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Let A = (A4, F) be an algebra. A binary relation R on U has the Substitution
Property, briefly SP, if R is a subalgebra of the direct product A x U. We shall
denote by 4 the so called diagonal {<{x, x); x € 4} of . Clearly 4 has SP. By
a tolerance we shall mean a reflexive and symmetric relation on 2 having SP.
Denote by LT(U) the lattice of all tolerances on U ordered by set inclusion.
Clearly LT(?) is an algebraic lattice, where 4 is its least and 4 x 4 its greatest
element; see [3] and [5]. Hence, there exists the least tolerance T(a, b) containing
{a, b) for every two elements a, b of U.

By an ordering on U we shall mean a reflexive, transitive and antisymmetric
binary relation on 2 having SP. Let < be a (fix) ordering on 2. Following [1]
and [7],

LD(A) = {R; 4 < R< =< and R has SP on U}

is the lattice of all reflexive (i.e. diagonal) binary relations having SP on U and
contained in <. Clearly LD() is an algebraic lattice with respect to set inclusion.
When a and b are two elements of U such that a < b, we denote by D(a, b) the
least element of LD() containing {a, b).

Let € be a lattice and < its ordering. D. Schweigert [7] and H.-J. Bandelt [1]
proved that the lattices LT(L) and LD(R) are isomorphic. We proceed to show that
the situation is different for semilattices.

Theorem 1. Let S = (S, V) be a semilattice and < its induced ordering, i.e.
as<bifandonlyifaVvb =b. Then
(i) there éxists a subset L of LT(S) which is a lattice with respect to the order
on LT(S), and LD(Q) is isomorphic to L;
(i) the isomorphism of (i) is @ mapping  : LD(S) — L, where Yy(R) = {{x, y>;
{x,xVy>eRand {y,x V y) € R};

*) The present paper was written during the scientific activity of the first of authors at the Comput-
ing Center of J. E. Purkyn® University of Brno, 1982.
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(iii) L and LT(S) have a common least and a common greatest element i.e. Y(<) =
= SxSand y(4) = A.

Proof. Let { : LT(S) » LD(€) be a mapping given by {(T)=Tn <. It is
clear that { and y are order-preserving and

YR = {({<{x, »>;5<x,xVy)eRand {y,x V)D€ R}) =
= {{x,y);<x,xVy>e and (), xVy)eR} n < = R.

Hence, ¥ is an order-preserving one-to-one mapping of LD(®) into LT(®), i.e.
LD(S) is mapped by y isomorphically to a lattice L which is a subset of LT(S).
Finally,
Y(S)={(xysx=<xvyandy SxVy} = SxS
and
V() = Kx,y);x=xVyandy=xVy} = 4. m

Remark. The lattice of Theorem 1 need not be a sublattice of LT(S). Indeed,
if S is a v-semilattice of three elements a, b and ¢ such that a V b = ¢, with R, =
= {Ca,c)}ud and R, = {{b,cd} U4, then clearly R,,R,eLD(S) and
‘I’(Rl v RZ) = lll(é) =8§xS # {<a’ C>, <C’ a>’ <b5 C>, <C, b>} vud= l/I(RI) v ll’(RZ)v
where the join on the left is formed in LD(S) and the join on the right is formed
in LT(S).

The next theorem characterizes semilattices € for which LD(S) and LT(S) are
isomorphic.

Theorem 2. Let S = (S, V) be a semilattice and < its induced ordering. If &
is a chain, then LD(Q) and LT(S) are isomorphic. If S is not a chain, then LD(S)
is isomorphic to a proper sublattice of LT(S).

Proof. Let { and y be the mappings of the proof of Theorem 1. When & is
a chain, then Y{(T) = T for every T € LT(S), because Y(R) is the symmetric
envelop of R. Applying now Theorem 1, we have LD(S) = LT(S).

On the contrary, suppose & is not a chain, i.e. there exist elements x, y of &
such that {x, y, x v y} constitutes a three-element subsemilattice € of S. Now we
can define two different tolerances T, € LT(S), T, € LT(S) such that € is contained
in a single block of T,, but in 7, it is divided into two blocks one containing

{x, x v y} and the other {y, x V y}; elsewhere T; = T, (see [3]). Then {(T,) =
" = {(T,). Suppose that there exist relations R, e LD(S), R, € LD(S) such that
T, = Y(R)), T, = Y(R;). As {Y(R) = R for each ReLD(S), we:have R, =
= {Y(Ry) = {(Ty) = {(T2) = {Y(R;) = R,. But this implies also Y(R,) = T, =
= Y(R;), which is a contradiction. Thus at least one of the relations T,, T, is
not an immage of a relation from LD(S) in the mapping ¥, and § maps LD(S)
onto a proper subset of LT(S), not onto whole LT(S). o

This theorem does not exclude the case when there exists isomorphism of LD(€)
onto LT(S) and onto a proper subset of LT (&) simultaneously. In such a case LT(S)
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would be isomorphic to its proper subset and evidently it would be infinite. We
have:

Corollary 1. Let © = (S, V) be a finite semilattice and < its induced ordering.
The lattices LD(©) and LT(S) are isomorphic if and only if & is a chain.

As known, the compact elements of LT() are finite joins of tolerances T(a, b)
for elements a, b of A, see [3]. Clearly the compact elements of LD(2) are the
finite joins of D(a, b) for a < b, where < is the fixordering of 2. A semilattice S
is called a tree-semilattice if the interval [a, b] is a chain for every pair a S b
of elements a, b in S. If S is a finite tree-semilattice, its Hasse diagram is a tree
in the graph theoretical sense.

Theorem 3. Let © be a semilattice and < its induced ordering, let a £ b in S.
Then:

(1) ¥(D(a, b)) 2 T(a, b);

(2 ¥(D(a, b)) = T(a, b) for every pair a < b of S if and only if © is a tree-
semilattice.

Proof.Ifa < bin S, then D(a, b) = {{x, y);x =aVve,y=bvcforce} u 4.
Hence, '

Y(D(a, b)) = {<x,y>;{x,x Vy) e D(a,b) and <y, x V y) € D(a, b)} =
={{x,y;x=avey=avd,xVy=bVvc=>bvdfor c,de S} u 4.

Choosing ¢ = g and d = b we obtain, {a, b) € Y(D(a, b)) e LT(S), and thus
T(a, b) < Y(D(a, b)).

Now, let & be a tree-semilattice. Then a Savdsbvdandasavcecs
< bVc=>bVd whencebothaV cand a Vv dliein the interval [a, b v d]. Since &
is a tree-semilattice, [a, b v d] is a chain, whence a V ¢ and a V d are comparable.
Then

Y(D(a, b)) = {<{x,¥>; {x, ¥)> € D(a, b)} v {x, y); {y, x) € D(a, b)} U 4 = T(a, b).

On the contrary, if & is not a tree-semilattice, there exist elements a, b, ¢ of &
such that @ and b are non-comparable and c is a lower bound of a and b. Thus
{c,a, b, a Vv b} constitutes a four-element subsemilattice of &, where we denote
brieflyd = a Vv b. Since {a,d) = {aV c,aVvd)e D(c,d)and {b,d) = {(bve,bvd)e
€ D(c, d), we have D(c,d) = {{c,d), {a,d), {b,d)} U 4, and moreover, Y(D(c, d))=
= {£c, d), <4, ¢, a, d), {d, a), <b, d), {d, b), {a, b), <b, a)} U A. The other
parts but <a, b> e y(D(c,d)) are trivial, and {a, b) € Y(D(c, d)) follows from
{(a,aV b) = {a,d) e D(c,d)and (b,a V b) = {(b,d) € D(c, d). However, T(c,d) =
= {{c,d), d, ¢), {a,d), {d, a), (b, d), {d, b)} U 4 as we can easily see [6], [8].
Hence T(c, d) # Y(D(c, d)), and the assertion follows. o
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The foregoing theorem gives a characterization of tree-semilattices by means
of tolerances T'(a, b) and diagonal relations D(a, b). In the next part we proceed
to give an explicite description of D(a, b).

Let < be a (fix) ordering on an algebra . We denote by LO() the set of all
orderings on U contained in <. Clearly also LO() is a complete lattice. Hence,
if a £ bin A, there is a least element in LO(A) containing {a, b>, and we shall
denote that element by P(a, b).

Theorem 4. Let S be a semilattice and < its induced ordering. If D e LD(S),
then the transitive closure C(D) of D is an ordering on S, i.e. C(D) e LO(S).

Proof. Because D £ <, also C(D) £ <. Now, if C(D) has SP, then it is an
ordering on &, and thus it remains to prove SP for C(D). Suppose {a, b, {c,d) €
€ C(D). Then there exist elements Xg, Xy, ...y Xms> Vo> V1s ---» Vs Such that a =
=X SxS..Sx,=bandc=y, Sy = ... SV, =d, where {x;, x4 €
eDfori=0,1,...,m—1and {y;,y;+10€D for j=0,1,...,n — 1. Without

loosing generality we assume that m < n, and put x; = b for m £ i < n. Let now

z;=x;Vy, for i=0,1,...,n. Then aVc=2y=2, < ...<z,=bVvd and
{2y, z;41>€Dfori=0,1, ..., nbecause of SP of D. Hence {a V ¢, b v d) € C(D)
and C(D) has SP. a

Theorem 5. Let G be a semilattice with the induced ordering <, a, b two elements
of €, and a < b. Then D(a, b) = P(a, b).

Proof. Evidently, D(a, b) = {<aV x,b V x); xe &} U A. We shall prove the
transitivity of D(a, b). Let ¢, d and e be elements of & such that ¢ £ d £ e and
{c,d),{d,e) e D(a,b). If c =d or d = e, there is nothing to prove. Suppose
that {c,d) =<{aVvx,bvx) and {d,e) =<aVvy bvy) for some elements
x,yeS. Thend=bvx=aVy and moreover,d=dVvd=aVvVbvxVvy=
=bVxVy=bVy=e Because d < e and d = e, we have d = ¢, whence also
{c,e) = {(c,d) e D(a, b), and thus D(a, b) is transitive. Then D(a, b) € LO(S)
and the equality D(a, b) = P(a, b) is evident. O

Theorem 6. Let S be a tree-semilattice and < its induced ordering. If a,be S
and a < b, then D(a, b) = {{x,b); a < x < b} L 4.

Proof. By Theorem 5, D(a, b) = P(a, b), and thus D(a, b) is the least ordering
on & containing the ordered pair @ £ b. Let R = {{x,b); a £ x £ b} U 4. By
putting x = a, we -obtain {(a, b) € R, and according to the definition of R, R &
c D(a, b). It remains to prove that R has SP. Suppose {y,, z,), {V2, Z2) € R,
and if (4, 21, {¥y2,23) €4, there is nothing to prove. If {y;,z;> €4 and
(2, 23) € R\4, then y, = z,,z, =b and a < y, < b. These fact imply that
Py VY2,21VZ) =y Vys,y, VB). If y, < b, then a<y,Vy, S b and
zZ,Vz; =y, Vb=>b, and thus {(y; V2,2, V2;)€R. In the opposite case
y, Vb > b. On the other hand b and y; V y; belong to the interval [y3, y, V b),
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and because S is a tree-semilattice, b and y,; V y, are comparable. The inequality
91 V¥, < b implies that y; < b, which is a contradiction. Thus y; V y, > b, and
moreover, ¥, V y, = y, Vb. Hence, {y; Vy2,2; VZ3) = {y  Vy;, )1 Vb)ed &
< R

If {(yy, 21> € R\4 and {¥;, z;) € R\4, then according to the proof above we
have {y, V ¥2,2; V2D, {2y V¥, z; V y,) € R. Because R is trivially transitive,
we obtain {¥; V ¥3,2; V z,) € R, and thus R has SP. o

Theorem 7. Let S be a tree-semilattice with the induced ordering < and P
a reflexive binary relation on & contained in <. Then P e LD(S) if and only if
{a, b) € P implies {x, b) € P for any elements a, b, x € S such thata < x < b.

Proof. If PeLD(S) and {a,b) € P, then for any x,a S x < b, (x,b) =
= {aV x,bV x)eP, and the first part of the proof follows.

Conversely, suppose that P has the property {a, b) € P implies {x, b) € P for
any a, b, xe S with a £ x £ b. We shall prove SP of P. Let {a,b), {c,d) €P.
If b and d are incomparable, then a V ¢ = b V d, because & is a tree-semilattice,
and thus (aVvec,bvd)edc P.Ifeg. b<d thenbvd=dandc<aVvcsg
Sbvd=d Butthen{c,d) e Pimplies<aVec,bVvd) =<aVe,d) eP according
to the property of P. The case d < b is analogous. (]

Corollary 2. Let S be a tree-semilattice with the induced ordering < and P
a reflexive, antisymmetric and transitive binary relation on G with P < S. Then
PeLO(®) if and only if {a,b) € P implies {(x,b) € P for any elements a,b, x
of Switha< x <b.

Remark. Theorem 7 and its Corollary give a possibility to describe the join
operation in LD(S) and in LO(S), respectively, when S is a tree-semilattice.

The join V in LD(S): P, Qe LD(S)=>PVQ =Pu Q.

The join V in LO(S): R, Ue LO(S) = R v U is the transitive closure of R U U.

The remaining part of the paper is devoted to the extension properties of rela-
tions of LD(S) and LO(S). The first attempt to study the extension property of
other relations than congruences was done by Chajda in [2] for relations of LT(S).
We recall first briefly the necessary concepts:

A class @ of algebras satisfies the Tolerance Extension Property (briefly TEP)
if for every A € € and every subalgebra £ of U, each tolerance T on L is the restric-
tion of some tolerance T* on U, i.e. T = T* N (2x Q).

Proposition. (Theorem 2 and the Example in [2]) Every class of tree-semilattices
satisfies TEP. The variety of all semilattices does not satisfy TEP.

We can define the extension property analogously for relations of LD()
and LO():

Definition. Let € be a class of ordered algebras such that every U of € is ordered
by a fixordering <. Q satisfies the Extension Property of Orderings if for every
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U € € and for every subalgebra & of N, each P € LO(R) is the restriction of some
P* e LO(). © satisfies the D-Extension Property if for every U e € and for every
subalgebra  of N, each D € LD(R) is the restriction of some D* € LD().

Theorem 8. The variety of all semilattices has the D-Extension Property.

Proof. Let S, be subsemilattice of a semilattice &, D, € LD(S,), and let us
consider the relation D = Doudu {{aVx, bV x); {a,b)e D, and xe S}.
Then clearly Dy, 4 = D, and we shall prove that D e LD(S). If {c, d), e, f> € D,,
then {(c Ve, dVf)e Dy £ D according to SP of D, and the definition of D.
If {c,d) € Dy and {e, f) € 4, the proof follows from the definition of D, as well
as in the case {c, d), {e,f) € A. Thus suppose {c,d) = {aV x,b V x) for {(a, b) €
eDyand xe S.If e, f> e Dy, then{c Ve, dVf)=<CaVveVx,bVfVx), where
{ave bVvf)eD,, whence {c Ve, dVf)eD.If {ef) €A, the proof is trivial.
Thus, let {e,f) =<a’'Vx',b'Vx') for some {a’,b'>e D, and x' € S. Then
{eve,dvf)=<Lavad VvxVvx,bvb VvxVx'), and on the other hand, by SP
of Dy, {aV a', bV b')eD,. Therefore, {c Ve, dVf)eD, and the SP of D
follows. But then D € LD(S), and so it remains to prove that D n (S, x Sp) =
= D,. Let {aV x, bV x) e D such that {a, b) € Dy and x € G\Sy. If a V x € S,
thenbvavx=(bvaVvx=>hbVx, because a < b, and thus b vV x € S,. Hence
{avx, bvx)eDy, and D n (Syx S,) € Dy. The converse is trivial, and the
desired property follows. ]

The first attempt to characterize the Extension Property of Orderings was done
in [4] for a single algebra (€ = {A}). The next theorem solves the problem of
Extension Property of Orderings on semilattices:

Theorem 9. The variety of all semilattices has the Extension Property of Orderings.

Proof. Let G, be a subsemilattice of a semilattice € and P, € LO(S,). Let
P=P,vAdu{{aVvxbvVx);{a b)eP,and xe S} and C(P) be the transitive
closure of P. According to Theorems 4 and 8, C(P)e LO(G) and P, ¢ C(P) n
N (S, % S,). Thus it remains to prove that C(P) n (Sy X Sp) € Py. Let ¢, de€ &,
and {c,d) € C(P)\P. According to the proof of Theorem 8, {c,d) ¢ P\P,.
Therefore, there exist elements o, Y15 ... Y, suchthat c = yo Sy, < ... SV =
=d, (yi, Yis1)€Pfori=0,1,..,n — 1 and at least one pair {y;, ;. ¢ Po.
Then by the proof of Theorem 8, y; ¢ S,. Hence also {y;-1,y;> ¢ P, and ¥j-; ¢
¢ S,. By induction we conclude that y, ¢ S, for all k£ < j, and thus ¢ ¢ &,, which
is a contradiction. Accordingly, Po 2 C(P) n (S, % S,) holds, and the theorem
follows. O
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