is simple to verify that both the definitions are equivaleng
therefore we need not present it,

2.5, It is natural to consider two outcomes with the same domain
to be close if the total time of their different states (in

which they are in different states) is short, Let f&f(I). The
local base of an outcome f is defined to be the family

U (e, k)Nl €>0, KaI, K is a compact set}, U (€ LkX(f) being
the set {gef(1) | fIf(t) - g(t)| dt <g and r(I1)e I=>f(r(1) = g(r(IN}
The topology on f?s defined, as was said in the paragraph 1, to be

the topological sum of YUI) over the family J.
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Convention.
Speaking about a topological space Y, we shall mean the

set ¥ endowed with the topology defined above.

2.6. Proposition, Let P be the set of all right-side continuous
maps from ¥. Then P with the relative topology is a Hausdorff
space,

Proof, Denoting by P(1) the set of all right-side continuous map-
pings from A1) we see that P --%aP(I) and so it is sufficient

to prove that P(I) is a Hausdorff space.

Let us choose u, vé P(1), u # v, It may be supposed that
there exists t& I for which u(t) = 0 and v(t) = 1, The proof is
complete if t = r(I). Let us suppose this is not the case, Then
we can find a positive real number such that the closure of the
interval J = [t,t+J) is included in I and ul’J 5 0 and vly = 1.
Let Kc1 be a compact set and JcK. We choose neighborhoods
Uy = u(d73,k)(u) and U, = U(J73,K)(v) and suppose that there is
a mapping w belonging to them both, It implies the Lebesgue mea-
sure of each of the sets [TeJlw(¥)= u(r)}, {'z‘iJlu(‘r)s v(‘r)jf: at
least 2/3J°; this is an obvious contradiction with the size of
the interval J. Thus the neighborhoods U1, U2 must be disjoint
and the proof is completed.

2.7. A generalized relay r(A,B) is a time-covariant transducer,
t.e. r(A,B) [fepf,i1(t)= r(A,B) [f,i1(y(t)) for any which maps
oﬂojﬂonto D(f)continuously and preserves the orientation of
the real-line, In fact, we shall need a weaker property of the

transducer in the following part,
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A deterministic transducer W: s—-;, ScRxY is said to be
Lineerly time-covariant if for each (f,y) &S, f(t)= at + b,
o ¥ 0 the following conditions hold:
1) there exists a pair (g,y) in S such that 0(g) = Im f and
g(t) = ¢t if 220 and g(t) = -t if a<oO,
11) for te 0(f) the equality w(lf,y) (t) = wlg,yd (at + b)
holds.

2.8, definiti

ions. We shall call a continuous function fc®Rpiece-
f

wise Linear if there exists a finite set S, such that for each
L Y] D(')*S, a neighborhood of x can be found on which the fun-
stion f is Llinear.

A function f6 R will be called standard if either
Xt ETE const JF d(t), a€R, or t = const I 0(f), aer,
Proposition. Let W:S—+y, SeRx{0,1] be a deterministic trans-
dueer, whose outcomes are righ-side continuous. Let the
following conditions be satisfied:

1) for any x€ R, there exist (f,, k,), (fz, kz)c S such that
t, = (id + const )P 0(t), t, = (-id + constb)l‘b(fz),
o(t,), o(fz), are nondegenerated intervals and f, (L (b(f1))-
. 0000 x,

11) ¢ (f,1),(9,k)6S, f and g are standard, t € 0(f), Ta0(g),
f¢t) = g(r), and w[f,1] is discontinuous at t, then W(g,kXQ)=
= wlf,1](¢).

Then there exist disjoint closed sets AGR, BER such that
the restrictions of W and r(A, B) to S, = {G,Ves | £ is
standard} coincide.

1f, in addition, ¥ is a compositive linearly time covariant

transducer and S = {(t,de8 | t_is a piecewise Linear nep t,



then W and r(A, B) coincide on Sy

Proof, Let us define the sets A and B3

A= {xeRl if (u,i) e Sq, t€0Cu) and u(t) = x then wlu,il(t)e 1,
B = {x¢R| if (u,i) €5,, teD(u) and u(t) = x then wiu,{(t)= 0.
The sets A, B are closed, Let us suppose for example that thil'
is not true for the set A, Then there exists xe¢ ANA and a seque-
nce {xn}A:: C A converging to x. The first condition and x

not being in A imply that there exist (f1o),(f2,o)(s, ty =

= (id + const ) o(t)) , f, = (-id+const ) F 0(f,), a,b& R, the
domains of f, and f, are nontrivial intervals and f, (L(0(t ) =
= fz(l(D(fZND = x, At Least for one of these maps, say for

f,, 2 sequence {tk};:1 c o(f), t, ¥ lCD(f,)), can be chosen
L]
n=1

contradicts the right-side continuity of u[f,,o] as tk‘ul(l(f1’
and H[f1,0](tk) =1,

The disjointness of the sets A and B is evident, The sets

such that £f1(tk)j;:1 is a subsequence of {xnl . But this

A and B determine the relay r(A, B). It is an easy observation
that S, is included in the domain of r(A, B). It follows di=-
rectly from the definition of the sets A, B,

Now Let us show that the restrictions of W and of r(A, B)
to S, coincide, Let F be the set {t €0(f) | W Cf,4)(t)#
# r(A, B) [f,i](t)}for a pnir(f,{)£51 and let us suppose that
F is a non-void set, Put t, ® inf F, The right-side continuity
of outcomes implies toe F. From that it follows that just one
of the outcomes r(A, B)[f,i], WV[?,iJ is discontinuous at t,
in the euclidean topology. On the other hand, the definition

of the sets A, B, the assumptions of the propasition and the
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fact that t_ = inf F guarantee that the outcomes w(t,i] and
r(A, 8) [f,i] are at t_  either both continuous, or both iis-
continuous, Thus F = 0 and W rs, = r(A, B s1.

Let us prove thg second part of the proposition, In the
first step we choose a pair(f,i)€S,, the input of which is
a Linear function, W being a linearly time-covariant trans-
ducer implies the existence of (g,i)tS, such that there holds:
r(A, 8) [,4)(t) = r(a, 8) [9,4] (£(t] = v [g,1] (f(t) =
s v [f,1] (t). Because of this equality and because r(A, B)
and W are compositive transducers, r(A, B)rsz = Wls,.

2.9. The proposition 2.7 gives us an information about
necessary conditions under which the transducer W is equal

to a generalized relay on the set of piecevise Linear inputs,
This rises the question, under which conditions,this equality
can be extended to a larger set,

Let us suppose a topology for the set R x {0,713 is given, in
which generalized relays are continuous and the set L =((f,i) |¢
is a piecevise Linear function) is a dense subset of Rx{0,1).
Let r(A, B): S —>YyYbe a generalized relay and W: S—»ybe a conti-
nuous transducer identical with r(A, B) on the set Sal, Using
the well-known theorem about extending identities we can
deduce the identity of W and r(A, B) on the whole set S, Thus,
providing the required topology does exist, we have proved
the following theorem,

Theorem, Let r(A, B): S—»rbe a generalized relay and W: S —¥
be a transducer continuous on S, The necessary and sufficient
condition for r(A, B) and W to be equal is their equality on

the set SnL,
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2.10, Summarizing the paragraphs 2,8 and 2.9 we obtain
a characterization of a generalized relay.

Theorem, A transducer W: S—>J)is a generalized relay iff

) s = {(f,i)6Rx{0,18| if there exist (g,k)eS and <t <d(g)
such that g is standard, g®)= f(L(0(f) and w[g,k](1)= 4
ii) W is deterministic, compositive and Linearly time-
-invariant,
i14) W[f,i] 1s righ-side continuous for each (f,i)es,
iv) for any x €R, there exist (f1,k1),(f2,k2), fo=(id»
+ const ) I 0(f,), f, = (-id + cothFD(fz), a,bER,
(f,), 0(f,) are nondegenerated intervals and f,(L (D(f1)»-
- 6 (LOED = x,
v) if (f,1),(9,k)€S,f and g are standard, t ¢ 0(f),%cD(g),
f(te g(r) and W(f,i] is discontinuous at t, then W(g,k1(T) =
= u[t,1](4),

iv) W is LCC-continuous,

3. Continuity of a generalized relay

3.1. To be able to consider continuity of a generalized relay

we have to topologized the set R«{0,1}. If we take the topo-
logies usual for function spaces, a generalized relay is not
continuous, Because of that, a new suitable topology for

these purposes was defined, It is called a Level topology of
compact convergence and another paper [4] is devoted to the
study of its properties, In this paper, only a brief definition

of this topology will be given and the continuity of the genee
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ralized relay will be demonstrated, provided the domain
of a generalized relay is thus topologized,

X be the set of

3.2, Let X and Y be topological space and Y
all ' continuous mappings on X into Y. We shall define the
Level topology on Yx specifying the Local base at each
point of Y*. Let us denote U({V(xiﬂ:,1Xf)= {gerl ¥is=

= 1,...,n3x; € V(xy) such that f(x) = g(x;)}. The local
base at f is formed by the sets U({V(xiﬂ:,1)(f) for finite
sequences [xi}?.1 and for all neighborhoods of their
elenents,

The Level topology of compact convergence is the topo-
logy projectively generated by the topology of compact
convergence and the Level topology. We shall abbreviate its
name to LCC-topology.

3.3. Let the sets ®(1) be topologized by LCC-topology. In
accordance with the paragraph 1.3)ve shall consider Rto be
the topological sum of these spaces. The set {0,1} will be
supposed to be a discrete space and Rx{0,1} will be conside-
red with the product topology.

Theorem, Let r(A,B): S —>¥be a generalized relay. If we
suppose the topology on the set S is the topology induced
by the inclusion of S intoR x{0,1}, then r(A,B) is a con=
tinuous map,

Proof. Let us denote S(I,i) = SN@R(Ix (it), i = 0,1, 16J,
Then § -(iuys(x,oDJL (ULls(1,1)) . To prove the continuity of
r(A,B) it :s tufficieftho prove the continuity of
r(A,B)IMS(1,i): s(.,i)— Q).
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Let us introduce the following symbols: for u¢S(I,%)
ve define t = inf {tlu(t)e AuBl; for an arbitrary tel,
t>t, we define t&
define m = {te [t , +Jnll t =t or u(tdeA and u(T)eB

= sup{relt,t)) udeauBt. Finally, ve

or u(t)éB and u(?;)GAX.

We are going to prove the following Lemma for the set
"u'
Lemma, Let KcR be a connected, compact set, Then Hun K is
a finite set,
Proof. We shall suppose that L is not a finite set and
deduce a contradiction, Let there exist a one-to-~one sequence

o
{in} pu1C M N K. We may suppose that it converges to a point
-0

nu1 S Ae It follows that there must be

t and that {u(t")}

Y (7Y ) oo *
another sequence{t } O . c M aK such that {u(t.)}-.1c B
A
and {t;j ::1 converges to t, too. In more detail: for every

T, M, T<t'such that u(?), u(t)eA, there exists ?enu such
that u(€)XB and T<C<% Thus, at Least one point t:e M, N K Lies
in each 1/m=neighborhood of the point t. It implies u(t)eAn®
and this is the contradiction,

Let us come back to the proof of continuity of r(A,B)S(1,i)=
= r. Let ues(1,4) and Let U = u( @,k r(u) be a neighborhood
of the evolution r{u). Let us choose a compact set K =
a[1(1), ¥/c 1 such that k'c K. Let us add the point L(I) to the
set Hun K and number the elements of the set created in this
way, keeping the natural order given by their positions on
the real Lline - {T;,...,tkl. Let us take 0<J?q/2(k¢1) and
for each i=1,...,k define g; in the following way: if u(ri)
is an element of A, then ¢, = inf {lu(t)- Blltelr,, Z}‘j-'/jj
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ond analogously for u(ri) being an element of B, For { = 0
Lot us set £ = inf {ju(t) - (AuB)l|tel 7, ¥, -7I}. Let
€= min [co,..., Ekk. The parameters £, K and the sequence
of /- nefighborhoods of the points Cireve, T, determine the
neighborhood of the input u in the space $(I,i) such that
for every input v frow this neighborhood there is r(v)eU.,
3.4, Having proved the LCC-topology is a suitable topology
as concerns the continuity of a generalized relay, we may
turn our attention to the question of the density of the
set L. In the paper on LCC-topology [4] we have proved that
the set L(1) ={feRA) | f is » piecewise Linear function}

is a dense subset of R(IL An obvious implication of that is
the following proposition.

Proposition. The set L is a dense subset ofKx{0,1L
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