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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE 
25,2 (1984) 

ON SOME CLASSES OF COMPACT SPACES LYING 
IN £ -PRODUCTS 
G. A. SOKOLOV 

Abstracts In this paper results on the, structure of per­
fect classes in the sense of A.V*. Archangel skii til are pre­
sented. We give topological characterizations of compact spa­
ces X for which the space C (X) of all continuous functions 

with the topology^of pointwise convergence is a X-analytic 
space or a LindelSf Z- -space. 

Key words; The space C (X) , % -analytic spaces and Lin­

delSf S -spaces, perfect classes of compacts. 

Classification: 54C35 

I. A.V. Archangel 'skii [11 introduced the notion of the 

perfect class of topological spaces and proved the following 

remarkable theorem 

(* ) Let P be a perfect class, X be a compact, YcC (X) 

be a subspace separating points of X and Y e ? , Then 

Cp(X) e (P. 

Moreover, A.V. Archangel'skii L'U has shown that the class 

'S -j of all IK-analytic spaces and the class £Pp of all Linde­

lSf Z* -spaces [1, 3, 63 are perfect. We need here some 

strengthening of the Archangel skii 'a definition of a perfect 

class (in [11 somewhat weaker than condition (A3) below is re­

quired). We do not know whether our definition is equivalent 

to the original one, but observe that all results of [ll hold 

in the new situation^ the class (P« and the class .Pg satisfy 
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our modification and, actually, we are able to establish new 

facts on the structure of "perfect" classes in this regard. 

(See, for example. Remark T.) Throughout this article we do not 

use the Archangel'skil's definition, for this reason we venture 

to preserve the same name "perfect" for the next notions 

A class 3* of topological spaces is said to be perfect If 

It satisfies each of the following conditions. 

(A1) (P contains all compact spaces and the countable 

discrete space N, 

(A2) if X c {P and Y is a continuous image of X or a clo­

sed subset of X then U i P j 

(A3) if X w 6 9 , n cN f then TT t T € <P _ 
u
 1V€ N n 

If (P is a perfect class we denote by *&(&) the class of 

all compact spaces X such that X € % ((P) if and only if 

C (X) €. (P . The main section III of this paper is devoted to 

a study of classes ^ • % ( £P,) and %2 " ^ ( ^ 2 ^ * w n e r « 

•P-j and iPp are a s Above. We give the characterization of 

these classes which is similar to the Rosenthal s one of Eber-

lein compacts [4I and obtain some consequences of our charac­

terization. Results in the section II are that the class ^((P) 

is closed under some standard topological operations. We prove, 

in particular., that if a Corson compact X is a countable union 

of Bberlein compacts then X e %^0 The known example in this 

regard (M. Talagrand £5J) states that there exists a Corson 

compact with these properties which is not an Eberlein compact. 

Our terminology and notations are standard and follow the 

previous author s and A.G. Leiderman s paper [61. In particu­

lar, we denote by % (T) the .S -product of real lines having 

T as an index set. 
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II. Throughout this section 3* denotes some perfect class. 

Theorem 1. The class 3* contains any countable union and 

any countable intersection of its elements. 

Proof, a) Let X be a union of its subspaces X and 

X c (P , n e N. Then X is a continuous image of the discrete 

sum Y • @^ X n and Y is homeomorphic to the closed subspaoe 

of ( TT . .X.JX.N. Therefore, we obtain X e <P by (A1) - (A3). 
oft> tL \i n 

b) Let X be a common sub space of Xn e iP , neH, and 
X • r \ x . Then X i s naturally homeomorphic to the "diagonal" 

.TV 6 " n 

in TT̂  x n , hence X can be Identif ied with a closed subspaoe 

of th i s product and X * 9 by (A2) and (A3). 

Remark 1. By (A1) and Theorem 1 X^-spaces , hence by (A2) 

X - a n a l y t i c spaces belong to every perfect c lass {P • Therefo­

re (P.J i s the smallest perfect c las s . I s i t true for perfect 

c lasses in the sense of A.V. Archangel akil? 

For a continuous mapping or xX—> Y, the induced continuous 

mapping «3f0*C (Y)--> C (X) i s defined by the formula ofQW • 

« f o .jr. 

Theorem 2. The c lass *£«P) i s closed under the follow­

ing operatlonss 

a) countable products, 

b) finite unions, 

c) countable intersections, 

d) continuous images, 

e) closed subspaces. 

be a projection for each n c N . Then the se t Y - sAi jf °A(! (X )) 
nv^ n n p n °V 
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lies in C (X) and separates points of X. By (*) and Theorem 1 

we have (a). Assertions d) and e) follow frora (*), (A2) and 

the next general fact: or" is an injection (a surjection) iff 

sf° is a surjection (an injection). To prove b) it is enough 

to remark that the map ft—* (f|x ff |x ), where X « X^uX^ and 

f eC (X), is a horaeoraorphism of C (X) with a closed subspace of 

C (X-j)* C (X2). Finally, the same reasoning as in the part b) 

of the proof of Theorem 1 proves the point c). Q.E.D. 

It should be mentioned here that a generalization of the 

point b) of Theorem 2 for countable unions is false. Indeed, 

let X a bN be a corapactification of N whose remainder bN\ N is 

homeomorphic to the one-point compactification of the uncount­

able discrete space. Then X is the union of bN\N and single­

tons \n\$ neN| all of these sets are Eberlein compacts and the­

refore they are elements of *£.. It is evident that X is sepa­

rable and nonraetrlzable, hence, X is not a Corson compact and 

by 173 X ^ ^ . However, If we add to conditions on X to be a 

Corson compact then the generalization mentioned above is true. 

To prove this assertion we need some new facts concerning Cor­

son compacts. 

Let us fix a Corson compact X and some embedding of X into 

S (T). One can consider the point * , % £ T, and one can 

suppose that x(* ) « 0 for every x e S(T). Moreover, we may as­

sume that X separates points of T u i*l . We equip the set 

T u U ! with the weakest topology for which any x e X is conti­

nuous. We denote the topological space determined in this man­

ner by Tx. It is obvious that the next assertion holds. 

Lemma 1. The mapping x :TX —-> C (X) defined by ae(t)(x) =-

a x ( t ) , t€T x, xeX, is a homeomorphism, 
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Lemma 2. There e x i s t s an open cover \ Tx; oc e A} of the 

set Ty\«£*l consist ing of at most countable discrete d is jo int 

subsets of Ty such that 

1) sets [3€-(T^)3 c (X )N - t®$ are dis jo int in C (X) f 

2) i f Pc Txf *- € P and I P A T ^ U I for every oc e A then 

ae(P) i s closed in C (X). 

Proof. Since X i s a Corson compact by assumption, i t f o l ­

lows from Gul'ko's theorem C2; 33 that there i s a l inear injec­

t ion u:C (X) —> 52 (S) for some set S. Observe that u « &(*•) -» 

• 0 and put Z * u * 'tf.(Ty). The topology of the space Ty i s 

such that TyN TJ i s f i n i t e or countable for any neighbourhood U 

of the point *• . I t follows that se t s ZQ • «C z € Zjz(s)4= 0}t 

s c S t are at most countable. Letting oC.j(s) ---Cst., by induction 

we define 

o c ^ ^ s ) • U-isupp z * z c Z s , f s ' € o c n ( s ) J f n- t1 f 

I t i s easy to see that the s e t s oc(s) are countable and e i ther 

disjoint or coincident. The l a s t fact means that the s e t s 

Z / x * UAz ,IB'e oc (s)} are open and e i ther disjoint or coin­

cident, too. Final ly , we put ^ « (u * *e ) Za(n)m 1X i f l 

easy to examine that the family of se t s Ty i s desired. 

Q.E.D. 

Take now ^.t^incKj - some enumeration of T-̂  and put 

TX " **]»* * € A*# T h e s e t TX i s d l f l c r * * e a j l d * < - § > ^ < > J l B 

closed in C (X) by Lemma 2. 

Theorem 3* Let X be a Corson compact. Then there e x i s t s 

a subspace YcC (X) which separates points of X and which i s 

a union of closed ( in Cp(X)) s e t s \ such that Yn\4.©J i s 
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discrete for each ncN and the s e t s Y n \ - iO? are d i s jo int . 

Proof. I t suf f ices to put Y • ee(Tx) and Yn - ae(Tj) u 

u <©} 9 neH. Q.l.D. 

Since 3t(%) separates points of X9 we infer from (*•) and 

Theorem 3: 

Theorem 4. I f X i s a Corson compact then C (X) e CP i f f 

Definition 1. A set X c JS. (T) i s said to be order closed 

i f i t s a t i s f i e s the next condition: x c X and ly ( t ) .<* ! x ( t ) l 

for eTery t c T imply y c X . The order enTelope oe(X) of X c S (T) 

i s the smallest order closed subset of 22 (T) containing X. 

Lemma 3 . If X c IE (T) i s compact then oe(X) i s compact, 

too. 

Proof. One can consider spaces X and oe(X) lying in lR 

and Terify that oe(X) i s closed in 1R . Notice that X (and the­

refore oe(X)) in fact l i e s in some product of intervals 

t-a+ta^J , t c T . This proTes our assertion. 

Lemma 4. If a compact X c 2 (T) i s order closed then 

ae(Tx) i s closed in C (X). 

Proof. I t eas i ly follows from definit ions of topologies 

in C (X) and in Tx. 

Theorem 5. Let X be a Corson compact and X 6 *€(CP). Then 

for any embedding X into 2u(T) the order enTelope oe(X) belongs 

to c £ ( 3 3 ) , too. 

Proof, oe X-topology on T u U l i i s a priori finer than 
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X-topology* but on T£ u i*1 these topologies coincide, because 

Tj i s discrete and every oe X - neighbourhood of * contains 

some X-neighbourhood. Thus the spaces Tj and ? 0 v (x) a r e count­

able unions of the same aubapace T? <->«{*$ t n c N . The desired 

conclusion follows from Theorems 1 and 4. 

Theorem 6. Let X be a Corson compact and X be a countab­

l e union of elements *£(#>). Then X e * £ ( # ) . 

Proof. Let us f ix an embedding X c IS (T) and put 

XQ • #.j(T) «-fx 6 _S(T)| \ supp x l ^ l 5 . Then XQ i s homeomorph-

l c to the one-point oompactlficatlon of the discrete space T9 

therefore XQ i s an Eberltin compact and XQ c *£ ($>) by Remark 

1. I f X • ^ V N *-, a n d X„ 6 *& (<P) # we can assume that X^ c X* c nv © •» n. n w o « 

c l ^ c . . . by Theorem 2(b) . Every space X 9 n - 0 9 1 9 . . . 9 separa­

tes points of T u l*} and these spaces give the increasing 

sequence of topologies o n T u U . having X-topology as their 

upper bound. I t follows that the diagonal product of mappings 

<jr tTj—-^Tj 9 n£N f i s the homeomorphio mapping of T-r onto a 

closed subset of Tf^ Tj . Using (A2)9 (A3) and Theorem 4 , we 

oomplete the proof. 

Corollary 1. If a Corson compact X i s a countable union 

of Eberlein compacts then X * I .)* 

I I I . We begin th i s sect ion with some characterizations 

of X -analyt ic spaces and Llndelof Su -spaces. 

Definit ion 2 . Let X be a topological space and y be a 

family of open s e t s . The subset Xc X i s said to be ^-compact 

i f some f i n i t e subfamily of T covers Y. 
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theorem 7* a) fhe spmee X l e 9C -enalyti© i f f for rrery 

m c l and every n-tuple (h 1 9 . . # 9 l c n ) of integer* there oxletc 

the oloeed emheet **« w c x "»** **»* * m JkUn **• 

K * m U K ,. * mad the following i e f u l f i l l e d ! 

for amy open ooTcr f of X and for amy eeomenoe "C^-^w, °* **"• 

tegerc the act .4. . l e ?r-oompaot for a l l auff io lent ly 

large n c l . 

b) fhe epaee X l e a Lindelof 25 -apaee i f f there exlete 

a eommtable family Gt of oloeed eubeete of X ouch that for 

amy open corer y of X the eubfamily {A c CC t A l e -y-oompact} 

ooTore X. 

Proof. Vc proTe only the part (b) 9 heommee the part (a) 

can he Terified by the flame memmer. I f X i s a Lindelof ^ - a p a ­

c e , there l e a eountable family & of oloeed ajubeete at flX 

(flX l e the Stome-Seoh compactifloation of X) euoh that 3b% m 

m H ( B i ft | z c . c ) c X for erery x c X . We ©an acemme that & 

l e oloeed under f i n i t e Int•ravetione. fhe family Ci--fBnX% 

B * &1 ea t l e f l e e a l l our roqulreaents. Indeed, l e t T *• • » 

open corer of X and x d . fhere are &|f*««9GL from y » for 

which & z cQ. |U . . . u G b . I t l e evident that we hmTC ^ c l c 

c G.u . . . u G n for eome B c tB , therefore9 ! > B n X i i T -

compact and containe the point x. I t oompletee the proof. 

Def init ion 3 . fhe family oc la ca l led weakly ff-point-

f i n i t e If there l e o£ ] | c oc euoh that for every x c X we hare 

oC •U4f lC 1 1 imcI z t where I z - 4 n c * t «c B l e f i n i t e a t the 

point x"|. fhe family «c l e ca l led f0-»eeperatimg point• of X 

I f for amy two dlfferemt point* there l e c «C containing 

only one of them. 
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The next two theoreae are ouggeeted by the well-known Ro-

aenthal'e theorea C41. 

fheorea 8. Let X be a ooapact. fhen the following are e -

auiTalentf 

a) X a 1Z, 

b) X ham a weakly 6*-point-f inite fQ-0eparating family 

of open Ig' 0ub0ataf 

e) there ia the embedding of X into 2 ( f ) and f ^ c f for 

each A d euoh that f « U - l f i n c i 1 for erery x c X where 

I x « 4 a c V | f n n aupp x ia f i n i t e ) . 

Proof, a) «-*» b ) . Since X l a a Coraon ooapaot we can aaau-

ae that X ia eabedded i a JS! ( f ) i n auoh a way that 0 * x ( t ) - a 1 

for a l l x c X and t c f . f e can also aaauae (by fheoreae 2(b) and 

5) t h a t { x a £ ( f ) | I aupp x U U c X and I ia order closed. Let 

Q be a aet of a l l rational mtabera and define 

oc« U«CoCp |rcQn(0 f1)Ji 

ocp - < U p t | t c f J | 

u r t - C x c X | x ( t ) ? > r i . 

I t ia clear that each Up t ia an open F^ sat and oo i s TQ-sepa­

rating. Moreover, i t i s aaay to check that 06 i s a weakly 6'-

point - f in i te family ao any oC i s the a am a. Let MLsX*--* X be a 

aappiag deflaed as followot a p ( x ) ( t ) « x ( t ) i f x ( t ) * r , oth*r-

wiee Mp(x)(t) « 0. I t ia evident that 0^(1) la a coapaet and 

a^OOcI. Thus 0^.(1) i s a closed aubeat of X9 hence, Bp(X) * ^ 
8114 *ML(X) € ^2 *T I a e o r i n i *• B y fheorem 6(b) there i e ***• coun­

table family & 2 - ^ A ^ i n c l } of cloaad aubsets of ftf (x) such 

that 

(1) U ik e U p | A i s f -ooapact} « f|t ( j ) 
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for any open cover y of Tj. Q-%. We put oc r n "••CU"r̂  * <*r* 

t c A } and show that the sequence ^ y * s a t i s f i e s a l l condi­

t ions of Definition 3 . To this end l e t us f i x x e X and an open 

cover y of TM ^ as follows! y consists of the set 

Tu Q O ^ eupp Mr(x) and singletons i\}9 t c supp IL.(x). Then the 

family of a l l 'fr-compact se t s A.^ covers T„ /y%. However, i t 

i s easy to check that A ^ i s -y-compact i f f A^nsupp -^(x) 

i s f i n i t e i f f oc i s f i n i t e at the point x. Therefore, the 

condition (1) i s equivalent to the equality 

oc • U -C OCJJJ} c^pjj i s f i n i t e at the point x i f 

as required. 

(b) —fr ( c ) . Let fu iX~*C0 f13 he a continuous function such 

that f^1(0) « X \ U for each U e oc . Define at tX -—> 51 (<*) by 

.5r(x)(U) • f u ( x ) . Then sr i s a homeomorphism. I t i s easy to see 

that or f T • T and Tn • oc f n€ Hf sat i s fy ( o ) . 

(c) *-=> (a) . If X s a t i s f i e s (c) then oe(X) s a t i s f i e s i t f 

too. We wi l l assume that X i s order closed i t s e l f . I t remains 

to verify that T~ e 3*2. To this end define sets kg "n-CT^j, 

k 6 0} where & runs over the set L of a l l f i n i t e subsets of 

N. Let x he any open cover of Tj . By the def init ion of the t o ­

pology in Ty we can assume that T consists of the set 
TXNA,Vl au-Dp ** a n d singletons i t i f t € AJ* supp x^ for some 

x 1 > . . . > x m in X. For t e T ^ by (c) we can find n^c N such that 

T n supp Xjj i s f i n i t e for k » 1 f . . . f m . Denoting tf-'Ciij,... 

. . . f n T r we have teAg, and A^ 1B y-compact. Thusf we get a 

cover of T^ consisting of y-compact s e t s . By Theorem 7(b) i t 

suff ices for the proof. 
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The main stages of the following theorem are similar to 

Theorem 8 and for this reason its proof is omitted. 

Theorem 9. Let X be a compact. Then the following are e-

quivalent: 

a) X € ct 1 f 

b) X has a T - separa t ing family 3* of open P^ subnets 

and subfamilies y k ^ k c x f o r a r ^ n - ^ P 1 * ( k 1 f . . . f k n ) of 

in t ege r s such tha t 

1 ) r - j k c N T V T * r - * k n mk*H ? k r - - V 

2) fo r every x c X and any sequence -fkrj? n € W of in tege r s 

there i s nn such tha t T v v I s f i n i t e a t the point x for 
O a K r • .Kn 

c) There is an embedding X into .2? (T) in such a may that 

for some subsets T, v c Tf the following conditions are ful-Jcr..Kn 

filled: 

1) T - ^ M V V " k n " ^ N V " k n k * 
2) If \k "\ is a sequence of integers and xeX then the 

set T, ,Asupp x is finite for all sufficiently large E. 
k r..k n 

Remark 2. It should be noted that part (c) of Theorems 7 

and 8 give us a new information even for Eberlein compacts. 

Corollary 2. Let X e ̂ 2 . Then there exists a countable 

family OL of closed subsets of X such that O i A e Ct |X€ A"$ 

is an Eberlein compact for every xeX. 

Proof. We can assume that X satisfies (c) of Theorem 8f 

i#e. there is T and Tnc T for neN such that X c 2 l ( T ) , T « 

a U .v Tn#n£ Nxt for every xe X where N x is the set of all n« N 
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for whleh f^n aupp z la f i n i t e . f • e&a aasus* that X ••par&taa 

palata í f f u U h Let Rn be a retraction i a 22(f) defined 

by Km(z)(t) - x ( t ) i f t c f f t 9 otherwise R&(z)(t) - 0* Denote 

Cfk(T) - í z a S ( f ) t I aupp z I é kiaad a - f R̂ 1 «rk(f ) | t tc I9 

k & l l I t la erid&nt that a l l e leaents of Ct are ooapaot. I f 

z c X aad a t l x , than R^ a&p* Ctx - A i A a a *z£ Al la to a 

.T-produet of ro&l l l a e s , thor&for&9 R^i 0C^ ia an Sb&rl&ia 

ooap&ot. Slaoo f « U - C f | | | a e V x l 9 the family of aappinga R|&9 

A C I Z , a&p&r&t&a pointa of 0t # i t follows that the diagonal 

produot of R^ la a hoa&oaorphiaa of CtT lato the countable 

product of Bb&rl&la ooapaets R^i ^ x ) > n ^ w
x » a*no*9 6 t x I s aa 

Bb&rl&la ooapaot too , &a i t l a required^ 

Corollary 2 allow* u* to at&t& next question*: 

(1) I* the condition of Corollary 2 suf f ic ient for 

X e*fc2f 

(2) (S.P. Oul'ko). Giren X & ̂ 1 9 do there e x i s t Kberlein 

ooapaota 1 ^ aad Corson ooapaets I n such that I n • - t*. X ^ aad 

X l a & oontinuous ia&g* of a closed subset of TT.. I ? 
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