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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
27,4 (1986)

ON THE SOLUTION OF TRANSONIC FLOWS
WITH WEAK SHOCKS
Miloslav FEISTAUER and lJindfich NECAS

Abstract

We prove that the solution of a compressible (generally
transonic) flow of an ideal fluid can be obtained as a limit of
viscous solutions, if the viscosity and heat conductivity tend
to zero. To obtain an isentropic irrotational flow it is necessary
to control the entropy and temperature on the boundary in a con-
venient way.

AMS classification: 35MO5, 35Q10, 35F30, 76A02, 76HO5, 76N15

Key words: viscous flow, transonic flow, Navier-Stokes equations,
entropy, weak solution, conservation law equations, method of cha-
racteristics

1, Introduction

Irrotational isentropic transonic flow is described by the

boundary value problem for a velocity potential u:

(1.1) a) - 5%: (p(qulz)%ﬁ-) =0 in g,
i
b) o (1Vul2) 1% =g on 3@,
where
2
-1 -1
(1.2) p (Ivu|2) = poll = ;aguvma)" .

The constants po and ap are the density and speed of sound respec-
tively at zero velocity, k > 1 is the adiabatic constant.
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From physical reasons it is necessary to control the entropy
in an appropriate way since the en?ropy information ig not contain-
ed in equation (l1l.1,a). Bristeau, Glowinski, Pironneau, Perriaux,
Perrier, Poirier propose in their papers (see e. g. [1]) the entro-

py condition in the form
(1.3) Au < K.

Problem (1.1) - (1.3) was studied theoretically in [3,4] yhere
it was proved that the condition (1.3) together with the assumption
of the bounded velocity

2a3
(1.4) |]Vul2 g 84 < 'F—'i'

have compactification properties.

In this paper we try to give theoretical foundations of the
viscosity methsd used in the transcnic flows. (For some numerical
approaches see e. g. [8].) We start from the fact that the entropy
flux is automatically governed by the conservation law equations
for small parameters of the viscosity u and heat conductivity k and
prove the existence of a weak nonviscous solution as a limit of

viscous flow fields, if u, k - O+,

Similar results were derived by Di Perna [2] for a nonstatio-
nary hyperbolic system. In [6] C. Morawetz applied artificial vis-

cosity and hodograph approach.

Here we give a brief survey of our fundamental results which

will appear in detail ip the forthcoming paper [5].

2, Formulation

.

Let ncRN(N = 2 or 3) b‘e a simply connected domain with

a Lipschitz-continuous boundary 3Q, We shall use the following
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notation: p - density, p - pressure, T - temperature, T, - tempe-
rature at zero velocity, v = (v1,...,vN) - velocity, S - entropy,

cp and c, specific heats at constant pressure and volume, respec-

tively, u - viscosity, k-thermal conductivity, R = cp = Cyr k =

= cp/cv. R, c_, C

b vt Mr k are positive constants. Hence, « > 1l.

n = (n1,...,nN) denotes a unit outer normal to 3Q.
Stationary flow of a compressible, perfect, viscous, conduc-

tive gas in the domain @ is governed by the following system:

~

(2.1) P = RpT (state equation)
(2.2) a) 5%— (pvi) = 0 in @ (continuity equation)
i N
b) pv,n; = g onaQ,

c) Jangds = 0,

Iv IV,
i ap 2 3 - j 3
(2‘3) a) PV m== + = - Epe— ( ) + 2“"""' e _(v),
3 xj Xy 3 axi axj axj ij
3V BV,
eij(v) =‘%(§I; 5-—-;'.-) in @, i'= l,ee.,N

(Navier-Stokes equations),
b) v = vo on 3q,

3 -
(2.4) a) T . (pSVi) =k AT+

i
+ 2ueij(v) eij(v) - 3"(“"‘) in @ y
(energy equation), \
3T _ .
b) n - h onaQ,
_ T
c) 8§ =c, ln ——.

(We use the summation convention over repeated indices.)

g, h, v° are given functions, u, k, «, cp, cv, R given constants,

pr P, T, S, v are unknown functions.
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Let us use the usual notation Wl

"P(q), wi'P(a) and LP(a),
Lp(an) (1 s p < +=) for the Sobolev and Lebesgue spaces, respecti-
vely. Further, we put wi'P(a,rY) = wl’P(n) X o.. X wl'p(g) (N-ti-
mes), LP(a,RY) = LP(2) x ... x 1P(Q) etc.

We .shall assume that for each u > 0, k > O the above problem

has a weak solution satisfying the conditions \

(2.5) pe W ,2(), 0 < po S p(X) S g < 4=,
’ -~
(2.6) veWr2(a,RY), Ivl s K,
(2.7) gel”(8), heL'@a), Igl, Hhi ,,o <K,
(2.8) TeW'r2(2), 0 < To < T(x),
(2.9) lj pdx| < K
Q

with constants po, p1, K, To independent of u, k,

and the equations

(2.10) Jpvi g—;— dx = Lg¢ds VoeWr2(Q);
) i
av 30, av, 2oy
i = i 2 i
(2.11) lfvj 5. ¢ydx JQP 7%, dx + 3u[ﬁaxj 5;:6x 2u£fij(V)eij(¢)dx

J
Vo= (d1reeerty)e Wira(a,RY),

v°e,W'13(n,RN), v = v° on 3Q;

- .
(2.12) -ITpSVi a—i—— dx + J TSgéds -J Txp pv,Sedx =
Q i an
= -k f VT.V¢dx + k f heds + [ (v)¢dx VoeW',2(0)aL(R),
q )

where

T 2 avi P
(2.13) E(v) = 2ueij(V)eij(V) - iu(a_x';) .

It is easy to find out that

(2.14) E(v) 2 O.
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Let us remark that from (2.4,a), (2.8) and (2.14) we derive
the entropy condition, i. e. the second law of thermodynamics,

which is postulated in the form

(2.15) T div(ps v) - k T aiv(Z3ATL) > o,

3. Fundamental estimates

We shall derive the estimates of the solutions to problems
(2.,10) - (2.12) for u, k > O, k = By, where 8 > O is a constant

independent of u and k. Our considerations will be carried out

under (2.5) - (2.9) and the following fundamental assgumption.s
(3.1) 1-1- J Sgds| < K Ve > 0.
LX)
It holds e. g., if
(3.2) J |s - Solds s uK, Vu > O,
Y]

where So = cvln(Tq/b§~l) and popo = RTo. The constants K, K are

independent of u, k.
By c we shall denote a positive generic constant independent
of u, k, which can have different values at different places.
3.3. Theorem, We have

|VT|2 1 E(v)
Jn—-T;— dx + X Jﬂ——',r dx < c.

Proof follows from (2.12), where we put ¢ = % and from (2.7),

(2.8), (3.1). :¢
3.4. Theorem. We have

a) J T2dx < ¢, b) J E(v)dx < c, c) J IVT)dx < c.
. e Q 2
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Sketch of the proof. Substituting ¢ = 1 in (2.12), and using

the Cauchy inequality we get

(3.5) J E(v)dx s c + c(J T’dx)*.

Q Q
Similarly as in [7] we prove that

N ,3p

(3.6) WPhpa(g) S c(21=1u5§:lw_,,,(m + Iandxl}.
Since ’

-t 2( 2%
(3.7) [vie] =2 ﬂeij(v)eij(wdx - 5J93xj 7%, dx

is a bilinear form on W',2(a,RY) x W1,2(2,RY) and [v,v] 2 0,

the Cauchy inequality holds. From (2.12) and (3.6) we derive the

estimate

X

< c(l + u*(j E(v)dx)¥).
. . Q

1Php2 (g
This, the equation p = RpT and (3.5) imply

)

(3.8) 1T L2 (q)

which already gives assertion a). Assertions b),c) immediately fol-

< c(l + u;’l'ru;5 )

L2(Qq)

.1ow by applying (2.8), (3.5), Theorem 3.3 and the Cauchy inequality.
i

o @
3.9. Theorem. Let "VO"W1,=(Q,RN) + v “L (2,RN) < K.
Then
/3

(3.10) a) J l!%ii ax < ¢, b) J 1vwi1”ax < c.
Q Q

Proof, We have v - v°e,W;:3(ﬂ,RN); thus, in virtue of the re-
gularization process, v - v° can be approximated by .¢ scm(n,RN)
with a compact support in @ (i. e., ¢e;D(ﬂ;RN)) such that'ﬂ
"¢"L’(Q,RN) < 2K, For these ¢, repeating'the use of Green's theorem
(similacly as in the proof of Korn's inequality in [7]), we get

the inequality
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e, .(¢)e,.(d)
(3.11) 2[ SR > J ATz, &‘T’,—iﬁ)dx -
2 2

- c(jg'_z'f"':d")k (IQ’LV%;&")% VollL=(a,RrN)*

Further, the inequality

ZE) 2 2e,(0) e (4) - (div 93,

combined with (3.11) and Theorem 3.1 implies the estimate

1 E(v-v°) 1v(v=vo)i2. _ IV (v=vo) |2, %
uJn--—-—,r——----dxa Jﬂ—-——-—————d,r X C(JQ———————dT x) %,

By Theorem 3.1 and the assumption of Theorem 3.9,

lJMxSc.
o T

-y0) | 2 -~ -
lZi!—¥}lJ—dx)%, we see that a2 - ca - c <0
-~ '8
with constants ¢, ¢ > O independent of a, u, k. This implies the

If we put a = (J

existence of a constant a; > O independent of yu, k such that

a e [0,a1]. Now we already easily derive (3.10,a).

Assertion (3.10,b) will be obtained from (3.10,a), Theorem

3.4 and the repeated application of the Cauchy inequality:
J 1vviPax < (J -W%L?dx);’ (J (oI T dax) ¥ <
Q Q Q

P (f 12¥ 124y (I lvv| Pax) ¥ (I raax)’¥.
Q Q Q

4. Limit for u + O+

On the basis of the above results we can consider a sequence
{un}, un > 0, un - 0 for n + » and a sequence of solutions
{on, Tn, pn, Sn, v"} of problems (2.10) - (2.12) with u := un,

k := By, satisfying the conditions
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(4.1) pn = p (weakly) in L2(R),
Th - T in LP(2) Vpe[l,2), Tn - T almost everywhere in g,
vh =~ v (weakly) in wl’%&(n,RN), vh - v (strongly) in
tP(2,RY) Vpe [1,—%7) p

vl - v almost everywhere in Q.
4,2, Theorem, pn = p in L2(Q).

Proof. From the properties of the form [.,.] defined in

(3.7) it follows that

2 [ 2V} 243
(4-3) |2unI j(Vn)e j("n)dx - ‘j‘unj 'a——- -a—’-(Jj. dx| <
c‘{"“‘;""W‘r«ﬂ:RN) + “‘puLm(ﬂlRN)]’

on = %n' vewlaa,®N) o L7(a,RY).

On the basis of the estimates from Section 3 we find out that the

sequence {hn}, where

@

n
v
By AL pooamyl
(4.4) hi = “fnV j 3x. Tn Ron Xy Tn'

.

is bounded in L2(0) and hence, we can assume that hn = h in L2(Q).
Let p >N, 1/gq =1 - 1/p. From the compact imbedding
Wi'p(Q;RN) CA-L’(Q;?N) and continuous imbedding W%’p(n;RN)

[ W;F(n,RN)n L"(Q,RN) we prove that
(4.5) hm - h in W L9, RY).
Now, let us use equation (2.11), where we substitute ¢ := ¢n
and apply the theorem on "negative norms":
(4.6) lanq(n) s cf Z . w—l’q(n) + ljapdxl}.
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Then, taking into account (4.3), (4.5) and pn = p in L'(Q), we
find that

lim fle,=p_IHl = 0.
m,n+eo nom 1Y)

Finally, by interpolation we have an-pmﬂ - O and hence,

L3(q)
pn = p in L3(q).
Theorem 4.2 implies that we can consider the following ad-

ditional assumption
(4.1)* Pn - p almost everywhere in Q.

Now we shall prove that by the limit process p - O+;

N

k = By - O+ we get a solution of the conservation law equations

for a nonviscous fluid.

4.7. Theorem, Let v, T, p be the limits from (4.1),

v

S =c_ 1ln ;?:T and let S, = Sy 1n ;EEI S in L1(3R).
Then vewl’y’(ﬂ,RN), '.l‘cW"’(n), ch“(n), Ivl <K, po S p < P1s

T 2 'I‘o and
(4.8) J PV, -g-%— dx = J g¢ds Veew'r3(a),
Q i LR
av 3¢
i _ i . g, 3 N
(4.9) Inpvj 5-,-(; éi dx = RJQDT —xI dx VoeWor“(Q,R),

(4.10)[ pvisg-g‘!(-i- dx = J Sgyds VveWw'i2(a) nL™(0).
Q IN

Proof. The limit process in the continuity equation is an
easy consequence of Lebesgue's theorem. Let us prove (4.9). If we
put in (2.11) p := RpnTn, then by the HSlder inequality, proper-
ties of v®, pp, Tn and Lebesgue's theorem we show that

4,11 ny? 24 N
(4.11) J'Qp 3 01 dx - jnpvj 5-;(3- 01 dx VAQCD(Q,R ).

@
%<
[y o
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Concerning the viscous terms, we have
2 av?aoi
(4.12) l?““J = =—— dx - 2unfneij(vn)eij(¢)dx| <

50y 2
< c“nn¢'W113(ﬂ,RN) .

Hence, by (4.11) - (4.12)

3vy 30y N
Inpvj T,q0idx = RIQOT-Q—)-‘—i-dx Yée D(Q,R ).

Now, due to Te L2(R), pelL”(R) and the density of D(n,RN) in
Wg"(ﬁ,RN) we get (4.9).

Finally, we prove (4.10). It is evident that 1n Tp - 1n T
and 1n pn - 1n p in L2(Q) and thus, Spn - S in L2(Q). If we use
the assumption that Sn - S in L1(3Q) and put ¢ := % in (2.12),

n

we can pass to the limit for n + =,

5. Potential isentropic flow .

a
Let g, < -3—3—%. We define the set
(5.1) Nso = {Vu; uewl'"(n), |Ivali2'< sp, J udx = 0}
Q

and denote by P the projector of the space Lz(n,RN) onto Nso'

5.2, Definition. Let {vP} be a sequence of velocities from

(4.1) . We say that v converges to a potential flow, if

(5.2)* v - pyn) -0, if n = =,

L3(9,RN)
pet us assume that pn, vP satisfy the continuity equation

in @ v Q', where Q' is a (sufficiently large) domain lying in the

upwind direction to @ and all fluid particles travel from Q' into

Q through a common part Bec3n'n3q, B # g. I. e,, B is the outlet

of @' and the inlet of 9. Let O = auQ'v B, Vun = Pv0,
y - B0OO -



(5.3) 1vP|2 < 80 Yn,

We consider a nondegenéracy of the velocity fields. I. e., either

(5.4,a) v’i‘ + X, 2a>0 Vn
or
(5.4,b) v] g-‘iﬂ 2a>0 Vn.

X3
(¢ is a constant independent of n.,) Further, let vneci(a,RN) '

pne C?'(3), TneC3(R) and let the velocity field "conserves the

entropy information in the limit":
(5.5) _ unl VWPl o (5 gpNay= O if n = =,

If xe @, then there exists exactly one trajectory (i. e.
characteristic) x7(t) = xP(x;t) passing through x:
I3

(5.6) & - vnxn),  x(0) = x.

Let each such trajectory enter the domain Q@ at a point Xn(x)e B

at a time En(x) < 0.

On the basis of (5.4,a) or (5.4,b) it is easy to prove the
existence of to € (~»,0) such that £n(x) 2 t, for all xe@ and all n.
Hence, if xe@, t < to, then xN(x;t) £ 8. For t e(to,0] we denote

?fg = {y = xP(x;t); xeQ}. Now we demand that @' is so large that

ag<T V¥t elto,0].

If we put
. ATn E(vRh) -
(5.7) Fn = kn onTn + onTn in q,
Fn =0 . in @' - B,

then (2.4,a) can be written as

(5.8) $2 = Fa.
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(d/dt is the total time derivative, j, e, d/dt = 3/5t +\Y1 3/3xi‘)

Integrating (5.8) we ge%

- 0
(5.9) Sn(x) = Sn(xP(x)) = I Fn(xP(x;t))dt.
/ t°

The main result of this section is the following

5,10. Theorem. Let

- T
Sn T c, 1n ;—;fT (uniformly) on B.
o

Then

T
Sn = c, 1n ;:?%T in L2(Q).

Sketch of_the proof by the method of characteristics:
We already know that the sequence {Sp} is convergent in L2(Q).
Let us prove thét its limit is Sp = Sy 1n(Tq/p§-l)J Let us consider

an arbitrary 6eD(2) and extend it onto RN by zero. Then

[ [Sn(x) = sn(Xn(x))]pn(x)6(x)dx =
Q
0
- J atj Fn (X0 (x,£)) pn (x) 6 (x) dx.
te ‘a

Let us study e. g. the term

knjn‘h xﬁTxftnéigig)x;t) en(x) 0 (x)dx =

(5.11) Qn =
- ATq (Y) " . pyn, .
N kn'] ;;T§T¥;7§70n(yn(y.t))e(y“(y,t))|5§ (y:t) |dy,
ﬂnﬂg
where yn(y;t) = yn(t) and
(5.12) W) - _unyn(e)),  yn(O) =y.

From the mass conservation law it follows:
' n -
(5.13) on(0) |RELUE | < on(y), ¥ = xm(t),  xen.
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Hence,

(5.14) Qn = kn J Al o(yn(yit))ay.

Qnﬂg

Since 6 has a compact support in Q, we can apply Green's
theorem to (5.14). Then using condition (5.5), the asSumption of

Theorem 5.10 and estimates from Section 3, we derive the relation

(5.15) lim j pn(x) [Sn(x) - So]o(x)dx = oO.
Q

n-+>o

Finally, from pn - p in L2(Q) and the density of the set

{p0; 6eD(Q)} in L2(Q) we prove the assertion of our theorem.
Similarly we get

5.16. Theorem. If
k=1 -
Tn = To(l = 37ZIvPi2) T O on B,
[
then

k=1
2ag

Tp - To(l - Jvh]2) - 0 in L1(9).

5.17. Corollary. Under the assumptions of Theorems 5.10 and

5.16 we have
1

k=1

..1
o= poll - % 1vi2)
Zag

Moreover, if (5.2)* holds, then v = vu, ue;wzﬁé(n) and u is a weak
solution of the transonic potential flow problem
J p(lVul2) Vu . v¢dx = I ge¢ds Voe W1r2(Q).
3N *
Q
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