Archivum Mathematicum

Zuzana Dosla
The Riccati differential equation with complex-valued coefficients and application to

the equation =" + P(t)z’ + Q(t)x =0
Archivum Mathematicum, Vol. 18 (1982), No. 3, 133--143

Persistent URL: http://dml.cz/dmlcz/107135

Terms of use:
© Masaryk University, 1982
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107135
http://project.dml.cz

ARCH. MATH. 3, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS
XVHI: 133—144, 1982

THE RICCATI DIFFERENTIAL EQUATION

WITH COMPLEX-VALUED COEFFICIENTS

AND APPLICATION TO THE EQUATION
x+PO)x +Qt)x=0

ZUZANA TESAROVA, Brno
(Received September 20, 1981)

Consider the Riccati differential equation

0)) Z' = qut) — p(t) 2%,
where ¢(t) and p(t) are certain continuous complex functions of the real variable
te[ty, ©) and z is the complex variable.

The aim of the present paper is to study the asymptotic behavior of solutions
of (1) supposing q(?) is *“close enough” to the zero and p(¢) to the complex constant
different from the zero.

The basic idea is to consider (1) as a perturbation of

’

w = —aw?,

where a # 0 is a complex number. The results are presented in a general form
using the Ljapunov function method and comprehend some results of [1], [2]
(Theorem 1, 2). The equation (1) is studied by M. Rab in [3], [4] under the as-
sumption ¢(t) is “close enough” to the non-zero complex constant.

The results will be applied to the differential equation

¢)) X"+ Pt)x + Qt)x=0

under the corresponding assumptions on functions P(t), Q(¢). This idea is used in
[5] supposing lim [P%(r) — 4Q(r)]"/?> = A, Re AY/2 > 0. Some results concerning
- ’

these problems are generalized in [6], [7], [8], [9].
' 1. PRELIMINARIES
Let Ror K denote the sets of all real or complex numbers, respectnvely If
z=u+iv, u, ve R, we dendte Rez - = Y, Imz =v, £=1u—iv, z=(22)"2

In what follows we shall use “Ljapunov” functions W(z), Wi2), V2),j = 1,2
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defined by

3) W(z) = Re [;] ze K\{0},
@ W)= Re[il—*'zi)f], W,(z) = Re[il—‘?i_)—i], ze K\ {0},
(5) Vio)=1zV, j=12,z€Kk,

where a € K\ {0} is fixed.
Let 4 € K\ {0} and let y be a real parametr, y # 0. Then the equation

senf4]

represents a pencil of circles not-involving the point z = 0, where the function

Re [g—]is not defined. The circle K, corresponding to the value y has the center

—% and the radius r = %Ié—ll- The straight-line Re [4z] = 0 being: the axis of the

pencil corresponds to the value y = 0.
Define for the real function U(z) the dlfferentlatlon of U(z) with respect to (1)

as follows:

b,U(t, 2) = 5 aU(Z) S Ref(t,2) + 5 aU(Z) —Im f(t, 2),
where f(t, z) = q(t) — p(t) z*.
Then it holds
(6) D,W(t, z) = Re [ap(t)] — L%‘L'(Q_l’
©) : D Wt z) = Re [ + i) ap(t)] — \/2 la | I Q(t) |

where z e K\ {0}, 1€ [t,, ).
Further for j = 1 or j = 2 it holds

®) 1z~ (~1q@) | = |z|Re[p(t) 2]) < D,¥(t,2) <
<jlzlP~'q@) | = | z| Re[p(r) 2])
where z € K\ {0} or z € K, respectively. "

Remark 1. Trajectories w(t) of (3) satisfying the initial condition w(ty) = wo # 0
have the following properties:

@i) If Im [awo] # 0, then Re[ o)

the initial condition, for all ¢t 2 1, and w(t) > 0ast — c0;

= 9, where ye R\ {0} is determined by
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(ii) if Im [aw,] = 0, Re [aw,] > 0, then Im [aw(t)] = O for all ¢t 2 t, and
w(t) > 0ast— 0;

(iit) if Im [aw,] = 0, Re [aw,] < 0, then Im [aw(t)] = O for € [¢5, ), where
w < o, and lim | z(¢t) | = .

[ Snd 2t

The following lemmas are necessary for our later considerations.

Lemma 1. Let t, < t* and let z(t) be a solution of (1). Assume a € K\ {0}.
Suppose (i) for t € [t,, t*] it holds

) Re [az()] > O
and
(10) lz(t) | 2 | 2(ty) |
(ii) for te[ty, t*] andze M = {z Re[az] > 0,|z| = | z(t,) |} it holds
a1 D,Wit,2) 20, j=1,2,

where W(z) is defined by (4)

Then, it holds .

[z(t) | < 2| z(ty) | for te[ty, t*].

Proof. It follows from the assumptions (9), (10), (11) that there exist y(¢),
() > 0 and je {1, 2} such that W(z(1)) = y(¢) for t € [, t*]. By definition W(z)
we obtam ;

[ z(8) |

JZ
where r(¢) is the radius of the cucle This together with (10), (11) implies the state-
ment of Lemma 1. :

|;(t_)| <y < 1201

Lemma 2. Let the hypothesis‘of Lemma 1 be satisfied with the exception that
Re [az(t)] > 0 and | z(t) | 2 | z(t,) | are replaced by Re [az(t)] < 0 and | z(t) | &
2 | z(t*) |, respectively. Then, it holds

l2(¢)| < 2|z(t*)|  for te[t,,t*].
Proof. The proof is analogous to that of the previous lemma.
2. MAIN RESULTS

Theorem 1. Suppose

(12) \ lim q(¥) =0,
(13) | | fim p(t) = a,
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(14) Re[ag()] 20, 4q(t) #0
and
(15) Re [ap(t)] > 0

Sor t 2 to, where ac K\ {0}.
Then every solution z(t) of (1) satisfying at t; = t, the condition

(16) Re [az(t,)] 2 0 '

exists for all t 2 t, and it holds

a7 lim z(f) = 0.
t-

Proof. Let z = z(t) be any solution of (1) satisfying (16).
First, we are going to establish domains where there occurs z(#). It follows
from (13), (15) that there exist 4 > 0, B > 0 such that

M7z %]
a ! a

Then, with respect to (14), it holds fort 2 1,

<B for t 2 tp-

Re [ag(1)] — Re [ap(r) 2*] = — A4 Re [a*2%] — B|Im [a*z?] |.

Define Q = {z: —A4.Re[a’z*] — B|Im [a*2*]| > 0}. It is easy to see that
Q # 0, and if w e Q, then —Re [a®>w?] > 0. Hence

(18) Re [aq(t)] — Re [ap(t) z2*] > 0
forzeQ,t 2 t,, in the case z = 0 is valid (18) or
' Re [ag()] — Re [ap()z?] 20, = Im [aq(x)] — Im [ap(t) 2*] # 0

fort 2 1,.

That implies (i) Re [az'(t)] > 0 for ¢ = ¢, such that z(t) € Q; (ii) Re [az'(t)] > 0
or Re [az'(t)] = 0, Im [az'(t)] # O for ¢t = t, such that z(f) = 0.

This together with (16) implies

(19) : Re [az(1)] 2 0, Re [az(t)] = 0 <> Im [az()] = 0

for all ¢ 2 t; for which there exists z(t).

Choose “Ljapunov” functions W,(z) defined by (4). Then there exists y(t) > 0,
Je {1, 2} such that y(t) = W(z(t)) for z(t) # 0, ¢t = ¢,. In view of (13), (15) we
infer from (7) and (19) that z(¢) is bounded for all ¢ > ¢, for which there exists z(¢).
From the fact that each limit point of the set M = {(t, z(t)), ¢t = ¢,} is on the
boundary of the domain on which the right-hand side of (1) is continuous, it
follows that z(¢) exists for all ¢ 2 ¢,.
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Now, it remains to prove (17). Let ¢ > 0 be arbitrary. From (12), (13) there
follows the existence of T = T(¢) such that for all ¢+ 2 T it holds

Re[(l +)ap0] 2 5-lal?

la|é
la®)| = 3

With respect to (7) we receive b,W,(t, z)>0fort 2T, |z| 2 ;—
Put J = {t 2T:|z(t)]| 2 2} Suppose J # 0. Then there exists v = ()

such that | z2(7) | < % We claim | z(1) | < e forall t 2 7. If this were not trﬁe,
there would exist a t* >t such that |z(t*)| 2 ¢ and define ¢, =

= sup {te [e.t*]:12()| < —;—} . Clearly t* > t, > t. Then,

l2t) =5, 12025  for te[t, 1*].

Since [t,, t*] = J, we have D,W(t,2) > 0,j = 1,2, for te[t,,¢t*] and z € M=
={z:|z| 2 |2(t,)|}. Using Lemma 1 we obtain

Iz(t)|<2—g-=e fc;r tefty, t*],

which contradicts | z(t*) | = e. The proof is complete.

Theorem 2. Let the assumptions of Theorem 1 be satzsﬁed with the exceptzon (12)
is replaced by

(20) fla®|dt <
to
and suppose in addition
(P3))] Im[ap(t)] =0 for t 2 ¢t,.

Then, the conclusion of Theorem 1 is valid.

Proof. Let z = z(t) be any solution of (1) satisfying (16). To prove the bounded-
ness and existence of z(¢#) choose V,(z). In the proof of Theorem 1 we obtained (19)
from (13), (14), (15) and (16). In addition it follows from (21)

Re [p(t) 2()] = Re [ L )] Re [az(1)],

thus with respect to (15) and (19) it holds
(22) Re[p(t)z(t)] 20, Re [p(t) z(t)] =0ez(t) = 0

for all ¢ > ¢, for which there exists z(t)

1
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Integrating the second inequality of (8), where z = z(t), from 7, = ¢, to ¢ we get

according to (20)
Vi(z(t)) < Vy(z(t;)) + const

for t = t, such that z(t) # 0. From the same reason as in the previous proof it
follows that z(¢) is defined for all ¢t > ¢,.
First we are going to show lim inf | z(t) | = 0. Suppose for the sake of argument,

t— o0
that there exists an & > 0 such that | z(¢#) | = ¢ for t = t, = t,. According the
assumption (13) there exists #; > 1, such that Re [ap(t)] = -§— | a |2. Choosing the
function W(z) and integrating (6), where z = z(¢) # 0, from t; = ¢, to ¢t we obtain

lal

W(z(1)) 2 W(z(t3)) + §—| al*(t — t3) —

W(z(t)) - o for t - oo, a contradiction.

Now, let us prove (17). Choose the function V,(z). There exists a sequence {s,},
€
2
for n = n,. There exists a L > 0 such that | z(t) | £ L for ¢t 2 ¢, and n, € N such
that for n = n, it holds

'I 1 q(s) | ds,

82
s, — oo such that for arbitrary ¢ > 0 there exists n, € N such that V,(z(s,)) <

€

s{lq(S)lds <L

Let ny = max (n,, n,). Using (8) we get

Va(2() < Va(2(s2) + 2 [ 1q(s)| | 2(s) | ds — 2 [ | z(s) |* Re [p(s) z(s)] ds,

for t 2 s,,n = ny and with respect to (22)

Vo(z(2)) < ¢ for t = s,.
The proof is complete.

Theorem 3. Let the assumptions of Theorem 1 be fulfilled.
Let z(t) be a complete solution of (1) defined on [t,, ), where t; 2 t,.
If o = o0, then
(23) lim z(t) = 0.
[ S ]

If o < oo, then Re [az(t)] < 0 for te[t,, ) and

li.m |z(t) ] = oo.
o
Proof. Let z(¢) be any solution of (1) defined on [t1, w). If z(¢) satisfies at T = ¢,
the condition Re [az(T)] 2 0, then by Theorem 1 there hold w = co and (23).
Now, let Re [az(t)] < 0 be for te[t,, w). If ® < oo, then lim | z(¢) | = c0.

t=o—
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Let @ = 0. suppose by contradiction that (23) is not satisfied. Then, there
exists a K > ¢ such thatlimsup | z(¢) | = 3K. From (12), (13) it follows that there

t— o0

exists Ty(K) ~ Ty 2 t; such that )
a1 s 121K

Re[(1 + ) ap(t)] 2 =|al?
Re[2p()] 2 5 |al?

for t = T,. From the definition of the superior limit it follows that there exists
T, = T, such that
|2(T,) | 2 2K.

Using Lemma 2 it is not difficult to see that
(249 lz(t)| =2 K for t = T,.

Finally, choose the pencil of circles W(z) = y, y < 0 covering the half-plane
Re [az] < 0. With respect to (24) there exists y, < 0 so that W(z(t)) 2 y, for
t 2 T. To each point of the domain Re [az] < 0, W(z) Z y, there exists a unique
circle W(z) =y, y € [0, 0) passing through it.

According to (6) it holds

252
1
_IalK =__'a|2.

3K? 3

DW(t,z(t)) 2 —;—l al?
Integrating this inequality from 7 = T, to t we get
W(z()) 2 W((T)) + —;—I all)¢—T)—» ast—o

which contradicts the fact that Re [az(t)] < 0 for 1€ [t,, ). -

Since in the case w = oo it holds (23) and the proof is complete.

Theorem 4. Let the assumptions of Theorem 2 be fulfilled.

Let z(t) be a complete solution of (1) defined on [t,, w), where t; = t,.

Then, the conclusion of Theorem 3 is valid.

Proof. The scheme of the proof is in the main the same as that used in the
proof of Theorem 3 and thus it will be omitted here. '

Theorem 5. Suppose in addition to the assumption& stated in Theorem 2 that
Re p(t), Im p(t) are monotonic.
Then, each solution z(t) of (1) defined for all t = t, = t, satisfies for o = 2

(25) ?Iz(t) [*dt < co.
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Proof. According to Theorem 4 it holds lim z(t) = 0. Consider circles V,(z) =

1=+ a0
=799>0 Put & ={t21t,, z(t) # 0}, #, = [t;, ®). According to (8) for
t € 4 it holds

—1q@®) | — | 2(t) | Re [p(t) (1)) < D,V,(t, 2(1)) =
= Vi(z(®)) < 1 q(@) | = | z(t) | Re [ p(t) z(1)].
Let ¥ = ¢, be such that z(r) = 0. Then
p*Vi(z) = tim 2L _ | 2)) = 141,

toete §—T

DVi(e) = tim 1201 _ g,

t>t—

e.g. ¥1(z(z)) does not exist, as g(¢) # 0 for ¢t = t,. The set .#,\ A is, as known,
at most countable.
Define
_ JviG@) te H
B(')‘{o te Mo\ A.

For s € 4, it holds

(26) =lq(®)| = | z(t) | Re [p(t) z(1)] < B1t) <
S 1q(®)| — | z(t) | Re [p(t) z(1)]-

The function B(t) is continuous on . Denote 4, = {t = ¢, : B(t) is not
- continuous}. Since #, c #,\ # is valid, .#, is at most countable and thus

[BO® = V(0) - Hew) 120
Consequently integrating the inequality (26) we get
~§ 10185 = [126) | Re o) )] ds S V(t9) = ilatt) 5
< 14015 = [126) | Re o) 9] ds

From the proof of Theorem 2 it follows either that Re [p(f) z(t)] < Ofor ¢t > ¢,
of there exists T = #; such that Re [p(¢) z(t)] > 0 for t 2 . Hence,

27) 1201 [Re[p) 2] df < co.
According to (13), (15) it follows frc;m @7 o

(28) T Re? [p(1) (5] dt < oo.

.
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Integration the equation (1) from ¢, to ¢, t = o0, we receive

I:[’p(t) z"(t)dtl < .

Hence there exist integrals

-

(29) }one p(t) Re [p(1) 2%(1)] dt, Tlm p(t) Im [p(t) 2(1)] dt.
It holds Re [u] Re [uz?] — Re? [uz] = —| u |* Im? z, Im [4] Im [uz?] +

+ Re? [uz] = | u |? Re? z. Using (28), (29) we get
?lp(t) | Im? z(t) dt < oo, Tlp(t | *Re?z(1)dt < oo,
therefore i "
:f|p(:)|2|z(t)|=dt < 0.
Thus, with respect to (13), (15) it holds
IECIE RS

and with respect to (17) the inequality (25) is proved. The proof is complete.

Remark 2. Chbose in the equation (1) the functions

__...._1_____ g;g>.}.
\/2 atlft , T’

where if a 2 2 or 1 < a < 2, then the assumptions of Theorem 1 or Theorem 5,

=1, q(t)=

respectively, are fulfilled. Thus the solution 2z(¢) = —1—— for t > -;— does not

i
satisfy (25).

This example shows the invalidity of the assertion of Theorem 5 under.the
assumptions of Theorem 1 and the invalidity of Theorem 5 for 1 < a < 2.

3. APPLICATIONS

Using some results concerning solutions of the Rxccatl dlﬁ‘erentnal eqnatlon we
establish asymptotic behaviour of the equation
(30) x"+P@)x + Q(t)x =0,
where P(t) and Q(¢) are complex functions of the real variable t€ J = [to, )
and x is the complex variable.
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Remark 3. Let
3D P(t) e C'(J), Q(1) € C°(J).

(i) If x() is a solution of (30) on an interval J, = J and x(t) # 0 on J,, then the
function *

- 1
z2(t) = X' x” (1) + ~2~P(t)
is a solution of the equation
32) ' = —}P’(t) - Q1 + %P'(t) ~2?

on J,.
(ii) If z(¢) is a solution of (32) on J, = J and B € J, then the function

x(t) = exp j[ (z(s) - —;— P(s)) ds
B

is a solution of (30) on J,.
Successive corollaries imidiently follow from Theorem 1—5 and Remark 4.
Corollary 1. Suppose (31) and

(33) lim (PX(t) — 4Q(1) + 2P'(1)) = O,

34) Re [P3(t) — 4Q(t) + 2P'(1)] 2 0, P3(t) — 40(1) + 2P'(t) # 0.

Then each solution x(t) of (30) satisfing at t, initial conditions

, - 1
Re [x (1) *7'0) + 71’(:1)] 20,  x(t)#0,
exists for t = t, and it holds

lim [2x'() x~'(t) + (Pn] =0.

t—= o0

Corollary 2. Let us assume (31), (34) and
(35) J 1 P2(1) — 4Q() + 2P'(1) | dt < co.
to

Then, the conclusion of Corollary 1 is valid.

Corollary 3. Let us assume (31), (33), (34) and let x(t) be a complete solution
of (30) defined on [t,, w), t; 2 t,. .
If = o0, then

lim [2x'() x™*(1) + P(t)] = 0.

If © < o, then Re [x'(t) x~(t) + -%—P(t)] <0 forte[t,, w) and
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lim x’(t)x_l(1)+—;—P(t) = 0. -

t—=ow-

Corollary 4. Let us assume (31), (34), (35) and let x(t) be a complete solution
of (30) defined on [t,, w), t; = t,.
Then, the conclusion of Corollary 3 is valid.

Corollary 5. Let us suppose (31), (34), (35).
Then, each solution x(t) of (30) defined for all t 2 t, = t, and x(t) # 0, satisfies
foro =2

:f: x'(Hx () + %P(t) ldt < .
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