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Hereditary ^-separability and the hereditary 
«-Lindelof property in function spaces 

ROY A.JOHNSON, ELIZA WAJCH, WLADYSLAW WILCZYNSKI 

Abstract. This paper is concerned with the smallest linear subspace LP(X) of CPCP(X) 
containing the TychonofF space X. It is proved that LP(X) is hereditarily *c-Lindelof 
(hereditarily ^-separable, resp.) if and only if Xw is hereditarily K-Lindelof (hereditarily 
K-separable, resp.). Moreover, it is shown that a certain cardinal function of LP(X) called 
the weak pseudonet weight of LP(X) equals the net weight of .X", 

Keywords: TychonofF space, function space, pointwise convergence, hereditary K-separ-
ability, hereditary K-Lindelof property, weak pseudonet weight, net weight 

Classification: 54A25, 54C35 

Throughout this article, X denotes a TychonofF space. The symbol CP(X) stands 
for the algebra of all continuous real-valued functions on X, with the topology of 
pointwise convergence. One easily sees that the formula 

(i) < * ) ( / ) = / ( * ) , 

where x € X and / € CP(X) , defines a homeomorphic embedding of X into 
CPCP(X) (cf. [1; Proposit ion 3.5 (/5), p.16]). Denote by LP(X) the smallest 
linear subspace of CPCP(X) which contains e(X) (cf. [1; p.17]) . 

It is known that CpCp(X) is hereditary /c-Lindelof (hereditary /c-separable, resp.) 
if and only if X" has that property (cf. [l;Corollary 3.28]). Our purpose is 
to prove that CPCP(X) can be replaced by LP(X) in the preceding statement. 
Moreover, we shall show that the weak pseudonet weight of LP(X) is equal to 
the net weight of X. 

Before proceeding to the body of the paper, let us introduce some notation and 
establish some useful facts. 

In what follows, K denotes an infinite cardinal number, and for simplicity, all 
cardinal functions will be infinite. 

The smallest (infinite) cardinal number K such that X is hereditarily «-Lindelof 
(hereditarily /c-separable, resp.) is denoted by hl(X) (hd(X), resp.). 

As usual, nw(X) denotes the net weight of X and w(X) denotes the weight of 
X. 

For each positive integer n > 2, let 

A« = { ( * 1 , . . . , . T n ) € K n :xi = xj for some t / j ( i , j - l , . . . , n ) } . 

Obviously, 

(2) A„ = U { A ? : l < . < j < n } , 
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where A?- = {(xi , . . . ,xn) € Kn : x, = Xj} (cf. [2;Deftnition 10.1]). One can 
readily observe that for n > 2, we have 

(3) A? is homeomorphic to Xn~l. 

Let Y!jn ^ the set of all permutations of the numbers 1, . . . , n. For (x%,..., xn) € 
Kn, we define qn(xx,...,xn) = {(xff(l),... ,x, ( n )) : a 6 ]£ n} . Let 

X* = {gn(xi, . . . ,xn) : (xi,...,xn) 6 Kn} 

be considered with the quotient topology generated by qn. Because 

In'MUi x • • • x 17,)] = U{U.m x . . . x l/„(B) : e € V ^ } , 

where Ui C K for i = 1, . . . , n, then 

(4) qn : Xn —> K* is a continuous open surjection. 

For n > 2, we define 

(5) Yn=Kn\<?n(An), 
(6) Zn = {e(x1) + ..- + e(xn)€Lp(X):(x1,...,xn)eXn\An}, 
(7) </>n(e(x1) + -- + e(xn)) = qn(xi,...,xn), where e(xi) + ••• + e(xn) € Zn. 

Then since e(K) is an algebraic base for LP(X) (cf. [1; Remark 3.14]), </>n is a 
well-defined one-to-one mapping from zn onto Yn. We shall show the following 

8.Lemma. The mapping <j>n : Zn —> Yn is a komeomorphism for each n > 2. 

PROOF: TO begin with, we shall show that the mapping <j>n is continuous. Let us 
take z = e(xi) + • • • + e(xn) € Zn and an open neighborhood V of <f>n(z) in Yn. 
Because Fn is an open subspace of Kn, then V is open in X*. Since (xi , . . . , xn) £ 
An , it follows from the continuity of qn that there exist open subsets £7, of X such 
that Xi 6 Ui, where Ui f)Uj = 0 for i ^ j(i,j = 1, . . . , n) and qn(Ui x • • • x Un) C 
V. Choose functions /, € CP(X) such that fi(xi) = 1 and f-(X \ Ui) = {0} for 
i = 1,. . . ,n. From Proposition 3.10* given in [l;p.l8], it follows that there exist 
continuous linear functionals hi : LP(X) —• R such that hjje(x) = /i ° e""1 for 
i = l , . . . ,n . Put 

W = n{h~1(R\{0}):i = l,...1n}. 

Because hi(z) = hi[e(xi)]+> • -+hi[e(xn)] = /j(xi)+- "+ / . (x n ) = 1 for i = 1,. . . ,n, 
then -? € W. To complete the proof of continuity of <t>n it suffices to check that 
^ n (Wnz n )c^ n ( l l ix . . .x l l n ) . 

Let *' € WnZn and z' = e(xi) + - • - + e(x'n), where (xi , . . . ,x'n) € Kn\An. Then 
/i(xi) H + fi(x'n) = hi(z') ^ 0, so fi(x'j) ^ 0 for some j = 1, . . . , n. Hence, for 
each i = 1,...,n there exists j = 1, . . . , n such that x'j € tli so that (x'x,..., x'n) € 
U{J7ff(i) X • • • X U^n) : or € 2 n ) ' ThuS> <t>n(*') = «n(*i, • • • ,*'„) € ?n(lli X • • • X Un). 
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Now we shall show that <j>n is an open mapping. Let U be an open set in LP(X) 
and y £ 4>n(U n Zn). Take a point z = e(x\) + • • • + e(xn) £ U 0 Zn such that 
y = ^ n ( z ) . We can choose open sets Ui C X such that Xi £ Ui, where Ui C\ Uj = 0 
iov i ^ j(i,j = 1,... ,n) and e(Ut) + - - - + e(Un) C UDZn. Put V = 4>n(e(U1) + - • • + 
e(Un)). Because V = qn(Ui x • • • x Un), then by (4), V is open in Fn . Moreover, 
y £ V C <^n(£l n Z n ) , so <̂>n is an open mapping. • 

Now we are a position to prove the main theorems of this paper. 

O.Theorem. If X is a Tychonoff space, then hl[Lp(X)] = h/(Xw). 

PROOF: Denote K = h/[Lp(X)]. By virtue of [6; Theorem 3,p.l77], to prove that 
hl(Xu) < AC, it suffices to show that hl(Xn) < K for each positive integer n. 

Clearly, hl(X) < K. Assume that h / ( X n _ 1 ) < K for some n > 2. Because 
Zn C LP(X), then hl(Zn) < K; hence, Lemma 8 yields that hl(Yn) < K. Let U 
be an open subset of X n \ A n . Then, by (4), the mapping pn = qn\u i§ open, 
continuous and, moreover, all fibers of p n have cardinalities less than or equal ton! . 
For i = 1 ,2 . . . n!, put V,; = {y £ pn(U) : pn

%(y) = i} and Ui = pn
l(Vi). Applying 

[3; Proposit ion 2.1.4, p.95] and the theorem given in [3; Problei 4 .4D (b), 
p.358], we deduce that pn\Ui is a perfect mapping from Ui onto Vi, so Ui is K-
Lindelof for i = 1 , . . . ,n! (cf. [3; Theorem 3.8.9, p.248]). As U = UgL-tfi, then 
Ui is K-Lindelof. Hence, hl(Xn \ A n ) < K. NOW, using (2)-(3) and our assumption 
that hl(Xn~x) < «, we deduce that h/(An) < K; thus h / (X n ) < K. 

As LP(X) C CPCP(X), the inequality hl[Lp(X)] < h /(Xw) is an immediate con
sequence of [6; Theorem 6,p.l78] • 

lO.Theorem. If X is a Tychonoff space, then hd[Lp(X)] = hd(X"). 

PROOF: Put K = hd[Lp(X)] and fix a positive integer n > 2. Similarly as in the 
proof of Theorem 9, we show that hd(Yn) < K. Let M C X n \ A n and let A0 be a 
dense subset of qn(M) C Yn such that |Ao| < «; then by (4) we have that 

qn-^Ao) n q:l[qn(M)] = q^(Ao) 0 q^lqn(M)] = qn'[qn(M)] 

(cf. [3; Exercise 1.4.C,p.57]); so qn
l(A0) is dense subset of qZl[qn(M)]. Put 

D0 = q^1(A0) and Mi = D0 n M n M. Let us choose a set Ai C qn(M \ Mi) such 
that Ai is dense in # n ( M \ M i ) and such that | A i | < K. Put Di = D0Uqn

1(Ai) and 
M2 = Di n M n M . We can inductively define sets Aj, D,-, Mi such that |A ; | < «, A, 
is a dense subset of qn(M \ Mi), Di = D;-i U qn

1(Ai) and Mt- = D,-i n M n M. 
The set D = Dn.~i n M is of cardinality < K. To show that D is dense in M, we 
need the following notation: 

For x = ( * i , . . . , * n ) € Xn,U = (7i x ••• x 17n C X n and a € E n ' l e t * ' = 

(̂ «r(i)» • • •, x0(n)) and U° = [/^(i) x • • • x ^(w). Denote by B(x) the family of all 
open sets of the form Ui x • • • x l!"n C X n which contain x. Finally, let id € £ n be 
the identity permutation. 

Suppose that the s*t D is not dense in M. Then there exists x € M and U € 5(x) 
such that 

(do) u n D = 0. 
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Because x £ M \ M n j _ i and the set ^ ( A n i - i ) is dense in q~1[qn(M\Mn\~.i], then 

there exist iy,o*i £ £ n and iV £ B(iy) such that 

(ai) iVCll, 
(h) lyeg-1^!-!), 
(ci) iyffl €M\M n ! - i cM\M n ! _ 2 , 
(di) iV^nD^-2 nM = 0. 

It follows from (ai) , (bt) and (d0) that a\ ̂  id. As the set g n
1 (An!- 2 ) is dense 

in qn
l[qn(M \ Mnj_2)], then we obtain from (ci) that there are 2y,<3r2 £ Yn 3Ii<^ 

2V £ B(2y) such that 

(a2) 2 V C 1 V , 
(h) 2yffl € qn

l(An\-2\ 
(c2) 2yorj £ M \ Mn\-2 C M \ M n ! - 3 , 
(d2) 2V"2 n Dn!-3 n M = 0. 

It follows from (do),(oi) ,(^i) ,( a2),(^2) that o-2 € __n\{?<*>°ri}- Arguing similarly, 
in the i-th step, we obtain iy,Ci £ ̂ n ---d -V £ B(iy) such that 

(ai) ,-VC-iV, 

(h) iV«-leqnl(Af*-i)> 
(ci) iy" £ M \ Mn\-i C M \ M n ! _,_ i , 
(dO , V O P i n D n ! _ , _ i n M = 0. 

From all the conditions (do), (aj)> (dj) (1 < j < i) and from (a,), (6,) it follows that 
°i £ __»\{^ ,°" i , • • • -<7i-i}- As nJ-iy^"'"1 £ M and the set q~1(A0) is dense in 
qn

 1[qn(M% then there is n!y such that n\y
ffn'-x € n ! _i V°n'-1 C\ qn

x(AQ). For some 
an\ £ J2ni

 w e have that n\y
an- £ M. From the conditions (a,),(dj) it follows that 

o~n\ ̂  Oi for 1 < i < n! — 1. Because 0{ ^ ay for i ^ j ( l < i , j < n! — l ) , then an\ — id 
which contradicts (do). Hence, the set D is dense in M and hd(Xn \ A n ) < K. 
Arguing as in the proof of Theorem 9, we can inductively show that hd(Xn) < K 
for each positive integer n. By applying Theorem 3* of [6;p. l77], we obtain that 
hd(X") < K. 

The inequality hd[Lp(X)] < hd(X") follows from [6; Theorem 6, p.179] • 

The preceding two theorems imply 

l l .Corol lary . If X is a Tychonoff space, then h/[CpCp(X)] = hl(X") and 
hd[CpCp(X)] = hd(Xw). 

The above corollary is a slight modification of Corollary 3.28 given in [1; p.38], 
but with a different proof. 

12.Corollary . If X is a Tychonoff space, then hl[Lp(X)] = hl[CpCp(X)] and 
hd[Lp(X)] = hd[CpCp(X)]. 

13.Corollary. If X is a locally compact Hausdorff space, then hl[Lp(X)] = w(X). 

PROOF: If w J is the one-point compactiflcation on K, then hl(X X K) = hl(wX x 
UJX) > A(u>K) = w(u>X) = w(X) where A(u>K) denotes the diagonal degree of o>K 
(cf. [4; p.16 and Corollary 7.6, p.27]). This implies that hl(X x K) = w(X), so 
that hl(X") = w(X). Theorem 9 completes the proof. • 
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14.Corollary. If X is a locally compact Hausdorff space, then hl[CpCp(X)] = 
w(X). 

15.Coroliary. If X is a locally compact Hausdorff space, then hd[Cp(X)] = w(X). 

PROOF: Inasmuch as nw[Cp(X)] = nw(X) = w(X) (cf. [1; Theorem 1.1, p.24] 
and [3; T h e o r e m 3.3.5, p.197]), then hd[Cp(X)] < w(X). 

The inequality w(X) < hd[Cp(X)] follows from Corollary 3.26 given in [1; p.37] 
and the fact that hl(X2) = w(X). • 

16.Definit ion . A family e of subsets of a space X will be called a weak K-pseudonet 
in X if and only if |e| < K. and for each open set U C K, there exists a set A C U 
such that | A | < K and for each x € U \ A, there exists E 6 £ such that x 6 E and 
|E \ ll | < K. The cardinal number. 

wpn(X) = min{«: > u) : there exists a weak/c-pseudonet in X} 

will be called the weak pseudonet weight of X. 

17.Theorem. If X is a Tychonoff space, then wpn[Lp(X)] = nw(X). 

PROOF: Because nw(X) = nw[CpCp(X)] (cf. [ Theorem 1.1, p.24], it follows 
that wpn[Lp(X)] < nw(X). 

Denote K = wpn[Lp(X)] and consider the spaces Y2,-^2 defined in (5)~(6). By 
Lemma 8, Y2 -s homeomorphic to z2> so wpn(Y2) = wpn(Z2) < K. Let e be a weak 
«-pseudonet in Y2- It is easy to observe that |^2_1(B)| < K for each B C Y2 such 
that | B | < K. This-together with (4)-implies that the family {q2~

1(E) : E 6 e} is a 
weak «-pseudonet in X2 \ A2; hence wpn(X2 \ A2) < K. As A2 is homeomorphic 
to X, we have wpn(A2) == wpn(X) < wpn[Lp(X)] = K SO that wpn(X2) < K. As 
nw(X) = wpn(X2) (cf. [5; Coro l lary 1.12]), we have nw(X) < K. • 

18.Corollary. If X is a Tychonoff space, then wpn[CpCp(X)] =nw(X). 

We do not know if Corollary 18 can be strengthened to say that wpn[Cp(X)] = 
nw(X). 
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