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Boundedness of global solutions for the heat equation
with nonlinear boundary conditions

MAREK FILA

Dedicated to the memory of Svatopluk Fuéik

Absiract. Global solutions of the heat tion with nonli boundary conditions (which

1

describe an abeorption law) are shown to be bounded in H!(D) and in C(D) uniformly
for t > 0.

Keywords: global solutions, heat equation, nonlinear boundary conditions
Classification: 35K60,35B40

In this paper we study the problem

(1) u; = Au for z€eD,t>0,
) g% = f(u) for z€0D,t>0,
(3) u(-,0) = up € C*(D),

where D is a smoothly domain in RV and f is superlinear. As an example we may
consider f(u) = |u[f~'u,p> 1.

For this problem the blow up phenomenon may occur (cf. [LP)).

Our main aim is to show that any global classical solution is bounded in H'(D)
and in C(D) (uniformly for ¢ > 0), provided

N

N3 if N>2

p<

By a global solution we mean a solution which exists on D x [0, c0).
Similar results for problems like

ue = Au + f(u) for z€eD,t>0,
u=0 for z€8D,t>0,

were established in [NST), [CL}, [G], [F1], [F2]. The (sharp) condition on p in
[CL), [G], [F1] was : p < (N +2)/(N —2) if N > 2. In [F1] degenerate problems
and problems with rapidly growing nonlinearities were treated. In [F2] also an
equation with a gradient term was considered.
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The proof of the present result is a new illustration of the main idea from [F1].
We shall proceed by contradiction. There are two possible types of behaviour of a
glebal solution u(t,uq) which is not bounded in H'(D). Either

(4) "u(t, uo)"Hl(D) —+00 as t-— 00
or

liinsupllu(t, vo)ll#2(p) = o0,
——t OO

(%)

lim inf||u(t, uo)l| 1 (D) = k < co.

(4) can be excluded using an appropriate modification of the classical concavity
method. (5) leads to a contradiction with an a priori bound of every equilibrium
lying in the w-limit set of u(t, uo).

Our assumptions on f will be

(H1) If(4) = f(0)] < C(lulP~ + [P~ +1) |u —v|
for u,v € Randsome C >0,p> 1,p< N/(N -2)if N > 2.

(H2) uf(u) 2 (g +1) / " f(v)dv—Cy 2 Calul™ = Cy

for u € R and some ¢ > 1, C; > 0, C3 > C;.
It is known (cf. e.g. [A1, Theorem 6.1]) that Problem (1)-(3) possesses a unique
maximal classical solution u(%,uo) provided dug/dv = f(uo) on D and f is regular

enough.

Let tmax(uo) denote the existence time of the maximal solution emanating from
to. The following known energy equality will play an important role in our consid-
erations.

(6) /0‘ /D(u.)2 +V(u(t)) =V(up) for 0 <t < tmax(tho),

where .
Viw) =3 /D Vuf /a F), Fw = A f(v)dv.

Lemma 1. Let (H2) hold. If ||u(t, uo)|| a1 (D) — 00 68t = tmax(to), then tmax(uo)
< 00.

PROOF : We shall use the classical concavity method (see e.g. [PS], [LP]) similarly
as in the proofs of corresponding results in [F1], [F2].
Suppose tmax = 00 and denote M(t) := fy [, u?. Then

M'(ti=/IJu’=/o'/‘)(u’),+/I)u3
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and if we choose 0 < € < ¢ — 1, we obtain from (H2), (6)

1 " _ —
M (t)_—/D|vu|2+/wuf(u)_
€
=-@+eV+§ [ o+ [ @) -+ DR +@e-1-6 [ F)

t
(M 240 [ [wr+g [vuren [ e -

Here and in what follows positive constants which depend only on the data f, uo, D
will be denoted by k;. From (7) it follows

M"(t) 2 ksl|lu(®)lir (o) ~ ka,

hence M'(t) — oo as t — co. On the other hand, (7) yields

M"(t) > 2 ((2 +e) /o ' /D (we)? + ksM/(t) - ke) ,
therefore

MM" - (14 2)(M") 2

s ([ [+ [ [}

+2M(ksM' — ke) — ks M'.

The first term on the right hand side is nonnegative according to the Schwarz
inequality and the second one tends to infinity as ¢ — co. Thus, there is a t; > 0
such that the right hand side is positive for ¢ > to. This implies that (M ~¢/2)" < 0
for t > to. Since M~¢/2 is decreasing, it must have a root t; > 0 - a contradiction.

[ ]

The next lemma is based on the theory of parabolic equations with nonlinear
boundary conditions developed by Amann in [A2). It follows from this theory that
(1), (2) define a local semiflow in H!(D) (in a way which will be made precise
below) if the mapping u + f(u) is locally Lipschitz from H*(D) into OW 112 .=
W3*~*/%(9D) where we choose a such that

Np-1_ 3

—— (<
1<2a<1+4+—— +1 2p+l(‘2)

This Lipschitz continuity is guaranteed by (H1). Indeed, with our choice of a

®) Lr+D/p(9D) C W11,
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By this imbedding and the Hélder inequality

[l£(u) = f(W)low-1+20 < K||f(4) = f(0)| Lo +1312(8D) <
< K'|lu = vl ps4rapy(llullo+1(op) + IvllLrssapy + 1P

The claim follows, since
(9) HY(D) c L**(8D)

under our restriction on p.
Now, if u(t,uo) is weak solution of (1)-(3) on [0,T), i.e. u € C([0,T); H}(D))

d
an /OT/D(—ém+V¢Vu)=AT‘/;D¢f(u)+/D¢(o)uo

for all ¢ € C*([0, T); (H*(D))') n C([0, T); H'(D)) vanishing near T, then u(-,-) is
a local semiflow on H!(D) (cf. [A2, Theorem 12.3]). Moreover, u(t,up) satisfies
certain integral equation — the variation of constants formula. We shall not sate
this formula here because its consequence — the inequality (10) below (cf. [A2, (9)
p-248 and Theorem 8.1]) will be sufficient for our purposes.

Lemma 2. Let (H1) hold. If u(t,uo) is a global solution which satisfies (5), then
for every number B large enough there is an equilibrium w € w(uo) (= the w-limit
set of up) such that ||w||y1(p) = B.

PROOF : Similarly as in the proof of Lemma 2.2 in [F1], choose a sequence
{tn},tn — 00, satisfying the following three conditions:

(8) llu(tns wo)llr(p) = B,

(b) "u(t, “o)"”l(D) <Bforte [tg,.,tg,,.n],

(c) there is a sequence {s, } such that s, € (t2n,t2n+1)||u(3n, u0)llar (D) < k+1.
The variation of constants formula yields

llu(tznsa)ll 27Dy < L(tansr — 7a)' /2~ 7o rnt1=m) |lu(r,) | 112 )

10 t3n+1
(10) +L / (tznsr — 7)*" T2t =7)|| f(u(7)) | ow 142« dT
Tn

for 4 € [1/2,), where H27(D) is the usual Sobolev-Slobodeckii space W;7(D), o
is an arbitrary positive number, L is a positive constant depending only on D, 0.
Notice that ||f(u(7))|law-1+41a is bounded by a constant depending on B for r €
[8n,)22n+1)] according to (8), (H1) and (9). From (10) with 7, = 8,7 = 1/2 we
obtain that ¢2n+1 — $a 2 6 > 0 if we take B > (k+1)L.

Now the compact imbedding of H?7(D) into H'(D) for ¥ € (1/2,a) and (10)
with 7, = taa41 =6, 7 € (1/2, a) imply the existence of a w € H!(D), such that
u(tn,up) — w in H'(D) through a subsequence. Obviously |lw||y1(p) = B and
standard arguments enable us to conclude that w is an equilibrium since our local
semiflow admits a continuous Lyapunov functional (the functional V' from (6)). ®
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Lemma 3. Assume (H2). Let u(t,uo) be a global solution with w(uo) # 0. If
w € w(ug), w is an equilibrium, then |lw||g1(py < J for some positive constant J
depending on uo.

PROOF : Since w is an equilibrium, we have [, [Vw|? = [, wf(w), therefore for
O<e<g-1

2+e)V(w) = % _/D [Vwl? + ./aD(“’f('”) =@+ )F(w))+(g-1-¢) /su Flu) 2
2 % /D [Vul? + k ,/,,D | — k2 2 Ksl|wilF (o) = k4

k; are positive constants. The assertion follows from (6). ]
Lemmas 1-3 yield now the main result.

Theorem. Let (H1), (H2) hold. If u(t,uo) is a global classical solution of (1)«($),
then

supl||u(t, wo)|| 2 (D) < o0.
©0

It is shown in [Fo] that for solutions of a problem which includes (1)-(3) with f
satisfying (H1), (H2) it holds

lu(t, wo)llc(p) < K (Il"dlc@y&‘iﬂjl“(%uo)lILr(ao))
for 0<t<tmax(uo) if r>(p-1)(N-1),N>1

From this estimate with r = p + 1 (together with (9)) we obtain
Corollary. Let the assumptions of the theorem be satisfied. Then

‘:‘Z‘l:||"(ta“o)"c(—p) < oo.

Remark. The method of proof of the theorem works also for systems of the form

Aui + gi(ul, ,u"'),
Bu

_—l("a - u™),

where (g%,...,9™) = grad G, (f*,...,f™) = grad F for some G, F and ¢’, f* sat-
isfy
(i) Lipschitz and growth conditions (like (H1)) under which the problem gener-
ates a local semiflow in (H'(D))™, an imbedding like (8) holds,
(ii) structure conditions (like (H2)) which ensure the applicability of the concav-
ity method.

We finish with an application of the theorem.
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Example. Consider the problem (1)-(3) with f(u) = |ul*'u, p > 1,p < 5 if
N>1 Ifup >0, up #0, Jug/Ov = ul then tpax(to) < oo.

PROOF : Suppose tmax(uo) = oco. Choose to > 0. According to the maximum
principle there is a number € > 0 such that u(t,uo) > € for t > to. By the theorem
[lu(-, uo)|| () is bounded, hence {u(t,up) : t > to} is relatively compact in H*(D)
(cf. [A2]) and the w-limit set consists of equilibria. But it is easily seen that there
are no positive equilibria — a contradiction. L]

Acknowledgement. The author is indebted to Pavol Quittner whose critical com-
ments led to a significant improvement of the original version of this paper.
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