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SPECIAL LATTICES OF COMPACTIFICATIONS
Alessandro CATERINO

Abstract. Given any compactification aX of a Tychonoff space X , let
fa 1+ BX —+ aX denote the canonical quotient map from the Stone-Cech com=
pactification of X onto aX . It is known that the complete upper semi-lat=
tice K(X) gf all cwg?ctificat.iom of X bpecomes a lattice whenever the set
Folax) = {£5 (p) : |fy (p)| > 1} is finite for all oX € K(X). In this paper
ve qiv: some necessary and sufficient conditions, in terms of X and RX - X,
for F (aX) to be finite for all aX € K(X).

AMS (1980) Subject Class. Primary: 54D35, 54D40. Secondary: 54C45, 54GO5,
54G10.
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Introduction. Let X be a Tychonoff space. Denote by K(X) the family
of Tz-compacttticationa of X. Two compactifications 0X and YX are consi=
dered equivalent if there is a homeomorphism between X and YX, which leaves
X pointwise fixed; we do not distinguish between equivalent compactifications
in X(X). K(X) is partially ordered by the relation: ulx < azx if there is
a continuous map from azx onto alx , which leaves X pointwise fixed.

It is known that X(X) is always a complete upper semi-lattice and thatitisa
complete lower semi-lattice (hence a complete lattice) iff X 4is locally com=
pact (cf.[M]).

In general K(X) is not a lattice, for example when X is first countable but

not locally compact (cf.[FV]).

Work partially supported by G.N.S.A.G.A.-C.N.R. and by Gruppo Nazionale di To=
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In this paper we study questions related to the problem of when K(X) is
a lattice.

In the following, we will use the term compactification instead of Tz—com=
pactification.

If oX € K(X) , BX will denote the Stone-Cech compactification of X and
fo. : BX — oX the canonical quotient map. Define the B-family of oX to
be F(aX) = {f;l(p) : peaX - X} and set Fox) = {F € FlaX) : |IF| > 1},
Recall that any family of bounded continuous functions, S C c’(x), which sep=

arates points from closed sets, generates a compactification a,sx - es x) ,

where es : X — ” Kf ’ l(f = f£(X) , is the topological embedding defin=
fes

d b = {f .

ed by e (x) {£(x) }fcs

Moreover, observe that, if Fx,...,F“c BX - X are disjoint compact sets with

|F1|>1 , then the quotient space oX of fX , obtained by shrinking each com=

3
pact Fi to a point, is a compactification of X and one has F (aX) =

= {Fl"" JF 1. Obviously oX coincides with the compactification generated
) ]

is the exten=
IFy

by s={f¢ c*(x) : £ is constant y i=1,...,n}, where f
sion of f to BX .

Some topological spaces have the property that all their compactifications
are obtained as previously described, that is F’ (aX) is finite for all
aX € K(X). In this case, it is easy to prove that K(X) is a lattice. In fact,
if oX and YX are compactifications of X , then aX A YX is generated by
the family of continuous functions

{£ecm : fBIF is constant VF € F (aX) U F’(yx)).

In ([c], th.5.6; see also [FV], proof of th. 1) it is pointed out that if
BX - X 1is discrete and C -embedded in BX , then F (oX) is finite for all
oX € K(X) . More generally, one obtains the same result when BX - X is a P-space
and Cle(Bx - X) is an F-space(cf.{U]). Recall that a P-space is a space in
which every cozero-set is C-embedded and an F-space is a space in which every
cozero-set is C*-embedded (for equivalent definitions cf. 4J, 14.25, 14.29,
14N in [G3]).

Among the results of the present paper is the following proposition gener=
alizing the above mentioned reéults:.if BX - X is a.cf-space (that is a space

whose compact sets are finite) and every bgggntable discrete subset of BX - X



is c*-embedded in BX , then F*(ax) is finite for all oX e K(X).

The same conclusion is achievedif the following three conditions are satisfied:
a) BX - X is C*—embedded in BX, b) BX - X is countably normal (we say that
a space is countably normal if any two disjoint countable closed sets are com=
pletely separated), and c) every infinite subset of BX - X contains an infi=
nite discrete and closed subset of BX - X .

An application of the last proposition is obtained when fBX - X is an MI-space
(that is, dense in itself and whose dense subsets are open), countably normal
and C*-embedded in BX .

Moreover, we prove that BX - X 1is a cf-space if F*(aX) is finite for all
aX € K(X) and, under additional hypot.heées on X or PBX - X , we give some :
equivalent conditions for F*(ax) to be finite for all oX € K(X).

We will denote with N and R the sets of natural numbers and real num=

bers, respectively.

1. All spaces we deal with are Tychonoff. Let aX be a compactification of a
space X and let fo. : BX — oX be the canonical quotient map. A subset
A of pX is said to be saturatecl\ (relative to fu) when A = £;1(fa(h)).
Given FCACBX , where F = fu (p) with peoX and A is an open subset
of BX , then, since fa is a closed map, there exists an open saturated

subset U of BX such that FC UC A .

%
LEMMA 1. Let oX be a compactification of X , G = {FA}AEAC'F =F’(ax) and

let A = {x).}AeA with x € F)\ for every X € A . Then

cL ( )) -s=(c1 -
( Bx )‘LSJA ) -5 =(c ex“) s
where S = U* F .

FEF
Proof.

Obviousl, cl A)-sc(cr_ ( F -8 .C ly if Cl A)- S
y ( Bx ) ( Bx U )‘)) onversely x ¢( gx )
then we can suppose, without loss of generality, that x ¢ S . Let V C BX be
an open set such that x € V, VN A = ¢ . Then there exists an open saturated
subset U of BX with x € UC V . It is clear that U NF.= ¢ for all

A
A e A, since U is saturated and X, f U for all ) € A . Thus

gfcr (| Fo)-s .
x ( exALEJA A)
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PAY)
Xy 0 Yy € Fk for every A & A, Then

x
. G = N =
COROLLARY 2. Let = {F }. CF (oX) and let A {x)\})\cl\ B {yA}AeA '

(C1g,A) -5 = (c1Bxa) -5 .

PROPOSITION 3. If @X - X is a cf-space and every countable discrete subset

x
of BX - X is C -embedded in BX , then F (aX) is finite for all oX € K(X).
Proof.
£
Suppose that, for some oX € K(X) , F (oX) 1s infinite, It follows that D =
= fu(l-‘*(ux)) is infinite. If T = {pn} is countably infinite discrete subset
-1
of D t = N d 1 A= B = h
, se !‘n fu (pn) for every n ¢ N, and let {xn} ¢ {yn} where
X ,y €EF ,x #y .Since T is discrete in oX - X , it follows that S =
n n n n n
=AU B is a discrete subset of PBX - X . In fact, for every n € N , there is
an open set Vn of aX - X such that pm € Vn iff m=n .
-1
Then setting Un - tu (vn) 2 !‘n . one has lJn n !k =@ for every k ¢ n ,
otherwise pk € vn . .
By assumption § is C -embedded in RX , hence A and B , which are com%
Pletely separated in § , are completely separated in BX . Thus we have
cleA n Clexa = @ ; woreover it follows from Corollary 2 that clexA nxs=
- CJ.BXB N X . We conclude that both A and B have no cluster points in X,
hence Cl_A C BX - X . This is a contradiction, because BX - X was supposed

BX
to be a cf-space.

As a consequence of the above proposition we obtain the known results :
CORQLLARY 4. ([Fv]) If BX - X is discrete and C*-embedded in BX , then
x
F (aX) is finite for all X € K(X) .

COROLLARY 8. (IUI) If BX - X is a P-space and Cle(Bx - X) is an F-space,
then r*(ux) is finite for all oaX e K(X) .

Proof, Every countable subsst of a P-space is closed and discrete, so avery
P-space is a cf-space (cf. 4K in [GJ]). Also every countable subset of an
F-space is C*-embeddsd (c£. 14N in [GJ]). Then apply the Tietze-Urysohn

theorem.

We give naw another sufficient candition for B‘* (0X) to be finite for
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all oX € K(X) .

PROPOSITION 6. Let X be a space such that :

a) BX - X is C -embedded in @X

b) BX - X is countably normal

c) every infinite subset of BX - X contains an infinite discrete and closed

subset of RX - X .
Then F*(ux) is finite for all oX € K(X)
Proof.
First observe that, if T C BX - X is infinite, then there exists a countably
infinite subset of T , which is closed and discrete. .
Now suppose that there is an aX € K(X) such that F*(ax) is infinite. Then
there exists a countably infinite set A'C U{F : F g F*(ax)) , which is
closed and discrete in RX - X . Since every F g F*(ax) is compact, then
A'NF 1is finite for all F ¢ F*(ux) . Thus, one can suppose that A' meets
every F ¢ F*(ax) in at most one point. If A' = {xn} , let Fn = f;l(fa(xn))
for every n ¢ N . Then consider a countably infinite set B C U Fn— {xn}
closed and discrete in BX - X . As above, we can suppose neN
that |B N Fn] <1 forall negN.1f B = {ynj} with Yn, € Fnj , let
A= {xnj} . By arguments similar to those in Proposition 3 , we obtain that A
has no cluster points in X and so it is closed in BX . This is a contradic=

tion since A 1is an infinite discrete set.

COROLLARY 7. Let fBX - X be an MI-space, countably normal and C*—embedded in

BX , then F‘(O.X) is finite for all oX € K(X) .

Proof.

It is easy to prove that, every infinite subset of -a Hausdorff MI-space Y
contains a countably infinite closed and discrete subset. In fact, if TC Y
is infinite, consider a copy N of N in T . N has no interior points,
otherwise, since N is discrete, such points would be isolated in Y . Thus

Y - N is dense in Y ., hence open. We conclude that N 1is closed and discrete

in Y .

%
Next, we will give an example in which BX - X is C -embedded in B8X ,
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and it is neither a P-space nor an MI-space, but satisfies the hypotheses of
Proposition 3 or 6.
Recall that a space is said to be extremally disconnected if every open set
has an open closure. It is said to be basically disconnected if every cozero-
set has an open closure. One can also give an equivalent definition of an
F-space as being a space in which disjoint cozero-sets are completely
separated.
Clearly, the following implications hold :

extremally disconnected =————>basically disconnected ==—==> F-space .
Let L =N U{o} and let U be a free ultrafilter on N . In I define the
following topology : a subset A of I containing o is open iff A=uU{c},
U e U, also all subsets of I that do not contain ¢ are to be open.
It is easy to prove that I is a normal, extremally disconnected space ( and
so an F-space), but it is not a P-space, nor an MI-space (cf. 4M in [GJ]) .
Since I is an F-space, then every subset of I is C*—embedded (c£. 14N
in [GJ]). It is known that, if Y 4is a Tychonoff space, then there is a space
X such that BX - X is homeomorphic to Y and is c*-embedded in Bx (cf.[c]
Cor.4.18). We apply this result to the case Y = [ .,
Now we show that every infinite subset of I contains an infinite closed and
discrete subset of I , so I is a cf-space.
Let T' be an infinite subset of £ and let T =T' - {0} . If T = {xn] ,

set A-{xzn} and B = {x } .Nowif AeU, then AUNIN-T) eV .

2n+1
Otherwise N - A € U . In the former case, we obtain that B is closed and

discrete. In the latter A is closed and discrete.

2. As we have seen in Proposition 3 and 6, the condition that BX - X is a
£

cf-space ensures, together with other conditions, that F (aX) is finite for

all aX € K(X). Now we want to prove that this latter condition implies that

BX -~ X is a cf-space.

PROPOSITION 8. If F' (aX) is finite for all oX € K(X) then BX - X is a
cf-space. °
Proof.

Let K be a compact subset of BX - X and suppose that K is infinite.




Then there is a countak;ly infigite discrete subset of K , which we denote
by B = {xn} . If {rn} is the sequence of real numbers with Tonet =~ Ton =
=1/n, ne N, then the map g : CJ.Bx B —* R defined by g(xn) =

and g(x) =0, if x € (Cl X B) - B , is continuous and thus it has a con=

[3

tinuous extension h to BX .

Now consider the family A of subsets of BX - X defined as follows :

A={h_1(p)ﬂK:pER)

and let

S=tectm : fBIA is constantVA € 4} .
The family S separates points from closed sets of X . In fact if CcCcX .
is a closed set and x €X , x £C , let F be a closed set in BX such
that F N X = C . Then there exists £ £ CY(BX) such that £(x) = O and
£(Ky F) =1 . The map flx belongs to S and gseparates x from C .
The family, S , thus generates a compactification oX = asx = es(x) ; more=

over, if fa is the canonical quotient map, one has fu = eg = n fB .
fes

Now we show that F (oX) = {A ¢4 : |a] >1} and so F(X) is infinite.
If x, y ¢eA , for some A ¢ A , then cbviously fa(x) = fa(y) .

Conversely, suppose that x, y € & - X do not belong to the same A €4 .
If at least one of the two points, say x , does not belong to K , then there
is a continuous map 8 : BX —* R such that s(x) =0 and s(x y {y}) =
= 1 ., We have slx €S , and (s IX)7X)‘ s(x) # s(y) = (s IX)B (y) , therefore
fu(x) * fu(y). Suppose then x, y €K and h(x) ¥ h(y) , that is x and y
do not belong to the same A € A4 . The map h = hlx € 5 ., Obviously one has

;B(x) = h(x) # h(y) = ;B(y) » and so again we have £ (x) ¥ £ (y) .

We note that the condition that BX - X be a cf-space is not enough to
3
imply that F (oX) is finite for all OX € K(X) . In fact, it is possible to

construct a space X such that A - X =N =N and ClxN=mN , where wN

B8
is the one-point compactification of N . The conclusion follows from the fol=
lowing fact : if there is a sequence in X - X converging to a point of X ,
then K(X) is not a lattice (cf. example 4.7 in [T)).

The following corollaries are easy consequences of Proposition 3 and 8.



COROLLARY 9. Let BX - X be locally compact and c*-embeddea in BX .

Then r*(ux) is finite for all aX € K(X) if and only if BX - X is

discrete.

COROLLARY 10. Let X be locally compact.

Then F*(ux) is finite for all oX € K(X) if and only if BX - X is finite.

COROLLARY 11, Let Clsx(ax - X) be an F-space.

Then F‘(u,x) is finite for all aX € K(X) 4if and only if BX - X is a
cf-space.

Remark: The hypotheses of Corollary 11 are satisfied, for instance, if X is
an F-space or RX - X is an F-space, C*-embedded in BX (cf. in [GJ) 14.25
(9) and (10) and 14.26 that every C*-ambedded subspace of an F-space is

itself an F-space).

L
We give now another necessary condition for F (aX) to be finite for all

aX € K(X) .

PROPOSITION 12, If F’(ax) is finite for all oX € K(X) , then X is pseudo=
compact.

Proof. If X were not pseudocompact, then it would contain a C-embedded copy
N of N, in particular a closed C*-embedded copy of N . Then we would have

BN - NCBX - X and so f$X -~ X would not be a cf-space.

Note that a pseudocompact space can contain a closed C*-embedded copy of
N and so the converse of the above proposition is false. For example, the
space A = BR - (BN - N) is pseudocompact and N is closed C*—embedded in
A (cf. 6P in [GJ)).

COROLLARY 13, If X is realcompact and not compact, then there exists

aX € K(X) with F*(Q.X) infinite.

We conclude with an open question: is there a space X such that gX - X
*
is a cf-space, C -embedaed in BX and X has a compactification aX with
x
F (aX) infinite ?
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