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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
27,4 (1986)

MULTIPLIERS ON A NEARLATTICE
A. S. A. NOOR and William H. CORNISH

Abstract

A nearlattice is a lower semilattice in which any two elements have a
supremum whenever they are bounded above. Here we generalize the con-
cept of direct summand to nearlattices and show that the direct summands
of a nearlattice S with O are precisely the central elements of J(S), the lattice
of ideals. Then we discuss multipliers (meet translations) on nearlattices.

Subject Classifications (1980) : 06A12, 06A99, 06B10

1 Introduction

Nearlattices, or lower semilattices with the property that any two elements
possessing a common upper bound have a supremum, provide an interesting
generalization of lattices. Cornish and Hickman (2] referred this property
as the upper bound property, and a semilattice of this nature as a semslattice
with the upper bound property. We refer the reader to [2, 3] for necessary
background on nearlattices.

Standard elements and ideals in lattices were first studied in depth by
Gratzer and Schmidt [5]. Recently Cornish and Noor [3] has extended those
concepts to nearlattices. An element ‘s’ in a lattice ‘L’ is called standard if
foranyx,y€L,xA(yVvs)=(xAy)V (xAs). Itiscalled neutral if
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1tmstmda.rda.ndfora.nyx,y€L sA(xVy)=(sAx)V(sAy). An
ideal of a lattice (nearlattice) is called standard if it is a standard element
of the lattice of ideals.

Central elements in a lattice were studied by Kolibiar in [7]. An element
‘s’ in a lattice ‘L’ is called central if it is neutral, and complemented in each
interval containing it.

According to [8; 4.3, p-15], in a lattice ‘L’ with 0, a V b denotes the
fact thataAb=0and (aVx)Ab=xADbforall x € L. For a subset
H of L, HY denotes the set of elements a € L such that a V b for all b €
H. Let L be a lattice with 0, and H,, ..., H, be its subsets, each of which
contains 0. We say that L is the direct sum of H,, ..., H, and write
L=H&...0 H,,if

(i) Every element a € L can be expressed (uniquely) in the form
a=a; V...V a, for some a; € H;, and

(i) H;c HY fori#j,i=1,..,nj=1,..,n

The subsets Hj, ..., H, are called direct summands of L. By [8; 4.8,
p-16], every direct summand is an ideal of L. Janowitz in [6] has shown
that the direct summands of a lattice L with zero are precmely the central
elements of the lattice of ideals.

For a lattice L, a map¢ : L — L is called a multiplierif ¢ (a Ab) =
¢ (a) A b for each a, b € L. The set of all multipliers of L is denoted by
M (L) and is known as the multiplier extension of L.

Multipliers on semilattices and lattices have been previously studied by
several authors. A good and accessible summary appears in (1], also c.f.
[10].

In §2, we generalize the concept of direct summand to nearlattices. Then
we show that the direct summands of a nearlattice S with 0 are precisely
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the central elements of J(S) , which is an extension of Janowits’s result in

(6]-

In §3, we discuss multipliers on nearlattices. We extend some results of
Nieminen [9], and include some corrections of certain errors of Nieminen’s
work in [9).

2 Direct Summands of a Nearlattice

In a nearlattice S with 0, we define a V b to mean that a A b = 0 and
(aAx)V(xAy)Ab=xAyAbforx,y€S.

Suppose a V b holds in a lattice L with 0 in the sense of the introduction.
Then for all x,y € L, ’
@v(@Aax)V(xAY)Ab=((aAx)V (xAy)) Abandso
(aAax)V(xAy)Ab=(aVv(aAx)V(xAY))ADb=
(Vv (xAy) Ab=xAyAb. This and a part of the following result
show that the concept of V in a nearlattice and the one in “Lattice Theory”
coincide in a lattice.

Proposition 2.1

Suppose a V b holds in a nearlattice S for some a, b € S. Then
aAb=0and(aVt) Ab=tADb for anyt € S, whenever a V t ezists.
But these are not sufficsent for a and b to satisfy the relation a V b.

Proof

SinceaVbinS,aAb=0and, forany x,y €8,
((arx)V(xAy))Ab = xAy A b. Suppose a V t exists for some t € S. Putting
a V t = x, we obtain
(@vt)Ab=((aAXx)V(XxAt) Ab=xAtAb=tAD.

For the second assertion, consider the nearlattice S in Figure 1. There
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sAa=0and (s Vx)Aa=xAaforall x €S, whenever s V x exists. But
(sAc)V(cAd)) Aa>cAdA aimplies that s V a does not hold. o

. For a subset H of a nearlattice S with 0,let HY = {a € S:a V b for
allb € H }. Suppose a, b € S are such that a V b and let a; < a. Then
forany x,y €8, (a1 Ax) V(xAY)) Ab=
((aaAX)V(xAYD)A((aAX)V(XAY)AD=
(e Ax)V (x Ay)) AbAXAy=DbAxAy, which implies that HV is
hereditary. It is well known in lattice theory that HY is an ideal, c.f. [ 8;
4.6, p-16 |. Figure 2 shows that this is not necessarily true in a nearlattice.
There, consider H = { b }. It is easy to check that a;, a; € HY. But,
(((@1 V as) AX) V (XAy)) Ab>x Ay A b implies that a; V a3 & HY.

Remark -

In connection with the definition of V in a nearlattice, it should be noted
that one might define the relation V in the following way : In a nearlattice
S with 0,a Vbmeansa Ab=0and (aVx)Ab=xA b, whenever
a V x exists for any x € S. The main disadvantage with this definition is
that, for any subset H of S, HV is not necessarily hereditary. In Figure 3,
notice that a € { b }Y,but (r Vx) Ab>x A b impliesthatr & { b }V.

Suppoee Hy, ..., H, are the aub;ets of S, each of which contains 0. We
say that S is the direct sumof H,, ..., H, and writeS=H, & ... ® H, if
(i) every element a € S can be expressed in the form
! a=a; V...V a, where ¢; € H;, and
(i) H; C HY whenever i # j.
The subsets Hj, ..., H, are called direct summands of S.

Lemma 3.2.

If a nearlattice S with 0 18 a direct sum bf Hi, ..., H,, then for every
elemént a € S the ezpressiona = a, V ... V a, where a; € H; is unique,
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and H,, ..., H, are ideals of S.

Proof

Leta=a;V...Va,=05 V...Vb, where a;, b; € H;. Here, by, ...,
b, € HY by definition. Thus, by V ay, ..., b, V a,. Hence a; =a A g, =
(b1 V ... V by) A a1 = by A a by proposition 2.1, which implies that a; <
b;. By symmetry, b; < a; and hence a; = b,. Similarly, a; = b; for all 1.

For the second part, we will only show that H, is an ideal of S. Let a €
Hyandb<a(be€S). Thenb=25 Vv...Vb, with b; € H;. Fori# 1,
notice that b; <b < aand b € H; C HY. Thus,b; =b; Aa =0,ie,b=
b, € H; and so H; is hereditary. Finally, let a, b € H; are such that a vV b
exists. Suppose a Vb =¢; V...V ¢, where ¢; € H;. Now,ifi#1,a, b€ _
H, C HY, which implies a V ¢; and b V ¢; fori # 1. Then ¢ = (a V b) A
¢; = b A ¢ = 0 by proposition 2.1, and a V b = ¢; € H,. Therefore, H, is
an ideal of S. o

Our next theorem gives a generalization of a result of Janowitz [6] to
nearlattices which says that the direct summands of a nearlattice S with
0 are precisely the central elements of J(S). To prove this, we need the
following lemmas.

Lemma 2.8 [ Janowitz [6] ].

Let ‘L’ be a bounded lattice with ‘s’ € ‘L’. If ' is the complement of ‘z’
in ‘L’, then the following conditions are equivalent.

(i) = is central and -
(ii) doth z and z' are standard. o

Lemma 3.4

Suppose S 18 a nearlattice withO andS = H1 ® ... ® H,. Then
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(i) for anyx,y €S, wherex=a, V... Va, andy =b; V ... V b, with
q,b,;éH;,x/\y:(al/\bl) V.-.V(a,,/\b”).

(ii) each H; is a standard ideal of S.
Proof

(i) Clearly, (a1 A b)) V ...V (an A ba) < x,y and s0 < x A y. Since
S=H;®..®H,,xAy=c¢;V...Vewithe; € H;,i=12,...,
n. Now, notice that ¢; < x Ay <X,y. Thus,¢; =xAe¢e;=(a, V...
Vas)Aci=a1Acia8a3 Ve ..oanVegandes=yAe = (b
V...Vb)Aey=0b Aci,asb: Ve, ... b, Ve Hence,c; < ay,
b, and s0 ¢; < a; A by. Similarly, ¢; < a; A b; for alli and thusx A y
< (a1 Ab) V...V (a,Ab,), which completes the proof of (i).

(i) Lete T={hvr:hVrexist withhe H, andr € R } for an ideal
R of S. Clearly T is closed under existent finite suprema. Suppose x
€Sand x < h Vrforsomeh € H; and r € R. Since
S=H1®...®H,.,x=a.V...Va,.a.ndr:hlv...vh,.,
where a;, h; € H;. Then
x=xA(hVr)=(a1V...Vaa) A((hVh)V...Vh,) =
(ax A (hV hy)) V...V (an A hy) by the application of (i). (-Here,
h V h,; exists by the upper bound property of Sash, hy <h Vvr).
Thus x € T; it follows that T is an ideal, and clearly T = H; V R.
Hence, by [ 3; Th. 2.5 |, H, is standard in J(S), the lattice of ideals
of S, and (ii) is obtained. o

Theorem 2.5

In a nearlattice S with 0, an sdeal I is a central element of J(S) if and
only if it 18 a direct summand of S.

Proof
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Let I be central in J(S) and let K be its complement. Then IN K =
{0} and IV K =S. Thus, by [ 3; Th. 2.5 ], for each a € S there exists
b € I and ¢ € K such that a = b V c. Moreover, since I is central, for any
ieLkeKandx,y €S,
(GAX]VEAY) NS AV (xAy)N (K=
In(k)vExAyAakl=(xAyAkjasInK={0}.

Thus [iAX) V(xAy))Ak=xAyAk ButiAk=0andsoiVk
Similarly, k V i and hence S =1 @ K.

Conversely, let S = H; @ ... ® H,.. Then it is not hard to see that
Hin(HyVv...v H,) ={0} as each H; is standard in J(S) by lemma
2.4. Moreover, each a € S has a representation of the forma =a, V...V
a, for suitable a; € H;; it follows that H; V... V H, = S. Thus, H; is the
complement of Hy V ...V H, in J(S). But by lemma 2.4, both H; and H,

V...V H, are standard in J(S). Thus H; is central in J(S) by lemma 2.3.,
Similarly, H; is central in J(S) for each i. o

Corollary 2.6

The direct summands of a nearlattice S with O form a boolean sublattice
of J(S). e

3 Multiplier extension of a nearlattice

Let S be a nearlattice and ¢ a mapping of S into itself. Then ¢ is called a
multiplier on S, if ¢ (x A y) = ¢(x) A y for each x, y € S. Each multiplier
¢ on S has the following properties, ¢(x) < x, ¢(é(x)) = ¢(x), and x < y
implies ¢(x) < ¢(y). For a multiplier pon 5, My = {x€S:¢(x) =x }is
clearly an ideal of S, and by [ 10; Th. 3 |, My determines ¢ uniquely.

Each a € S induces a multiplier u, defined by p,(x) = a A x for each
x € S. A multiplier of this form is called an snner multiplier. Note that the
identity function on S, which will be denoted by ¢, is always a multiplier.
M(S) ( respectively u(S) ) denotes the set of all multipliers ( respectively
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inner multipliers ) on 8. It is trivial that M(S) has a zero w ( say ) if and
only if S has 0.

The following result is due to [ 9, Lemma 1 ].
Lemma 3.1

An ideal 1 of a nearlattice S generates a multiplier ¢ on S, that 1s My =
1, ¢f and only sf for each a € S there is an element b € I such that
1N (a] = (b], and moreover, b = ¢(a).

If ¢ and ) are multipliers on a nearlattice S, then ¢ A A and ¢ V A are
defined by (¢ A X) (x) = ¢(x) A A(x) and (¢ V A) (x) = ¢(x) V A(x). Notice
that ¢(x) Vv A(x) always exists by the upper bound property of S, as ¢(x),
A(x) < x, though ¢ V A is not necessarily a multiplier. Also,
$(\x)) = ¢ (A (x A X)) = ¢ (A®) A X) = $(x) A A(x).

As shown by [ 11; Th. 3 ], M(S) is a meet semilattice.

The following result is also due to [9].

Proposition 3.2

Let ¢ and A be two multipliers on a nearlattice S. Then ¢ V A 15 o
multiplier on S if and only if
(My Y M) N (x] = (My N (x]) V (Man(x]) for cachx € S. o

In case of lattices, the following corollary follows immediately from
above proposition, and was already proved by Nieminen in [9]. But in
our situation, a little more care is required, as the supremum of two ideals
in a nearlattice is not as well behaved as that in a lattice.

Comnari 3.3

Let ¢ be a multiplier on a nearlattice S. The mapping ¢ V ) is a multiplier
on 8 for each A € M(8) if and only if M, is a standard ideal of S.
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Proof

If M, is standard then (M, V M,) N (x] = (M, N (x]) V (M) N (x]) for
each A € M(S). Then ¢ V X is a multiplier by proposition 3.2.

Conversely, let ¢ V A be a multiplier for each A € M(S). By proposition
3.2, ((a] v My) n (x] = ((a] N (x]) v (My N (x]) for each p,, a € S. Now,
let I be any ideal of S and suppose T={iVj:iVjexistsandie I, je
M, }. Obviously, T is closed under existent finite suprema. Suppose r € §
withr < iV j for some i € I and j € My. Then from the above observation,
(rl=@n(@vE)EEn Gy M=
((rl 0 (i) v (] My) (] n ) V ((r] N My).

Now, (r]n) V((f]n My) ={x€S:x<pVqwithpe (rfjNIand
q € (r] N M, }. Because, clearly the right hand side is hereditary, and it is
closed under-existent finite suprema by the upper bound property of S, as
each element of (r] N I and (r] N My is < r. Thus, r < a V b for some
a€ (rjnIand b€ (r] N M,. This impliesr =a vV b and hencer € T.
That is, T is an ideal containing I and My, and T =1V M;,. Hence by | 3;
Th. 2.5 ], M, is standard.

We are now in a position to generalize an interesting result of [ 9 ].
Theorem 3.4

A nearlattice S with 0 has a decomposition snto a direct summand if and
only if there are at least two multipliers ¢ and A on S such that ¢ V X =
and ¢ A A = w, and both ¢ and A have a supremum with each multiplier on
S.

Proof
Let S = J & K. By theorem 2.5, both J and K are standard elements of
J(8),IAK = (0] and J vV K = S. Choose any x € S. Since S = J @ K, x

= a; V a3 (unique ), a; € J and a3 € K. Thus, J N (x] = (a1}, a1 € J, and
80 by Lemma 3.1, J generates a multiplier ¢ on S. As J is standard in J(S),
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by 3.3, ¢ V r is a multiplier for each multiplier r € M(S). Similar facts also
hold for the multiplier A on S associated with K. Then ¢ V A corresponds
to the multiplier associated with the ideal J vV K = 8, that is, ¢, while

¢ A ) is the multiplier associated with J N K = (0], i.e., w.

Conversely, let ¢ and A be two multipliers with the properties given
in the theorem.™ As ¢ V r exists for each multiplier r € M(S), the ideal
J associated with ¢ is a standard element of J (S). This also holds for the
ideal K associated with A\. As¢ AX=wand¢ VA=, JAK = (0] and
J V K = 8, respectively. Thus, both J and K are central by Lemma 2.3.
Hence, according to Theorem 2.5, S =J @ K. ¢

Next theorem is due to Nieminen [ 9; Th. 3 |. It should be mentioned
that there js an error in Nieminen’s proof of (iii) => (i). There he wanted
to prove that if (x] is a distributive sublattice of S for each x € S (i.e,, S
is distributive ) then J(S) is distributive, which is well known from [ 2, Th.
1.1 ). It is important to note that his determination of the supremum of
two ideals in an arbitrary nearlattice is not correct. For two ideals I and J
of a nearlattice S, he has described IVJas {xeS:x<iVji€eLje€
J }. Figure 4 shows that this is not true for a non-distributive nearlattice.
There, let I = (a] and J = (b]. Observe thatc € IVJbutc g {x€S:x
<iVvj;i€l, j€J}. Inthis connection we like to mention that [ 4, Ex.
22, p-54 | gives a formula for the supremum of two ideals in an arbitrary
nearlattice.

Theorem 3.5

In a nearlattice S, the following condstions are equivalent.

(i) M(S) is a lattice ( in fact, distributive lattice).
(ii) Each multiplier on S is a join-partial endomorphism of S.

(iii) (x] ¢ a distributive sublattice of S for each x € S. In other words, S
is distributive. o
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We conclude this paper with the following theorem which was also men-
tioned by Nieminen in | 9, Th. 4 ] without proof. But it is quite significant
to note that there he has given an outline of a proof which is completely
wrong. He has suggested to use the idea that for a nearlattice S, J(S) is
modular if and only if (x] is modular for each x € S. Nearlattice S of figure
2 gives a counter example to that. Notice that there (r] is modular for each
r € S. But in J(8), clearly { (0], (a1], (a1,¥}, (as,b], S } is a pentagonal
sublattice.

N

Still, we are able to provide an independent proof of this theorem.
Theorem 3.6

Let S be a nearlattice. Each muliiplier ¢ on S has the property that
¢ (8(y) V 2) = ¢(y) V ¢(z) when ¢(y) V z ezists in S, if and only if (x] is
a modular sublattice of S for each x € S. )

Proof

Suppose (x| is modular for each x € S. Let ¢ be a multiplier on S such
that ¢(y) V z exists for some y, z € S. Choose any a € M; N ((¢(y) V z]).
Then a = ¢(a) and a < ¢(y) V 2 = t ( say ). Since a, ¢(y) < t, the upper
bound property of S ensures that a V ¢(y) = s ( say ) exists in S and s <
t. Also, a, ¢(y) < s implies that a = ¢(a) < ¢(s) and 4(y) = ¢ (¢(y)) <
¢(s), i.e., 8 < ¢(s), and so 8 € M. Since (t] is a modular sublattice of S,
8 = sAt = sA(@(y)vz) = é(y)V(s Az) € (Myn(d(y)])V(My N (z]). Thus, a
€ (M, n (¢(y)]) V (My N (2]). Since the reverse inclusion is obvious, M,
N (¢ (y) v 2] = (M N (6(y)]) V (M4 N (2]). Hence by Lemma 3.1,
$(6(y) v 3) = 4(3) V $(s).

To prove the converse, let each multiplier ¢ on S has the property ¢(¢(y)
V z) = ¢(y) V ¢(z) whenever ¢(y) V z exists. Suppose a, b, ¢ € (x] with ¢
< a. As the multiplier 4, has the given property, a A (b V ¢) = pa (b V c)
=pia (bV tta(c)) = pa(b)Vpa(c)=(aAb)v(anc)=(aAb) Ve,
which implies that (x] is modular. e
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