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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
28,1 (1987) ¢

A CONTRIBUTION TO TOPOLOGY IN AST: COMPACTNESS
K. CUDA :

Abstract: Compact gr -relations Sc are introduced. A distin-
guished role of the relations Sc and {%} is presented. Properties

of compact relations being real classes are investigated. Obtain-
ed results are applied also to model theory and graph theory.

Key words: 'Nonstandard, compact, indiscernibility relation,
x%-class, real class, indiscernibles, independence of a graph.

Classification: 03E70, 54305

Introduction: The compactness of Ir -equivalences is expres-
sed by the demand that in any infinite set there ere two equiva-
lent elements. (Remember that in AST every set is finite accord-
ing to the Tarski's definition. The finiteness‘is defined by a
nonstandard manner.) Such a compactness, which is investigated
in the paper, is remarkable not only for or-equivalences. Three
theorems designated by the.name A. Vencovskd have the principal
position in the paper. The first one (Th. 1.23) has been formula-
ted by the author after a detailed analysis of the proof of the
third one (Th. 1.26) given by A. Vencavskd in the seminar on AST.

These theorems point out an outstanding position of the rela-
tions S (introduced by A. Vencovskd to prove the third theorem)
and &%} . These relations are the finest (the least) ones of ,
all the relations described below. The theorems are substantially
applicable for the orientation in compact relations as further
theorems in the paper demonstrate. An interesting consequence for
the model theory is that if two elements X1, X of a saturated
nonstandard model of Peano’s arithmetic have the same type ‘then
there are two infinite (* finite) sets of indiscernibles m, M,
such that X6 ml& X, & ‘"28‘ mn mz#o. On the other hand, it is
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proved that there are X1, X of the same type which cannot be
simultaneously elements of an infinite set of indiscernibles.
Some applications to graph theory, presented here, may be also
found quite remarkable. -

In the paper there are used ideas and assertions from the
works quoted at the end of the paper. Therefore some of such as-
sertions have only short proofs or hints with the quotations of
works where more detailed proofs are described. In this sense the
paper is readable (except some remarks concerning the generali-
zation of the results) without the given quotation, too.

N

§ 1. Basic theorems. Remember some notions from [V] which

we shall use in the paper.

Definition 1.1: 1) A class X is said to be set-theoreti-
cally definable (Sd(X)) iff there is a set formula ¢(x) (the ap-
pearance of set parameters is also allowed) such that x.e X = (x)
holds.

2) If we admit the appearance of 'set parameters only from
the class Y, we denote this de(x).

3) A class X is said to be a ar -class iff it is an intersec-
tion of a countable amount of Sd classes.

Definition 1.2: 1) A class X is said to be revealed iff
for every countable class Y we have YEX = (FyEeX)(Yey).

2) A class X'is said to be fully revealed iff there is no
normal formula ¢ (only the quantification of set variables is
allowed) such that FN= §x; @ (x,X)}. )

The axiom of prolongation asserts that for every countable
class X there is a set function-f such that X=f"FN.

“Using this axiom and overspilling the following assertions
may be easily proved (see [V] and [SV]).

Theorem 1.3: 1) Every fully revealed class is revealed.
~2) Every class definable by a normal formula from a fully
revealed class is a fully revealed class.
3) Every Sd class is fully revealed.
4) The intersection of a countable amount of revealed
classes is a revealed class.
.5) Especially, every ar -class is a revealed class.
Remember that a linear ordering of V can be defined by a set
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formula (without parameters).This ordering is "well with respect
to the Sd classes" and can be defined using the natural ordering
of N and the Sd funct{on F:N «<>V defined recursively using the
property F(x)= {F(t); the t-th element of the dyadic expansion
of x is 1}¥. (For more details see [V].)

The theorems we shall give in the paper have a structural
character and it would be possible to generalize them without
changing ideas of their proofs. We mean that such general formu-
lations would only darken the content of ideas here (we hope also
that for some less advanced readers this way will be more conve-
nient). We use therefore the less complicated version - namely
Sd classes, o -classes and real classes (the definition of real
classes is reminded below). A nice usage of the alternative to-
pological point of view on more general systems of classes may
be found in Lvel or L€vj2]. ) )

Definition 1.4: A reflexive and symmetric relation R is
said to be compact iff it has the following property: (V x & dom(R))
(A Fin(x) = (3t,uex)(t#u&<t,u>eR)).

Definition 1.5: A class X is said to be R-net for a refle-
xive and symmetric relation R iff the following holds:
(Vx,yeX)(x*y = 7<(x,y>€R).

Theorem 1.6: A reflexive and symmetric relation R is com-
pact iff (¥ xedom(R))(x is an R-net =>» Fin(x)). :
Proof: Obvious.

Theorem 1.7: If R is a reflexive and symmetric 'Sd relation
then R is compact iff (Vx=dom(R))(7 Fin(x) = (3yex) '
(A Fin(y) & (Vt, uey)(Kt,u>eR))).

Let us prove at first two assertions.

Lemma 1.8: If R is a reflexive, symmetric and compact Sd
relation then we have: 1) (JkeFN)(Vz)(z is an R-net =
=y card(z)£k), ’

2) (VYxedom(R))(AFin(x)=> (Atex)Fin(R"£t¥nx)).

Proof: 1) Let us put k=max({card(z); z is an R-net}).
(This is possible as Sd(R) and R is compact). We have k&FN.
2) The compactness of R implies the compactness of Rr\X2
for every X. Hence we prove the assertion only for the set re-

lation r=Rn x2 and x=dom(r). Let z be a maximal (in & ) r-net.
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Such a net exists and must be finite (due to 1)). We have x=r"z
(as 2z is maximal) and the infiniteness of x implies the existen-
ce of tez such that r"{t} is infinite.

Now we can easily prove Theorem 1.7.

Proof: Let t, be such that ‘card(R"{tll N x) is the largest
one (thus infinite). Put x,=R"{t,}- {t,} and choose t, analogous-
ly as t, but for x,. Procegd further by recursion. It follows
(by 2) of the prgvious lemma) that the recursion cannot stop af-
ter a finite number of steps. Hence we have (Vi,j)((ti,tj)eR).

Remark: The reader may notice that we have not needed the
prolongation axiom neither for Th. 1.7 nor for Lemma 1.8.

Theorem 1.9: The assertion from Th. 1.7 holds for any ar-
class R, too.

Proof: Let R=N{ Ri;le FN} and let Ri be reflexive and sym-
metric Sd relations. Let us put X=Xy and let Xi,18 %4 be a set
of the maximal cardinality such that (Vt,uexiﬂ)((t,u)eRi).

As to the compactness of Bin xg and due to the theorem 1.7 we
obtain that X441 is infinite. Let us prolong the sequence X;
and use overspill. We obtain then an infinite set x, such that

(VieFN)(x“Sxi) and hence (Yu,ve x,)(<u,v>€R).

Remark: The reader may notice that if the sequence Ri is
coded by an Sd class (R1=X"{i§), then the prolongation axiom is
not necessary.

A further generalization of Th. 1.9 for real classes will be
given later.

Corollary 1.10: The intersection of a countable amount of
compact o -relations is a compact o -relation.
Proof: Proceed analogously to the proof of Th. 1.9.

Corollary 1.11 (P.Vop#nka): Let R be a reflexive and sym-
metric 9 -relation. If x $dom(R) is infinite then either there
is y& x such that y is infinite and (Vt,ue y)(<{t,u> €R) or the-
re is y€ x such that y is infinite and (Vt, vey)({t,ud&R).

Proof: Either Rnx2 is compact, then the first possibility
holds by Th . 1.9, or Rnxz is not compact and the second possi-
bility holds (there is an infinite (Rnx2)-net).

The following corollary is quite Ramsey-like.
- 46 -
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Corollary 1.12: If X is a o -class having only unordered
pairs as its elements, then for every infinite subeet x € UX
there is either an infinite subset y €x such that (Vt,uey)
({t,ul ¢X) or an infinite subset y< x such that (Y t,uey)
({t,uleXx). ‘

Proof: Put R= §<t,ud; {t,utextuvidpux and use Cor. 1.11,

Definition 1.13: Let ¢ (x,y) be a set formula (also a set
parameter c is allowed). A set m is said to be homogeneous for ¢
iff either (Vt,uem)(t<u = @ (t,u)) or (Vtuem)(t<u =
= 19 (t,u)) holds.

(Where < denotes the canonical ordering of V mentioned above.)

Theorem 1.14: For every set formula ¢ (t,u) (also with pa-
rameters) the following holds. For every infinite set x there is
an infinite subset y homogeneous for ¢

Proof: Put X={{t,ut;t<u =g (t,ud} and use Cor. 1.12.

Let us now enumerate all the set formulas of two variables
(with parameter c) by gpi(t,u);ieFN.

Definition 1.15 (A. Vencovskd): 1) <t,u)esg =(3m)
(card(m)Z n&m is homogeneous for every @; such that i< n) v
vi=u.

- n.
2) S.= ﬂ{Sc,ne FNE.

Theorem 1.16: For every c, Sg are reflexive, symmetric and
compact'Sd relations and hence SC is a reflexive, symmetric and
compact 3 -relation.

Proof: It suffices to prove the compactness of-Sg. If x is
infinite then there is an infinite subset yc x homogeneous for
every @, such that i<n (Th. 1.14). Any two elements of y are
then in S7.

The relation Sc is a very remarkable example of a reflexive,
symmetric and compact relation definable with the help of the
parameter c. Later we prove that this relation is the finest one
among all these relations. Let us now give other examples of re-
flexive, symmetric and compact ar-rglations.

Enumerate all set formulasluf one free variable (with para-
meter c) by qi(x).; i€FN.

Definition 1.17: 1) Kx,y>eR = (@;(x) =¢,(y)).
P
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2) &.§}= nqui;isFN}. (See also [V], [€K11, [V11.)

Theorem 1.18: {%§ is a reflexive, symmetric, transitive and
compact 3 -relation.
Proof: Every &? is an equivalence with two classes of de-

composition and thus compact

{c§ is a compact equivalence definable only with the help of
the parameter c. Later we prove that {§§ is the finest of such
equivalences.

“The following description of 2 may be for somebody more
acceptable: x &y iff x, y have the same type.

To the end let us describe an example which is closest to
classical topology. Let o¢c be an.infinitely large natural number.
Let us put <y ,d>€ ann-hr—d‘léoc for ¢, <o . R are
reflexive, symmetric and compact set relations. Hence also
L -N4 R,sne FNY is a-reflexive, symmetric and compact Jr-rela-
tion being moreover an equivalence. This equivalence describes
the same topological phenomenon on the bounded interval [0,11]
of real numbers as the common topology. Further details can be

found in LE1].

Let us now treat the relations ié}' (More details can be
found in [EK1l, LEK2] and also in [V1].

Definition 1.19: 1) m(x)=(,z })" i{x}¥. The equivalence clas-
ses of % are called monads.
Hg (X)= X=(&=;=‘)"X. Such classes are said to be figures.

Theorem 1.20: 1) Classes definable by set formulas with
parameter ¢ are figures.

2) The union and the intersection of any system of figures
is a figure. .

3) The Eifterenca of two figured is a figure.
. 4) dom(u(<x,y»))= m(y), rng( @ (<x,y»))= @(x).

5) The domain and the range of a figure is a figure.

6) The cartesian product of two figures is a figure.

7 If X, ¥ are’ figures, then X"Y is a figure.

Proof: 1),2),3) are obvious. 4) If X is Sd 4and <x,y>€X,
then dom(X) 1is also Sdg ; and y€ dom(X). Hence dom( m(<x,y»)) 2
2 w(y). On ‘the other hand: If X is Sdgcy 8nd X 2 m(y), then VxX
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is Sd{c! and <{x,y> € Vx X. 5) This is a consequence of 4). 6) Let
us prove at first that both Vx m(x) and w(x)=V are figures.
If (t,u>eVx m(x) and (‘tl,ul>e e (<t,u?), then u €&  (x) (use
4)) and hence (tl, ul)er @«(x). The proof of the second asser-
tion is analogous. If X is a figure, then both VxX and X>=V are
figures and 6) is a consequence of the equality XxY=(XxV) n
N(VxY). 7) X"Y=rng(Xn (VX Y)).

Iheorem 1.21: If p(xl,...,xn,ll,...,zk) is a normal formu-
la with parameter c and Xl,...,Xk are figures, then X={4< Xppeos

XY X C TN S TR X, )% is a figure.

Proof: For the reader who is acquainted with the correspon-
ding Godel’'s theorem, it suffices to remind that Cnvz(X) and
Cnv3(X) may be obtained from X as the images by means of suitable
Sd functions. We recall that f<x,y?;xey? is Sd and XA Y=Xn (V< Y).
Let the other readers follow the given instructions. Replace all
the subformulas of the form Xi=X. (z=Xi resp.) by these equiva-
lents: (Vt)(te X;=te xj) ((C Ytg(t ex;=te z) resp.). Consider
the prenex form of the formula. At first we prove the theorem for
open formulas (i.e. formulas without quantifiers) in which the
above described two types of atomic formulas do not occur. We
shall substitute the formula by an equivalent containing only
-1,% . Now we proceed by the induction based on the complexity
of the formula. For the atomic formula xier let us envelop the
class Xj by cartesian products with V in such a way that X. will
be on the i-th coordinate. For x; € x:‘j we have that Y=4{< Xy9e--

.,xn‘/;xie xj} is an Sd class and hence a figure. Similarly we
proceed in the case Xi=xj' For ﬂ:‘ we use the operation Yln Y2
and for negation the operation V'-Y. To finish the proof it suf-
fices to examine the induction step for quantifiers. For (3xi)
we use the operation domi(Y) and for (in) the operation
V"-dom, (V™*1ov)

The following theorem is an easy consequence of Th. 1.20.

Theorem 1.22: If a gr-class is an intersection of a count-
- able system of Sdb classes then X is a figure in {-;s}. Especially
{%l and S'c are figures in {%‘

Theorem 1.23 (A. Vencovské): If a reflexive, symmetric and
compact relation R is a figure in {%}' then Scr\(dom(R))25 R.

Proof: We prove at first that {t,ude S.=> t 5y u. Let
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e.g. t<u and t,uex where x is an infinite set homogeneous for
all set formulas with the parametser ¢ (with two free variables).
It we put y=4<v,w);v<w&kv,we x} then y & w(<t,ud) holds and
hence x=dom(y) & @(u). Now we prave the assertion of the theorem.
Let (t,u)escn(dom(R))z, let e.g. t<u and let x be an infinite
set such that t,ue x and x is homogeneous. As x c p4(u) and dom(R)
is a figure in {%} (see Th. 1.20), we have x € dom(R). Thus, the-
re are v,we x such that v*w &<v,w>€ R (compactness of R). Let
e.g. v< w. We have {t,u >{%§ {v,w> (homogeneity of x) and hence
{t,u>&R (R is a figure).

Now we want to prove the equality SC° Sc= {%} . The follow-
ing theorem helps“us to prove it.

Theorem 1.24: If R is a reflexive, symmetric and compact
Sﬁb}relation then there is a maximal R-net y having only elements
definable by set formulas with parameter c.

Proof: Let us put Y= {x; x is a maximal R-net}. Y is defin-

able by a normal formula with parameter R and hence Y is Sqd.
Let x be the smallest (in < ) element of Y. x is definable by a
set formula with the parameter ¢ and as x is finite we have that
every element of x is definable by a set formula with the para-
meter c, too.

Theorem 1.25 (A. Vencovskd): S oS = ,=,.
= nG. ¢ {1ct n
Proof: Let X&mY- For every Sc there 'is a maximal Scnet
consisting of definable elements. Let z, be the smallest element
of this net such that <x,zn)e Sg. Due to the definability of z,
and the validity of x{%‘y we obtain <x,zn> {g{( y,zn) and hence

(y,zn)rcsg (Sg is a figure). Using the axiom of prolongation and
overspill we obtain z, such that (x,zx)esc and (y,z > € 5.

Theorem 1.26 (A. Vencovsks): If R is a compact eguivalence
. ° 2
relation being a figure in {%1 then 18" (dom(R))“€ R.

Proof: By Th. 1.23 we have Scr\(dom(R))2£ R hencd
(50 (dom(R))?) o (5. A (dom(R)ID)= (2, (dom(R)) s Ro R=R.

§ 2. Examples of applications of theorems and some other

examples

Let us now give some interesting cansequences of the previ-
ous theorems.
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Definition 2.1: Let 9(x1,...,xn) be a set formula. A class
X is said to be homogeneous for ¢ iff for every n-tuples
(tl,...,tn7,<u1,...,un) of elements of X we have 1< <.,
...<tn&u1< Up< .U =ty .5t )= @(uy, ... ,u).

The reader who is acquainted with Ramsey theorem proves ea-
sily that in every infinite set there is an infinite subset homo-
geneous for ¢ . Some hints for proving Ramsey theorem (and espe-
cially the given assertion) - as a byproduct of our considerati-
ons - may be found in Section 3. ‘

Definition 2.2: A class X is said to be the class of indis-
cernibles iff X is homogeneous for every set formula.

The classes of indiscernibles are often used in model theory.
With respect to this fact the following consequences of above ot
theorems are of some interest. The first of them was noticed by -
J. Mlgek.

Theorem 2.3: <{ x,y”>€S iff x=y or there is an infinite set
of indiscernibles i such that x,yegi. (S without subscript deno-
tes that no parameter is used.)

Proof: Let us put {x,y>e€S=x=y v there is an infinite set
of indiscernibles i such that x,yei. 5 is a reflexive and symme-
tric relation being a gr-class. The fact 5¢S is an immediate con-
sequence of definitions. For the proof of S¢3 it suffices to
justify the compactness of S. To prove this fact it is sufficient ,
to realize that in every 4nfinite set there is an infinite set
of indiscernibles (a set homogeneous for all set formulas of an
arbitrary number of free variables). Now we use the above menti-
oned fact that for any set formula and any infinite set there is
an infinite subset homogeneous for this formula, the axiom of
prolongation and overspill.

Remark: If we consider all set formulas of the language
FLic& in the definition of indiscernibles then we obtain the ana-
logue of the theorem for the relation S{c\'

Theorem 2.4: If x=2y and x#y then there are two infinite
sets of indiscernibles ix, i such that x eix& ye 1y&1xn1y+.o.
Proof: Use the fact Se S=& (Th. 1.25).

,The last theorem acquires a model theoretical form if we
change "x 2 y" by "x, y have the same type". It is obvious that
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the last theorem can be peformulated into a version with para-
meters.

Now a question arises if the sets ix, i must be different,
i.e. if the equality Sc= % holds. In the paper [SVel the existen-
ce of a proper class of indiscernibles is proved. Moreover, this
class is a w-class (without parameters) and hence a figure in 2
and thus a monad in £ (indiscernibles). If we denote by In one
of such classes then we have obviously that for any x,y € In we
can find an infinite set of indiscernibles i such that both x
and y are elements of i. On the other hand the following example
proves that for every {%§ there are x, y such that xi%}y and
that it is not possible to find such z that the set §x,y,z% is
homogeneous for any set formula of the language FL{C} with two
variables. :

Example 2.5: Let t‘au&t*u As rng((u((t u>))= «(t) (Th.
1.20) there is a v such that v‘t}u and <t,u> xc} {u,v?. We prove
Lt,ud,<u, v ¢ Sc. The assumption that there are w, z such that
§<¢t,u>,<u,v>,<w,z>}t is homogeneous implies namely a contradiction
with tu. If we suppose.e.g.<t,u><(u,v)<(w,z> then the first
pair (of these ordered pairs) has the property: "the second com-
ponent of the less element is equal to the first component of
the larger one", hence (due to homogeneity) all pairs have this
property and thus we obtain w=u, w=v. Similarly we proceed fur-
ther and prove t=u=v=w in contradiction to t4u. In a different
ordering of pairs we prpceed analogously.

Now we give some consequences of our theorems to topology
in AST.

Theorem 2.6: Let R, T bé two reflexive, symhetric and com-
pact or-relations. If X=dom(R)n dom(T) then there is a ¢ such

2,
that i=}nx ReT.

Proof: Let {cy5i e FN} be the sequence of all the parame-
ters occurring in set formulas defining Sd relations such that R,
T are intersections. Let us prolong this sequence to c (thus
c(i)= ¢y ). We have S NG QR&S nxlert (Th. 1.23). Now it suffi-
ces to use (S n X )°(S nx?2 )= &g}nxz

Espec1ally, if' we put R=S= £ | where % js an. indiscernlhi—
lity equivalence (a compact a -equivalence defined on V) we ob-

- 52 -



tain the following theorem proved also in [V1].

Theorem 2.7 (P. Vopénka): For every indiscernibility equi-

valence % there is ¢ such that &%}E X

Definition 2.8: A class X is called real iff there is c
such that X is a figure in {5‘ (see also [Cv1).
Note that if Xl""’xn

that they are figures in {g} . If, namely, X,

are real classes then there is c such
is a figure in 2

{cg
° b

{(CI;?;.,CH)}.

From the theorem 1.21 we know that real classes are closed
on the definitions*by normal formulas. In the paper [{V) it is
proved that real classes are closed also OA definition by non-
normal formulas. We shall not need this fact in this paper.

it is also a figure in

Theorem 2.9: The following properties are equivalent:
1) X is a real class.
2) X is a figure in an indiscernibility equivalence.
Proof: A consequence of Th. 2.7.

Now we prove that in some theorems of § 1 it is possible
to replace the assumption X is a Ir -class by X is a real class.

Theorem 2.10: If R is a real, reflexive and symmetric re-
lation then the following properties are equivalent:

1) R is compact (i.e. in every infinite set x ©dom(R) the-
re are t,u€ x such that t+u &<(t,u>eR).

2) Every R-net is finite.

3) In every infinite set x € dom(R) there is ‘an infinite
subset y € x such that ( Vt,uey)({t,ud>eR).

Proof: 3)=»1) obvious, 12)=-1) obvious, 1)=>3). If R
is a figure in &%& then Scr\(dom(R))zg R and there is y ¢ x such
that y is infinite and (Vt,u €ey)({t,u>€S_)(Th. 1.7) and hence
also (Vt,uey)({t,udeR).

Theorem 2.11: If R is a real equivalence then the following
properties are equivalent: 1) R is compact.

2) (VYo eN-FN)(3x)(card(x) =7y & R"x=dom(R)).

Proof: We prove at first thaf {%} has the property 2). If
x is a set containing all the elements definable with the para-
meter ¢ then V=(&%§)"x. To prove the given property it suffices
to show that the intersection of x and every monad in ‘%} is non-

emp%y. For this it suffices to prove that the intersection of x
- 53 _ . .



and any class X definable by a set formula with the parameter c
is nonempty and use the prolongation and overspill. If X is an
Sd{cy—class then e.g. the least element of X is definable by a
set formula with the parameter c and hence it is an element of x.
We have proved V=({%})"x. As there are only countably many ele-
ments definable with the parameter ¢, they may be included (using
the prolongation) into a set with an arbitrary (small) infinite
cardinality. We have proved that {%} has the property 2). Now we
prove 1) =» 2). Let R be a figure in {%} . Hence {%}f\(dom(k))zs
€ R and if x is such that V=({§;)"x then the intersection of eve-
ry monad and x is nonempty. As dom(R) is a figure, the intersec-
tion of x and every monad of this figure is norempty, too. Thus
we have even dom(R)=({%§(dom(R)2)"x. Now we prove 2)=»1). Let

y ¢ dom(R) be infinite. From the assumption (Vt,uey)(<t,u>§R)
we shall deduce a contradiction. Let x be a set having the pro-
perty (card(x))zé card(y) & dom(R)=R"x. Let us put F=Rn(yxx).
From our assumption and from the transitivity we obtain that F
is a function. We also have rng(F)=y as R"x2y. F is also a real
class and this fact - as will be proved - leads to the contradic-
tion (cf. also [EV]). If we put d=<c,x,y> we obtain that R,y,x
are figures in i%! and hence F is a figure in {%} , too (Th.
1.20). Every monad a & F must be also a function. Using the
prolongation and overspill we obtain that a is a subclass of

a set function definable with the parameter d having its domain
included in x. Let {fi;i.eFN} denote an enumeration of these
functions. We have Fe U-(Ii;ie FN$. Let us prolong this sequence.
If o € N-FN is such that (V3 <o )(f; is a function &dom(fﬂ.)s
& x) &o<card(x) then ysrng(U{f;; B<oc}). But we have card(y)<
<card(U{f,; f<a})£e.card(x) - a contradiction.

Definition 2.12: Let R be a reflexive and symmetric relati-
on, We denote by R® the power relation to R and define as fol-
lows: <x,y>eR®= x sR"y &y e R"x.

The proofs of the following easy assertions are left to the
reader.

Theorem 2.13: 1) R% is reflexive snd symmetric.
2) dom(R®)= P(dom(R)).

3) R,€ R, = RPc R

4) R is a mr-class => R® is a sr-class.
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5) R is transitive =» R® is transitive and <{x,y)e R=R"x=
=R"y. '

Using the property 2) from Th. 2.11, the following theorem
may be proved (see also [V]).

Theorem*2.14: If R is a real compact equivalence then R® is
also a real compact equivalence.

Proof: Essential is only the proof of the compactness and
hence it'is sufficient to prove the theogem only for {5}. Here we
use the fact that V=( £,)"x = P (V)=( &))" P(x) and Th. 2.11.

The essentiality of the reguirement of the transitivity of
R points out the following theorem.

Theorem 2.15% For any c the relation Sf is not compact.

Proof: The compactness of Sg implies SCES? as SZ is
definable by a normal formula from 5C and hence it is a figure
in &§} . From this inclusion we deduce a contradiction. Let
o & N-FN. Let us put x={3={B%; pext. x is infinite and due
to the compactness of Sc there must be ﬂ,oygco such that (3#1&
&<px{pt, 7x{7})escssg' .leteg. Bey . As yriyle
€5."(Bx{B}) there is d’e 3 such that KL, B, (B, y>e Sg
which contradicts the example 2.5. N

Let us now prove some consequehces of our results to the
graph theory. Let us limit ourselves only on finite graphs. Re-
member that an undirected graph is a seét with a symmetric rela-
tion R such that dom(R)< x. Elements of x are called vertices,
pairs 4t,u} such that <t,u> €R are called edges and if <(t,t>eR ,
it is said that the graph has a loop in t. The largest number k
such that there are k vertices such that no pair of them forms
an edge, is called the independence ot the graph {(cf. with the
definition of an R-net). To simplify our considerationd and to
be consistent with our previous investigations let us add to all
the graphs, we shall work with, all their loops. (The reflexi-
vity of the corresponding relation.) Remember that a graph is
called complete iff every tuple of vertices forms an edge and
connected if any two vertices may be connected by a path. Maxi-
mal connected parts of graphs are called components. If the cor-
responding relation is transitive then the graph consists of
components (classes of the' equivalence) which are complete
graphs.
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Theorem 2.16: For every k there is m such that if Rl’ R2
are undirected graphs with the same vertices having the indepen-
dence less or equal to k, then the composition of these graphs
(this graph may be mixed) has a subgraph with the same vertices
(only some arrows and edges can be cancelled) consisting of ma-
ximally m components which are complete graphs.

Proof: (By contradiction.) Let for a fixed k we have that
for every n there are reflexive, symmetric relations Rn, Rg
such that dom(R?)=dom(Rg) and that there is no equivalence on
dom(R?) which is a subclass of R?o Rg and having maximally n
equivalence classes. Let us form two sequences {R?;n ew? and
iRg;n cw? such that” the n-th elements have the mentioned proper-
ty (we restrict ourselvés on finite graphs). Let us prolong the-
se sequences in such a way that the mentioned set properties hold
also for infinite superscripts. Let R1 and R2 denote the prolon-
ged sequences. If we put c= <R1,R2,oc> for an infinite o then
RY, RY
graphs have the independence at most k). If we put d=dom(Rf)=
=dom(R%) we obtain Scndzs RT‘ and S.n dzg R;" and hence

v 2

e o6 o °
{and ERloRz. As“w}nd

are Sdc—classes and they are compact (the corresponding

is a compact equivalence being an
intersection of a countable decreasing (in ¢) sequence of Sd
equivalences on d (let us denote this sequence by {en;n e w}),

there is n € @ such that ens R;‘

o R;. But e, has only a finite
number of equivalence classes and thus the corresponding graph
consists of a finite number of complete subgraphs - a contra-
diction.

From the example 2.5 we can obtain the following assertion.

Theorem 2.17: For every n there is an undirected graph
with the independence maximaliy 6 such that there is no sub-
graph (with the same vertices) consisting of at most n comple-
te compdnents.

Proof: Note that 6=R(2,3,2), hence for any partition of
pairs of a set x, such that card(x)z 6, on two subsets there is
a homogeneous set 'y such that card(y)=3. Let Ty be a reflexive
and symmetric relation defined on unordered pairs of natural
numbers less than k as follows: For a an unordered pair of na-
tural numbers a;, a, denotes the smaller, larger element of a,
respectively. Now we put {a,b>er =a=bv(3u)(card(u)z 3 4&a,

bé u&u is homogeneous for the formula 9(x,y)zx2=yl). We de-
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duce a contradiction from the assumption that there ié m such
that (Vk)(3 e.< rk)(ek is an equivalence having m equivalence
classes&dom(ek)=dom(rk)). Let us prolong the sequence 4en;new§
and denote it e. For e N-FN we put c=<e,a> . Now ey is a
compact Sd equivalence being a figure in {%} . Hence {%l N

al (dom(gi))zE ey - Now we can find numbers 3,7 ,d" such that

P<a<d<ox & B2 ¥ 208 4P»’I}{"§;{T»J} and deduce a
contradiction similarly as in the example 2.5.

By a quite analogous manner we obtain from Th. 2.13 and Th.
2.14 the assertion of the following theorem 2.19. Let us give a
definition before.

Definition 2.18: For an undirected graph G (with all loops)
we define on the powerset of the set of vertices the graph Gglby
the following way: sets u, v are connected by an edge iff the
neighbourhood of the first one covers the second one and vice
versa. (If r is the corresponding relation to G then r® is the
corresponding one to Gji) We define analogously the graph G?
using the two-steps neighbourhood. (If r is the corresponding

relation to G then (r or)j} is the corresponding one to Gf )

Theorem 2.19: 1) For every k there is m such that if the
independence of G is less than or equal to k then the indepen-
dence of §g° is less than or equal to m. '

2) For every n there is a graph with the independence <6
such that the independence of G? is larger than n.

)
§ 3. The possibilities of the generalization of %he ideas

in the paper

The author suggests five directions for a generalization of

the ideas contained here.

1) The investigation in higher dimensions - i.e. ternary
and more-ary relations.

2) The investigation for other basic systems of classes
(different from the system of Sd classes).

3) The usage in poorer models than these of AST.

4) The usage of other forms of "finiteness".

5) Using "compactness" (e.g. the compactness theorem from
mathematical logic) to extend our results for infinite relations
in the classical set theory.
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As the suthor does not want to burden the shelves of lib-
raries with snother unread monography, as he is not able to esti-
mate the importance of these generalizations and as he moreover
means that for an open-minded man (or woman) a hint "\at an idea
is much better than hiding of ideas in formal details and slso
due to the author’s "spring fever", the following text is much
more shortened than the previous one.

1) For higher dimensions the investigation is much more
"Ramsey like". The assumption of the symmetry of a relation may
be exchanged by the investigation of unordered pairs.The assump-
tion of the reflexivity of relations may be exchanged by speci-
fying their supports (dom(R) in the initial point of view). If
we denote by .'Pk(C) the class of subsets of C having cardinality
k (P, (C)= {x;x € C&card(x)=k) then for R & ?k (C) we call the
class X to be an R-net iff (Vt sif‘k(x))(t 4R). R sd’k(v) is cal-
led compact on C iff every subset x&C being an R-net is finite.
The compactness is a hereditary property in the following sense:
If R is compact on C and DcC then R is compact on D. The tech-
nical lemma 1.8.2) obtains the following form : Let R Sﬂ‘k+1(v)'
be set-theoretically definable. If x is an infinite set such
that R is compact on x then there is te x and an infinite subset
y €x such that if we put R= {u e P (Vuvitie R} then R is com-
pact (in the dimension k) on y. Theorem 1.7 obtains the form:
Let R& CPk(V) be Sd. If x is infinite and R is compact on x
then there is an infinite set y &Ex such that (Vu eﬂ’k(y))

(ue R). The proof may be done by an iteration analogous to that
one in Thegrem 1.7 for the case k=2 when using the induction
hypothesis and the given adaption of L. 1.8.2). The given pro-
cedure may be also compared with the proof of Ramsey theorem
given in [G). Now the reader is able to prove the assertion
from the previous text and namely that for every infinite set
x and every set formula @ (also with more than two variables)
there is an infinite subset y < x homogeneous for ¢ . The defi-
nition 1.15 may be adapted to the form: a) uekszsu eﬁ’k(v)&
& (3v)(card(v)Z n &v is ‘homogeneous for all Py, 1£n).

b) kSc= ﬁ{ksg;nsFN}. Theorem 1.23 obtains the following
form: Let R, Y be figures in ig}‘ If Re P (V) is compact on Y
then (ﬁ’k(Y)nkSc)s R. Theorem 1.25 obtains the form:

(V>0 (xky&x2y=(Jue P (V))(u u-(x}ekdscau viyle k*lsc)).
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Theorem 2.3 may be adapted to: ue kS = there is an infinite set
of indiscernibles i such that u &i. Theorem 2.4 may be strengthe-’
ned to: x2y&x%y = there is an infinite set of indiscernibles

i such that both ivu{x} and ivi{y}l are sets of indiscernibles.

If we suppose moreover that x (and hence also y) is larger than
all definable elements then we may ask that all the elements of

i are less than x and y. Concerning the relation of St and Sz

for different k, m, we have that if k<m then ue.kﬁc =

= (Bv:u)(vesz). The proof is an easy'consequence of the
characterization of S™ by infinite sets of indiscernibles.

2) The fact that we start in our considerations from Sd
classes is not substantial. We may start from a system of clas-
ses having "similar properties". Substantial properties seemed
to be that the system is closed on definitions by normal formu-
las and that classes have set intersections with sets (hence
classes are fully revealed). As an example we remember the system
Sd? (see [SV]) and papers [£V3i) and [Vel.

3) The paper is written in the framework of AST and techni-
cal means of this theory are used. But the author has intentional-
ly used as few specific axioms of AST as po%sible (actually only
the axiom of prolongation). Moreover, we have tried to épecify
countable semisets as much - as possible so that we could argue
also by another way for the existence of their prolongation.

If e.g. a countable semiset is in the standard system of a model
of PA (Peano’s arithmefic) then the prolongation may be proved
only using the overspill. It is possible to use also the property
that the model is recursively saturated or the existence of the
universal relation for relations of a given type from arithme-
tical hierarchy (see Th. Cleene § 7.5 [Sh]). More information
about the connection of models of AST and PA can be found in [PS).

4) The'finiteness can be understood more generally, too.
The usage of SD: classes and card(x) &€ FN* (instead of the finite-
ness) is almost evident. It is possible to use also another ty-
pe of cuts than FN. The usage of such a type of "finiteness"
for a construction of an alternative of real numbers can be
found in [£11. Also in the paper [PS) same models of AST in
which the interpretation of FN must differ from <> , are point-
ed out.

5) To this point let us give an illustrating example. From

Th. 2.15 the following assertion may be obtained: For every k
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there is m with the following property: If R is a reflexive sym-
metric relation such that dom(R) is infinite and in every k-ele-
ment subset of dom(R) there are x, y such that x=y and (x,y)elk
then dom(R) can be divided on m disjoint parts such that if x, y
are in a part then {x,y>€ Ro R. We prove this using nonstandard
analysis: Let dc*( Ttin(dom(R))) be such that dom(R)cd (i.e.
every standard element of dom(R) is an element of d). Let us put
r=* Rr\d2 We have REr and r is *finite. Hence we may apply

Th. 2.15 on r and we obtain a partition of d on maximally m parts.
This partition generates a partition of dom(R) on maximally m R
parts. The proof of the existence of a reflexive symmetric rela-
tion such that in every unordered 6-tuple of its domain there
are two elements being in this relation and there is no finite
partitipn of the domain finer than the relatian is left to the
reader.

The sources of ideas in this paper: As the main source have
served the considerations of A. Vencovskd obtained in theorems
1.23, 1.25, 1.26. These considerations have been partially moti-
vated by the attempt of the author to generalize the alternative
view on topology (see [£2]). The theorems being consequences of
the ‘mentioned theorems énd examples are due to the author.

They have arisen when working with one of the author’s student
(L. Paroha) on the first attempt of the comprehensive elaborati-
on of the matter. The arrangement of theorems up to Corollary
1.11 is taken from the new P. Vop&nka's book; it allows to avoid
the quotation on Ramsey theorem (this one appears to be a bypro-
duct). These theorems (exceptCorollary 1.11) are oEyious conse-
quences of Theorem 1.23 proved before.

When discussing the matter with J. Ml&ek he noticed that
the generalization to higher dimensions is quite 1interesting.
The special way of this generalization described here should be
compared with the proof of Ramsey theorem given in LGl

References

tv) P. VOPENKA: Mathematics in the Alternative Set Theory,
Teubner-Texte, Leipzig 1979.

[c1l K. BUDA: Nonstandard models of arithmetic as an alterna-
tive basis for continuum considerations, Comment.
, Math.Univ.Carolinae 24(1983), 415-430.

tt2) K. CUDA: Contribution to the topology in AST: Almostin-
" discernibilities (to appear).
- 60 -



[Ek1)

[tk2)
[evj2)
(6]
[evd

[sh)
[Ps)
[sv]

[SVe)

[v1)

{vel

K

K

CUDA and B. KUSSOVA: Basic equivalences in the alter-
native set theory, Comment.Math.Univ.Carolinae 23
(1982), 629-644.

fUDA and B. KUSSOVA: Monads in basic equivalences, Com-
ment.Math.Univ.Carolinae 24(1983), 437-452.

'CUDA and B. VOITASKOVA: Models of AST without choice,

Comment.Math.Univ.Carolinae 25(1984), 555-589.

.L. GRAHAM: Rudiments of Ramsey Theory, Regional Confe-

rence Series in Math. (Num 45, 1981).

tUDA and P. VOPENKA: Real and imaginary classes in the
alternative set theory, Comment.Math.Univ.Caroline
20(1979), 697-722.

.R. SHOENFIELD: Mathematical logit, Addison-Wesley publ.

comp. 1967.

. PUDLAK and A. SOCHOR: Models of the alternative set

theory, Journ. of Symb.Log. 49(1984), 570-585.

. SOCHOR and P. VOPENKA: Revealments, Comment .Math.Univ.

Carolinae 21(1980), 97-118.

SOCHOR and A. VENCOVSKA: Indiscernibles in the alter-
native set theory, Comment.Math.Univ.Carolinae 22
(1981), 785-798.

631-638.

. VOPENKA: The lattice of indiscernibilitg equivalences,

Comment.Math.Univ.Carolinae 20(1979

‘VENCOVSKA:’Independence of the axiom of choice in the

alternative set theory, Open days in model theory:
and set theory, Proceedings of a conference held
in September 1981 at Jadwisin; W. Guzicki, W. Ma-
rek, A. Pelc, C. Reus%er (Leeds 1984).

Matematicky dstav, Univerzita Karlova, Sokolovskd 83, 18600
Praha 8, Czechoslovakia

(Oblatum 1.9. 1986)

- 61 -



		webmaster@dml.cz
	2012-04-28T13:41:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




