
Commentationes Mathematicae Universitatis
Carolinae

Cong Xin Wu; Hui Ying Sun
On the λ-property of Orlicz space LM

Commentationes Mathematicae Universitatis Carolinae, Vol. 31 (1990), No. 4,
731--741

Persistent URL: http://dml.cz/dmlcz/106908

Terms of use:
© Charles University in Prague, Faculty of Mathematics and Physics, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic
provides access to digitized documents strictly for personal use. Each copy
of any part of this document must contain these Terms of use.

This paper has been digitized, optimized for electronic
delivery and stamped with digital signature within the
project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz

http://dml.cz/dmlcz/106908
http://project.dml.cz


Comment.Math.Univ.Carolinae 31,4 (1990)731-741 731 

On the A-property of Orlicz space LM 

CONGXIN WU, HUIYING SUN 

Abstract In this paper, we show that each Orlicz space LM with the Orlicz norm has the 
A-property and give a criterion of that LM has the uniform A-property. 

Keywords: Orlicz space, A-property, uniform A-property 

Classification: 46E30 

Nota t i on . 
Let X be a Banach space, B(X) the closed unit ball, U(X) the open unit ball 

and S(X) the unit sphere. A point e of a convex subset A of X is an extreme 
point of A if x, y € A and e = | x + | y imply e = x = y. The set of the extreme 
points of A is denoted by ext(A). A point x € B(X) is said a A-point if there exist 
e € ext(J3(K)), y 6 B(X) and A € (0,1] such that x = Ae + (1 - A)y. In this case, 
the triple (e, y, A) is said to be amenable to x. X is called to have the A-property if 
each x € B(X) is a A-point. If X has the A-property and satisfies 

in£{X(x):xeB(X)}>0, 

where X(x) = sup{A : (e,y,A) is amenable to .r}, X is called to have the uniform 
A-property (see [1]). 

Let M : R-~* R+ satisfy the following conditions: 

a) M(u) is even, convex and continuous; 
b) M(0) = 0 and M(u) > 0 for u ^ 0; 
c) limtt_*o M(u)/u = 0, l im^oo M(u)/u = oo, 

and G be a bounded closed set of n-dimensional Euclidean space En. The Orlicz 
space LM is the family of all real Lebesgue measurable functions x(t), defined on G, 
for which QM(kx) = JG M(kx(t)) dt < oo for some k > 0. LM with the Orlicz norm 

|И | = sup{ / x(t)y(t)dt: вN(y) < 1} 
JG 

is a Banach space, where N(v) is the conjugate function of M(u). 
We denote the set of all points on which M(u) is not strictly convex by D, i.e., 

for v € D there exist a, b such that a < v < b and M(u) is affine on (a, 6). It is clear 
that D = Ui(a*A)> where (a,, 6,) are non-overlapping intervals. We also define k*. 
and k** by 

k*x = inf {k > 0 : / N(p(kx(t))) dt > 1} 
JG 
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and 
k*x* = sup{k > 0 : / N(p(kx(t))) dt < 1} , 

JG 

respectively. By [2] or Theorem 1.27 in [3], 

|(x|| = i ( l + f M(kx(t))dt, x^O, 

iftk€[k*x,k*x*]. 
In [4], we obtain that each Orlicz space LM with the Luxemburg norm (||-c||' = 

inf{k > 0 : QM(x/k) < 1}) has the A-property and it has the uniform A-property iff 
M(u) is strictly convex. In this paper, we shall see that the condition ULM with the 
Orlicz norm has the uniform A-property" is different from "LM with the Luxem
burg norm has the uniform A-property", and the proving methods are completely 
different. 

Main results. 

Lemma 1. If x G U(LM), x is a X-point. 

PROOF : Since ext(B(LM)) ^ 0 by [5], taking e € ext(B(LM)), we have for any 
x € U(LM)) 

x~x + (l~\\x\\)(\e-\e) 

= | ( 1 - ||*||)e + 5(1 + M|)(» - | ( 1 - \\x\\)e)/\(l + ||x||) 

= I ( l - | | x | | ) e + i ( l + H ) y , 

where y = 2(x - | (1 - ||x||)e)/(l + ||s||) and y € B(LM). This shows that x is 
a A-point. • 

Theorem 1. LM has the X-property. 

PROOF : By Lemma 1, we only need to prove that for any x € S(LM)I X is a A-
point. By [5] or Theorem 2.3 in [3], x € S(LM) is an extreme point of B(LM) 
iff for all k € [k*xik*x%m{t € G : kx(t) € D} = 0. Hence for * € S(LM) but 
x € ext(B(LM)), there exists kx € [*£,*;•] such that m{t G G : kxx(t) 6 D] > 0. 
Define 

Gi = {t € G : kxx(t) € (oj,i,-)}. i = M . . . > 

then m (Jt G, > 0. Without loss of generality, we may assume x(t) > 0. Let 

& = {t € Gi : kxx(t) < ~bi + ~ a j , 

Ei = {*,€ C7, : kxx(t) > i ^ + jftg}, 
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G'i, G'l be partitions of Gi with G\ D E\, G'l D E", i = 1,2,... , and 

ke = 1 + J^(M(ai)mG'i + M(fe.)mG-) + / M(kxx(<)) eft, 

then kc < oo. Indeed, if ]C,M(6»)mG,: < oo, it is clear. Otherwise, we set c; = 

||zXG,||oo,c- = min{6j,4ci - a*} and 

3 1 
Ei = {teGii kxx(t) > - a t + - c j , i = 1,2,.. . . 

Obviously, mGi > 0 implies mJ5,- > 0. As M(u) is linear on (a,, 6,) and 

Y,M(\ai + \a)mEi 
t 

= £ { ( A f (ft.) - Af(a.))(|o,- + jc,- - «;)/(&. - a,) + Af (aO}m.S. 
t 

= £ { ( M ( 6 . ) - Af (aj)Xc. - a.)/4(6. - a,) + M ( a 0 } m ^ 
t 

< V / M(kxar(t))dt < I M(kxx(t))dt<oo, 

i JG{ JG 

we have 

£ Af^JmJS. < £{4(Af(6 . ) - M(a.))(c, - a.)/(6. - a,) + Af(a.)}m£fc 
t t 

O 1 

= 1 6 ^ M ( - a j + -Ci)mEi - 1 5 ^ M ( a t ) m f ? j < oo. 
t t 

Remarking mEi > mG{, as Cj < 6j, and mGi = ^ whenever 6j > c^i = 1,2,... , 
we obtain 

ke < 1 + PM(kxx) + ^ M ( 6 , ) m G - < 1 + pM(Kx) + ^ Affc'^m^ < oo . 
t t 

Set 

A = min{- , ke/4kx}, \/kx = A/ke + (1 - A)/kj,, 

e(*) = ^*(Z^(a'xG; + 6»'XG'/) + fc**0OXG\U. G.) 

and a; = Ae + (1 - X)y. For t € G \ Uť <?ť, kxx(*) = kee(t) and 

J_« A 
Kx Ke 

=(fc, - Xkx)x(t)/kt(l - A) = (a;(í) - Afcxa:(ť)/fc.)/(l - A) 
=(x(t)-Xě(t))/(l-X) = y(t), 

kxx(t)/kv = kxx(t)(---)/(l-\) 
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so kxx(t) = ibee(t) = kyy(t). Since Xkx/ke < \ and (1 - X)kx/ky > f, for t € <2't, 

a, <**£(t) = Afcrat/ke + (1 — X)kxkyy(t)/ky 

1 3 
< j a t + -6 t < Xkxai/ke + (1 - X)kxbi/ky . 

From a, < Xkxai/ke + (1 — X)kxkyy(t)/ky, we have fcyy(t) > at and from 

Xkxai/ke + (1 - A)kxklfy(«)/klf < Xkxai/ke + (1 - X)kxb{/ky , 

**y(*) < *•'• Similarly, for *€<?•', 

6t >kxx(ť) = Xkxbi/ke + (1 - X)kxkyy(t)/ky 

i , 3 
: i 6 t + TC > T 6 , + 7 a t > Xkxbi/ke + (1 - X)kxai/ky 

and a t < fcyy(t) < 6t. Hence we have * yy(t) € [at,6t] for t € Gt, i = 1 ,2 , . . . . This 
shows that 

=\\x\\ = j-(l + JGM(kzx(t))dt) 1 
/G 

Jl~tCXk,(l+X "'d-^'+At,^')+c - * < « > » • > 

v^+VX"^''*' 
= r ( i + «<<'.<» + ̂ r^C+«(* ,» ) ) - •» + ^ r - ^ ( i + S M ( ' , » » 

l t e AJy Ky 

and Ibll -S £ ( * + QM(kyy)) = 1 by Theorem 10.5 in [6]. 
Now, if we have e € ext(.0(lrjvf))» then x is a A-point. To prove e € ext(_B(.LM))> 

it is enough to show that ke = k* = k** by Theorem 2.3 in [3]. 
Let kx =5 fcj = &*.*. For any k > ke, we fix k' € (ke,k) and define k = 

*'*e/(i*e 4- f *'), *o = m i n { M / * \ kxk"/ke}. If k"(\a, + f 6t)/*e > &i, then 

*'(i«- + J»«)/(j*. + | * , ) > ^ 
^ ( - l + j 6 t ) > j k ' 6 t + jk e 6 t , 

a 4 4 4 

T* a- $. T*e î» &nd k a t/ke > fy. 
4 4 

For t € G,,t = 1 ,2 , . . . , if fc"(f a, + f 6,)/*e > 6„ then 

p(ke(t)) = p(k'kai/kek') > p(kbi/k') > p(kksx(t)/k') > p(k0x(t)) 
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and if k"(\ai + f bi)/ke < bu then 

p(ke(t)) >p(kee(t)) = p(ai) = p(k"(~a{ + ~bi)/ke) 

>p(k"kxx(t)/ke) > p(k0x(t)), 

as p(u) is right-continuous and k ( | a j -f |6i)/fce > «*• Noticing that for 

< € G l \ t = l , 2 . . . , 

p(ke(t)) = p(kbi/ke) > p(kkxx(t)/ke) > p(kkxx(t)/k') > p(k0x(t)), 

k /ke > 1, k/k > 1, and k0 > k**, we obtain 

/ N(p(ke(t)))dt > f N(p(k0x(t)))dt 
JG JG 

> 1 . 

This yields ke > Jfe**. Similarly, we have ke < Jfe*. So ke = Jfe* = Jfe**. 
Now,let k* < fc**. Foranys',*" € (k*x,k*x*),s < s",N(p(s x(t))) < N(p(s"x(t))) 

and 

1 = / N(p(sx(t)))dt < f N(p(s"x(t)))dt = 1. 
JG JG 

Hence N(p(s x(t))) = N(p(s"x(t))) a.e.. As N(v) is convex and N(v) > 0 for v / 0, 
p(s x(t)) = p(s x(t)) a.e.. We assume, for simplicity, p(s x(t)) = p(s x(t)) for all 
t € <?. This implies that for any s 6 (fcJ, &*.*) and t £ G with x(t) ^ 0, there exist 
a, 6 such that a < sx(t) < b and p(u) is constant in (a, b), i.e. sx(t) € D. Remarking 
p(wi) 7^p(tXj) for u* € (aj,6i),Uj € (aj,6j),i ^ j , we have 

{teG: sx(t) € (ai,6 t)} = {* € G : s" x(t) € (a^A)} 

for any s ,s € (&*.,&*.*) and fc*.x(t) > ai,k*.*x(t) < bi, whenever for some k € 

(K,K*) w i t h M O € («ti6t)»* = 1,2,... . Let 

N' = {t : m{t G G : kx(t) € (a*, &<)} > 0, k£(k*x, Jfe*.*)}-

Obviously, N' is not empty. If there exist k\ € (k*., k*.*) and j € N such that 

m{t € G : a_, < Jfeix(t) < a ; / 4 + 36^/4} > 0 , 

m{teG: 3aj/A + 6^/4 < ktx(t) < bj} > 0 , 

then taking ki instead of kx, we can choose Gj,Gj with mGj > 0,mGj > 0.» For 

k > ke, without loss of generality, we may assume fco < fcj*. Hence for t £ Gj 

p(ke(t)) = p(kbj/ke) > p(aj) ** p(k0x(t)) 
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and for t 6 G \ (?,', p(ke(t)) > p(k0x(t)). Therefore 

/ N(p(ke(t))) dt> ( N(p(k0x(t))) dt+ J N(p(ke(t))) dt = 
JG JG\G" JG" 

= [ N(p(k0x(t)))dt + I N(p(ke(t)))dt- I N(p(k0x(t)))dt>l 
JG JG" JG" 

i.«- kt > k**. Similarly, we can get kt < kt. So ke = fc* = k**. 
Otherwise, for all i € N either 

1 3 
m{t eG:ai< k*xx(t) < -a,- + -6,} = 0 

or 

3 1 
m{t e G : -a{ + - 6 t < k*x*x(t) < bi) = 0. 

If there exist i , i € N such that 

m{t e G : |<v + hbt« < k*x*x(t) < 6.} = 0, 

1 3 
m{t e G : a,» < k*xx(t) < -a-» + -ft.« } = 0, 

we may assume mG., > 0,mG.» > 0, or else take k € (k*,kx*) instead of kx. As 
above, we have fce = k* = k*t*. 

I f f o r a l l t € N ' 

3 1 
m{t e G : - a , + -bi < k*x*x(t) < 6i} = 0, 

then 

m{t e G : k*x*x(t) e (ai,bi)} > 0, • € N'. 

Let kx = fcj*, then mGi > 0,mG,- = 0 for i e N . In the same way as above we 
have Jbe = k*t = fc**. If for ali i € N' 

1 3 
m{t eG:ai< k*xx(t) < -ai + - 6 J = 0, 

let kx = ib*., the result is the same. • 
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Lemma 2. If D ^ 0 and K =* sup{6 t/a t : 6t > 1} < oo, ifcen M(6 t)/N(p(a1)) < 
2(K - 1) provided M(6t)/M(at) > 2K. 

PROOF : Let dt = M(6t)/M(at) > 2K, then 

di = ((bi-ai)p(ai) + M(ai))/M(ai) 

by Theorem 1.1 in [6]. Hence 

( d t - l ) M ( a t ) = ( 6 t - a t ) p ( a t ) 

and 

M(bi)/(bi - ai)p(ai) = dil(di - 1). 

Using the equality in Young inequality, we have 

(6, - ai)p(ai)/(N(p(ai)) + M(at)) = (6t - at)p(at)/aip(«i) <K-\ 

and 

N(p(ai)) > (bi - ai)p(ai) (-^ - 1 l - l ) . 

This means 

M(6 t)/N(p(a t)) < di(K - l)(di - l)/(di - K)(di - 1) 

<di(K -l)/(di-l-di) <2(K -1). 

• 
Theorem 2. LM has the uniform X-property iff 

sup{6 t/a t : 6t > 1} < oo. 

PROOF : If K = sup{6 t/a t : 6t > 1} < oo, let N" = {i: bi > 1}, K' = M(l)mG + 
4 K + l a n d A = l / 4 K ' . For x € S(LM)\ext(B(LM)\ we define kx,Gi,i = 1,2,... , 
and ke as in Theorem 1. Denote 

(7 = 1 + / M(kte(t)) dt = 1 + / M ^ a ^ t ) ) dt. 
JG\JJ.G. MU,-G< 

Using Lemma 2 and 

£ .V(p(ai))mGi < j í N(p(x(t))) dt<l, 
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by Lemma 9.1 in [6], we have 

kx/ke = (1 + / M(kxx(t))dt)/(1 + / M(kee(t))dt) 
JG JG 

<(J2M(bi)mGi + C)/(YJM(ai)mGi + C) 
i i 

^^ M(l)mG + 2K Zi£N» M(ai)mGj + 2(K - 1) Et-€jy" N(p(aQ)mGt + C 
E . - M ^ m G . + c 

<M(l)mG + 2K + 2(K - 1) + 1 < K . 

Hence Xkx/ke < XK < J. Setting e and x = Ae + (1 — X)y as in Theorem 1, we 
may prove that (e, y, A) is amenable to x in the same way as in Theorem 1. This 
implies X(x) > 1/4K' for x € S(LM). By [1], for x € B(LM) 

X(x) > | ( 1 + ||*||)A(o7MI) > 1/8K', x / 0, 

and A(0) = | . Thus, we obtain that LM has the uniform A-property. 
Let LM have the uniform A-property, then 

inf{A(ar) : x £ B(LM)} = A0 > 0. 

If sup{6n/an : bn > 1} = oo, without loss of generality, we may assume 6n/an > 
n3, n = 1,2,... , and N(p(ai))mG > 1. Fix the disjoint sets F , F' CG satisfying 
mF' = mF" and N(p(ai))mK' = \. For n > 3, taking Gn CG\F'uF" such that 
N(p(an))mGn = | and a partition of the same measure {-^n,}? of Gn , we define 

« n . = (1 — 1/tlnn)an + bn/i\nn 1 < i < n, 
n 

&n = 1 + ] C M ( u » « ) m E » < + ^(a^mF' + m(2>i)mF" 
l * 

and 

xn~TrC£,UniXEn. + «IXF' + * - X F " ) -

For Jfc < kn,kxn(t) <bnjt€Gn;kxn(t) <bute F", and kxn(t) < aut € F' imply 
p(*a,n(t)) < p(an),t € Gn Mkxn(t)) < p(ax\t£ F" and p(kxn(t)) < p(a1)1t € F'. 
Hence 

/ N ( p ( ^ n ( * ) ) ) ^ 
JG 

==/ N(p(kxn(t)))dt+ [ N(p(kxn(t)))dt+ [ N(p(kxn(t)))dt 
JGn JF" JF 

<N(p(an))mGn + N(K<*i ))mK" + N(p(ai))mF ~ 1. 
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For k > kn, as kxn(t) > h,p(kxn(t)) > p(at),t € F , 

/ N(p(kxn(t)))dt > N(p(an))mGn + N(p(ai))mF' + N(p(ai))mF" = 1. 
JG 

Thus kn = k*Xn = kj*. By Theorem 1.27 in [3], 

lkn|| = r - ( 1 + ^Af(^n)) = l. 
Kn 

By Theorem 1, xn is a A-point, n = 3,4,... . Let (en,yn, An) be amenable to x, 

' | |en | |=(l + ^M(^nen))Aen, 

llynll =(1 + ^Af(^nyn))/^n 

and 

*'n =zktnkyn/(Xnkyn + (1 - An)fcen), 

then 

lkn|| = An||en||+(l-An)||yn|| 

™ ( 1 + ^Af(^enen)) + ^ r ^ ( l + QM(kynyn)) 

= 1 (i + ^ f M(kenen(t))dt+{±^^ 
kn ken JG kV» JG 

>±(l+ f M(k'nxn(t))dt)>\\xn\\. 
kn JG 

By Theorem 1.27 in [3], k'n € [K,k*n*], hence fcn = kn. Considering t € Gn, 
knxn(t) € (an,bn), we have Knen(t),kynyn(t) € [an,bn] for t € Gn and knsn(t) = 
kenen(t) = Arynyn(<) for t € F ' U F". By Theorem 2.3 in [3], for t € Gn, either 
&enen(<) = an or fcCnen(i) = bn. Since 

M(6n) = / p(u) du = M(an) + / p(u) du > (bn - an)p(an) 
Jo Jan 

and 
N(p(an)) = anp(an) - M(an) < anp(an) 

by Young inequality, we have 

M(bn)/N(p(an)) > (bn - an)p(an)/anP(an) > nz - 1. 

Thus 
M(6n)mGn > (n3 - l)N(p(an))mGn = ^ - 1). 
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Let En = {t € Gn : kenen(t) = 6n}. If mEn = 0, then 

v L / | t A n ( E n M ( u n > £ n . + O ' ) 
Anfen/fcc« " M(an)mGn + C 

> A n S w ( ( l - 1/t lnn)M(an) + M(6n)A- In n)m£n. 
M(an)mCn + C" 

\nM(bn)mGn/n Inn __ An/n Inn 
- M(an)mGn + C ~ M(an)/M(bn) + C/M(bn)mGn 

\n/n Inn 
> M(an)/M(n»an) + 2 C 7 ( n 3 - l ) 

An/n Inn _ \ 2 
-Tr7—\TT\77—\ « Ann 3 = A*n /(4C> + X) lnn> M(an)/ndM(an) + 4C /ns 

where C = M(ai)mF +M(61)mF + 1. Remarking \nkn/ktn < 1, as l/kn = 
\n/ken + (1 — An)/kj,n, and An > A0, we have 

A0n
2/(4C' + l ) m n < l . 

The contradiction for large n implies that there exists n such that for n > n y 

mEn > 0. Let 

i(n) = max{i : m(En f) Eni) > 0, 1 < i < n}. 

F o r t e < n _ n . ( n ) cG„, 

(1 — l/i(n) Inn)an + bn/i(n) Inn 

=*n*n(t) = -f-U- f cenen(t) + n Wfcynyn(t) 

^nkn 1 . (1 """ ^n/^n - /,\ ^ ^n^n , (1 "~ *n)Kn 
= -7—&n + 7 kynyn(t) > ~-— + an , 

Kcn
 Kyn

 Ken
 Kyn 

85 KynVn(t) € [an,6n]. Hence \nkn/ktn < l/i(n) Inn. 
On the other hand, as _ ] n 1/i < Inn, 

x . ,, _ An(E"M(un , .)m£n , .+C')  
£ n M(a„)mEni \ E'n + £ n M(bn)mEni <\En + C 

> K E i M(bn)mEnJi inn  
" E,>,(„)^(«n)m£ni +Zi<n„)M(bn)mEni +C 

> (A n M(6 n )mG n E n l / . ) / lnn 
_ (M(an)mGn + i(n)M(bn)mGn/n + C')n 
> AnM(t„)mGn  
- nM(an)mG„ + i(n)M(bn)mGn + nC 

~ i/n» + i(n) + nCr/(n>-l) * A o / 3 Í ( n ) 
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for large n . Take n>n satisfying nC' / (n 3 - 1) < 1 and A0 > 3 / Inn. Then 

l / i (n) Inn > \nKlhn > A0/3*(n) > l / i (n) Inn. 

The contradiction shows that LM does not have the uniform A-property. • 

Notes . 

1. Theorem 1.27 in [3] had been used in Chen Shutao's paper "Some rotundities 
of Orlicz spaces with Orlicz norm" (Bull. Acad. Polon. Sci. 34 (1986), No. 9-10, 
585-596). 

2. ext(H(LM)) ¥" 0- -n fact> £ M = I2(*M)> where 

E(M) = {u £ LM : QM(ku) < oo for all k > 0} 

with norm || • | |(M) ( s e e § 14.5 and Theorem 14.2 in [6]). By Krein-Milman theorem, 

H(LM) = co^ex t (H (L M ) ) . 

Therefore, ext(H(LM)) ^ 0. 

REFERENCES 

[1] Aron R.M., Lohman R.H., A geometric function determined by extreme points of the unit 
ball of a normed space, Pacific J. Math. 2 (1987), 209-231. 

[2] Wu Congxin, Zhao Shanzhong, Chen Junao, On the calculating formula of the Orlicz norm 
and the strict convexity of Orlicz spaces, J. Harbin Institute of Technology (1978), No. 2, 
1-12. 

[3] Wu Congxin, Wang Tingfu, Chen Shutao, Wang Yuwen, Geometry of Orlicz Spaces, Harbin 
Institute of Technology Press, Harbin, 1986. 

[4] Chen Shutao, Sun Huiying, Wu Congxin, X-property of Orlicz spaces, Bull. Acad. Polon. Sci. 
Math., to appear. 

[5] Chen Shutao, Shen Yaquan, On the extreme points and the strict convexity of Orlicz space, 
J. Harbin Normal Univ. (1985), No. 2, 1-6. 

[6] Krasnoselskii M.A., Rutickii Ya.B., Convex Functions and Orlicz Spaces, Groningen, Nether
lands, 1961. 

Department of Mathematics, Harbin Institute of Technology, Harbin, 150006, China 

(Received March 7,1990) 


		webmaster@dml.cz
	2012-04-28T19:55:14+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




