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Hereditary <—separability and the hereditary
«—Lindelof property in function spaces

RoY A.JOHNSON, ELIZA WAICH, WLADYSLAW WILCZYNSKI

Abstract. This paper is concerned with the smallest linear subspace Ly(X) of CpCp(X)
containing the Tychonoff space X. It is proved that Ly(X) is hereditarily x-Lindel6f
(hereditarily x-separable, resp.) if and only if X“ is hereditarily x-Lindeléf (hereditarily
x-separable, resp.). Moreover, it is shown that a certain cardinal function of Ly(X) called
the weak pseudonet weight of Ly(X) equals the net weight of X.
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Throughout this article, X denotes a Tychonoff space. The symbol Cp(X) stands
for the algebra of all continuous real-valued functions on X, with the topology of
pointwise convergence. One easily sees that the formula

¢Y) e(z)(f) = f(2),

where z € X and f € Cp(X), defines a homeomorphic embedding of X into
CpCp(X) (cf. [1; Proposition 3.5 (3), p.16]). Denote by L,(X) the smallest
linear subspace of CpCp(X) which contains e(X) (cf. [15 p.17]).

It is known that CpCp(X) is hereditary x-Lindelof (hereditary x-separable, resp.)
if and only if X“ has that property (cf. [1;Corollary 3.28]). Our purpose is
to prove that CpCy(X) can be replaced by L,(X) in the preceding statement.
Moreover, we shall show that the weak pseudonet weight of Ly(X) is equal to
the net weight of X.

Before proceeding to the body of the paper, let us introduce some notation and
establish some useful facts.

In what follows, x denotes an infinite cardinal number, and for simplicity, all
cardinal functions will be infinite.

The smallest (infinite) cardinal number x such that X is hereditarily x-Lindel6f
(hereditarily x—separable, resp.) is denoted by klI(X) (hd(X), resp.).

As usual, nw(X) denotes the net weight of X and w(X) denotes the weight of
X.

For each positive integer n > 2, let

An = {(21,...,20) € X" : z; = z; for some i # j(i,j = 1,...,n)}.
Obviously,
(2) Dn=U{AY:1<i<j <n},

75



76

R.A.Johnson, E. Wajch, W.Wilczyniski

where AT; = {(21,...,22) € X" : z; = z;} (cf. [2;Definition 10.1]). One can
readily observe that for n > 2, we have

3) A?; is homeomorphic to X1,
j

Let Y-, be the set of all permutations of the numbers 1,...,n. For (z;,..-1Zn) €
X", we define gn(21,...,2n) = {(Zo(1)s-- -1 To(n)) : 0 € 3., }. Let

X = {gn(z1,...,2n) : (1,...,20) € X"}
be considered with the quotient topology generated by ¢,. Because
g7 gn(Uy X - x Up)l = U{Upy X -+ X Ug(m) : 0 € zn},
where U; C X fori=1,...,n, then
(4) gn : X" — X, is a continuous open surjection.

For n > 2, we define

(5) Yo = X3\ gn(An),
(6) Zp={e(z1)+ -+ e(zn) € Lp(X) : (z1,...,2n) € X"\ An},
(7) ¢n(e(z1) + -+ + €&(zn)) = gn(21,...,2n), Where e(z1) + - + €&(zn) € Zn.

Then since e(X) is an algebraic base for L,(X) (cf. [1; Remark 3.14)), ¢, is a
well-defined one-to—one mapping from Z, onto Y,. We shall show the following

8.Lemma. The mapping ¢y, : Z, — Yy, is a homeomorphism for each n > 2.

PROOF: To begin with, we shall show that the mapping ¢, is continuous. Let us
take z = e(z1) + -+ + e(zn) € Z, and an open neighborhood V of ¢,(z) in Y.
Because Y, is an open subspace of X, then V is open in X};. Since (21,...,%5) ¢
A, it follows from the continuity of ¢, that there exist open subsets U; of X such
that z; € U;, where U;NU; =B for i # j(i,j = 1,...,n) and g,(Uy x --- x U,) C
V. Choose functions f; € Cp(X) such that fi(z;) =1 and f;(X \ U;) = {0} for
i =1,...,n. From Proposition 3.10* given in [1;p.18], it follows that there exist
continuous linear functionals h; : Ly(X) — R such that hyx) = fio e~! for
i=1,...,n. Put

W =n{h7 (R\{0}):i=1,...,n}.

Because hi(z) = hile(z1)]+ - -+hile(zq)] = fi(z1)+: -+ fi(zn) = 1fori =1,...,n,
then z € W. To complete the proof of continuity of ¢, it suffices to check that
n(WNZy)Cgn(Uy x -+ xUp).

Let ' € WN2Z, and 2' = e(z})+--+¢(z},), where (z,...,2),) € X"\ A,. Then
fizh) + -+ + fi(zn) = hi(2') # 0, s0 fi(z;) # 0 for some j = 1,...,n. Hence, for
eachi = 1,...,n there exists j = 1,...,n such that z; € U; so that (z},...,2}) €
U{Ua(l) Xooo X Ua(n) t0€ Zn} Thus, ¢n(2') = an(2h,- - ,xh) € ga(Uy x+--x Uy,).
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Now we shall show that ¢, is an open mapping. Let U be an open set in L,(X)
and y € ¢p(U N Z,). Take a point z = e(z1) + - + e(zn) € U N Z, such that
Y = ¢n(z). We can choose open sets U; C X such that z; € U;, where U; NU; = 0
fori # j(i,j =1,...,n)and e(U;)+---+e(U,) CUNZ,. Put V = ¢,(e(Uy)+---+
¢(Un)). Because V = ¢n(Uy x - -+ x Uy), then by (4), V is open in Y,. Moreover,
y €V C ¢a(UN Z,), so ¢n is an open mapping. B

Now we are a position to prove the main theorems of this paper.

9.Theorem. If X is a Tychonoff space, then hl[L,(X)] = hl(X“).

PROOF: Denote £ = hl[L,(X)]. By virtue of [6; Theorem 3,p.177], to prove that
hl(X*“) < &, it suffices to show that hl(X™) < k for each positive integer n.

Clearly, hi(X) < . Assume that hl{(X"~') < « for some n > 2. Because
Zn C Ly(X), then hl(Z,) < &; hence, Lemma 8 yields that hl(Y;) < s. Let U
be an open subset of X" \ A,. Then, by (4), the mapping p, = Yn|U i§ open,
continuous and, moreover, all fibers of p, have cardinalities less than or equal to n!.
Fori=1,2...n!,put Vi = {y € po(U) : p;*(y) = i} and U; = p;!(V;). Applying
[3; Proposition 2.1.4, p.95] and the theorem given in [3; Probler 4.4D(b),
p.358], we deduce that pnju; is a perfect mapping from U; onto V;, so U; is k-
Lindelsf for i = 1,...,n! (cf. [3; Theorem 3.8.9, p.248]). As U = U™, U;, then
U; is k-Lindelof. Hence, hl(X™\ A,) < £. Now, using (2)-(3) and our assumption
that AI(X™~!) < &, we deduce that hl(A,) < &; thus hI(X™) < &.

As Ly(X) C CpCp(X), the inequality hI[L,(X)] < hi(X“) is an immediate con-
sequence of [6; Theorem 6,p.178]

10.Theorem. If X is a Tychonoff space, then hd[L,(X)] = hd(X").

PROOF: Put s = hd[L,(X)] and fix a positive integer n > 2. Similarly as in the
proof of Theorem 9, we show that hd(Y,) < &. Let M C X™\ A, and let Ag be a
dense subset of gn(M) C Yy such that |Ao| < &; then by (4) we have that

gn*(A0) N 47 [gn(M)] = g7 (A0) N 47 [ga(M)] = g7 [an(M)]

(cf. [3; Exercise 1.4.C,p.57]); so ¢;'(Ao) is dense subset of ¢ *[ga(M)]. Put
Dy = ¢;1(Ap) and My = Dy N M N M. Let us choose a set A; C ¢,(M \ M;) such
that A, is dense in go(M \ M) and such that |4,| < k. Put Dy = DoUq;;*(4,) and
M; = D; N MNM. We can inductively define sets A;, D;, M; such that |4;] < , A;
is a dense subset of ¢ga.(M \ M;),D; = Di_y U g;*(A;) and M; = D, NM N M.
The set D = Dyy—1 N M is of cardinality < x. To show that D is dense in M, we
need the following notation:

For z = (z1,...,2p) E X"\ U=U; X xUs C X" and o € },, let 27 =
(Zo(1)s+-+1To(n)) 80d U% = Uy(1) X -+ X Ug(n). Denote by B(z) the family of all
open sets of the form Uy x -+ x Up C X™ which contain z. Finally, let id € E" be
the identity permutation.

Suppose that the set D is not dense in M. Then there exists z € M and U € B(z)
such that

(do) UnD=0.
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Because z € M\ Mpi—; and the set ¢ (An1—1) is dense in ¢ [gn(M \ Mn1—1], then
there exist 1y,01 € 3, and 1V € B(yy) such that

(ﬂl) 1V C U,

(b1) 1Y € ¢ (An—1),

(e1) 1¥% € M\ Mui—1 C M\ Mp1—g,

(dl) VPN Do NM = 0.
It follows from (a,;), (b;) and (do) that o # id. As the set g;!(Ani—2) is dense
in g7 '[gn(M \ Mp—2)], then we obtain from (c;) that there are 2y,0, € 3, and
2V € B(2y) such that

((12) 2V C lvv

(b2) 2y € g7 (Ant-2),

(02) 2'!]02 € M\Mn!——2 C M\Mn!—:h

(d2) 2V NDusNM= 0.
It follows from (dy), (a1),(d1),(a2), (b2) that o2 € 3° \{id,01}. Arguing similarly,
in the i~th step, we obtain ;y,0; € 3, and ;V € B(;y) such that

(i) iV CialV,

() w7t € gt (Am—i)s

(i) Y €M\ Mp—i CM\ Mp_;,

(dy) Vo NDu_i1NM =0
From all the conditions (do), (a;), (d;) (1 < j < %) and from (a;), (b;) it follows that
o; € 3. \{id,01,...,0i-1}. As m_1y°'-' € M and the set g;!(Ao) is dense in
q;‘[q,,(M)}, then there is niy such that ,iy7»'-1 €,y V-1 N q;’(Ao). For some
on € 3, we have that iy’ € M. From the conditions (ai), (d;) it follows that
ont # 0ifor1 <i < nl-1. Becauseo; # o fori # j(1 < ¢,j < n!-1), thenon = id
which contradicts (dp). Hence, the set D is dense in M and hd(X" \ A,) < «.
Arguing as in the proof of Theorem 9, we can inductively show that kd(X") < &
for each positive integer n. By applying Theorem 3* of [6;p.177], we obtain that
hd(X%) < &.

The inequality hd[L,(X)] < hd(X*) follows from [6; Theorem 6, p.179] ®

The preceding two theorems imply
11.Corollary. If X is o Tychonoff space, then hl[C,Cp(X)] = hI(X“) and
hd[CpCh(X)] = hd(X¥).

The above corollary is a slight modification of Corollary 3.28 given in [1; p.38],
but with a different proof.

12.Corollary. If X is a Tychonoff space, then RI[L,(X)] = hI[CpCh(X)] and
hd[Ly(X)] = hd[C,Co(X).

13.Corollary. If X is a locally compact Hausdorff space, then hi[L,(X)] = w(X).
PRrOOF: IfwX is the one—point compactification on X, then hl(X x X) = hl(wX x
wX) 2 A(wX) = w(wX) = w(X) where A(wX) denotes the diagonal degree of wX
(cf. [4; p.16 and Corollary 7.6, p.27]). This implies that hlI(X x X) = w(X), so
that hI(X“) = w(X). Theorem 9 completes the proof. ®
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14.Corollary. If X is a locally compact Hausdorff space, then hi[C,Cp(X)] =
w(X).

15.Corollary. If X is a locally compact Hausdorff space, then hd[Cp(X)] = w(X).

PROOF: Inasmuch as nw[Cp(X)] = nw(X) = w(X) (cf. [1; Theorem 1.1, p.24]
and [3; Theorem 3.3.5, p.197]), then hd[Cp(X)] < w(X).

The inequality w(X) < hd[Cp(X )] follows from Corollary 3.26 given in [1; p.37]
and the fact that hl(X?) = w(X). =

16.Definition. A family ¢ of subsets of a space X will be called a weak x—pseudonet
in X if and only if |¢| < k. and for each open set U C X, there exists a set A C U
such that |A| < k and for each z € U \ A, there exists E € € such that z € F and
|E\ U| < k. The cardinal number.

wpn(X) = min{x > w : there exists a weakx—pseudonet in X'}

will be called the weak pseudonet weight of X.
17.Theorem. If X is a Tychonoff space, then wpn[L,(X)] = nw(X).

PrROOF: Because nw(X) = nw[CpCp(X)] (cf. [ Theorem 1.1, p.24], it follows
that wpn[L,(X)] < nw(X).

Denote k = wpn[Ly(X)] and consider the spaces Y3, Z, defined in (5)-(6). By
Lemma 8, Y, is homeomorphic to Z3, so wpn(Y2) = wpn(Z;) < k. Let € be a weak
k-pseudonet in Y;. It is easy to observe that |g;'(B)| < « for each B C Y; such
that |B| < k. This-together with (4)-implies that the family {¢;}(E): E€ ¢} isa
weak x—pseudonet in X2\ Ag; hence wpn(X?\ A;) < k. As A, is homeomorphic
to X, we have wpn(Az) = wpn(X) < wpn[Ly(X)] = & so that wpn(X?) < k. As
nw(X) = wpn(X?) (cf. [5; Corollary 1.12]), we have nw(X) < k. ®

18.Corollary. If X is a Tychonoff space, then wpn[CpCp(X)] = nw(X).

We do not know if Corollary 18 can be strengthened to say that wpn[Cp(X)] =
nw(X).
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