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THE GROUP OF DIVISIBILITY OF Z
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1. In [2] we investigated a notion of a topological group of divisibility of
a GCD-domain in the following way: Let (K, T) be a topological field and let 4
be a GCD-domain in X with K as a quotient field. Suppose that the group U(A)
of units of A4 is closed in a multiplicative group (K*, ., T | K*). Then the factor
topological group G(A4) = K*/U(A) is called a topological group of divisibility
of 4, in symbol G(4) = (K, T, A), if G(A) is a topological lattice. More generaly,
for a topological lattice-ordered group G we sét G = (K, T, 4) if K is a topological
field with a topology T, 4 is a Bezout domain with the quotient field K, the group
of units U(4) of A is closed in K*, and the topological factor group K*/U(4) is
a tl-group which is tl-isomorphic to G. In this case ve say that G has a representa-
tion. Let us recall that a tl-group is a triple (G, <, F) where G is a group, < is
a partial order, and F is a topology on the underlying set (G) of G such that (G, <)
is an I-group, (G, F) is a topological group, and (|G|, <, F) is a topological lattice.
Moreover, we say that two tl-groups are tl-isomorphic if there is a homeomorphism
between them which<s both a lattice and group isomorphism.

In [2] we have observed that there are tl-groups which have no representation.
On the other hand, it is possible to construct examples of tl-groups with a re-
presentation. The example of a tl-group (G, F) we consider here is not a complete
space and hence we may construct the completion (G, F) of (G, F). It is well
known that (G, F) is a tl-group and the natural question arising here is whet-
her (G, F) admits a representation. To tell the truth we cannot solve this ques-
tion as stated here. On the other hand if we somewhat modify the notion of
a representation we are able to answer affirmatively this question. To do it, we say
that a tl-group (G, F) admits a general representation (K, T, A) (in symbol (G, F) ~
= (K, T, A)), if K is a ring (commutative) with possible zero divisors, 4 is a sub-
ring in K such that K is a total quotient ring of 4, T is a ring topology on K
such that (U(K), T | U(K)) is a topological group with U(4) as a closed subgroup
and the factor topological group G(4) = U(K)/U(A) is a tl-group (with ordering
defined by (U(K)/U(4))+ = A*/U(A), where A* is the set of regular elements
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of A, therefore, a po-group G(4A) is a value group of A in the sense of [4]) which is
tl-isomorphic to G. In a sequel we use a method of non-standard analysis intro-
duced by A. ROBINSON [5] and, especially, we employ a variant of nonstandard
analysis introduced by E. ZAKON [7] since it requires only rudiments of first
order logic.

2. The groups of divisibility we are dealing with are of the form Z®, where I
is a subset of the set NV of integers. Clearly, every such a group is a group of
divisibility of a domain 4; = ﬂ R,, = Q, where Q is the field of rationals and

w, is the p,-adic valuation on Q Let F be the topology on ZD with a subbase of
neighbourhoods of zero consisting of prime l-ideals

H={teZP:q =0}, iel

Then clearly (Z®, F) is a tl-group (see [6]) and if card I = N,, then F is a non-
discrete topology. If we denote by T,, the field topology on Q defined by w; with
a subbase of neighbourhoods of zero consisting of the sets U, , = {xe€
€ 0 : wi(x) > a}, ae N, we obtain the following proposition.

Proposition 1. (ZV, F) = (Q, sup {T,,, : ie I}, 4)).
Proof. At first we observe that U(4) is closed in Q, since U(R,,) is closed for
every iel. Let
¢ : G4y = Q*/ U4y - Z?

be defined such that g(w(x)) (i) = @(xU(4))) (i) = wi(x), iel. Clearly, ¢ is an
o-isomorphism. By [2], Lemma 1, to prove the proposition it remains to show
that ¢ is open and continuous. We have

¢~ '(H) = w(U(R,)) = U(R,)/U4),

and it is an open neighbourhood of zero in G(4,) since U(R,) = w; '(0) is open
in (Q, T)) for T; = sup {T,,:ieI}. On the other hand

o(U,, ./U4)) = {ae ZD o, > a} (= B)

as follows using the approximation theorem for valuations in Q. Since for every
o € B we have « + H; = B, Bis open in F and, therefore, ¢ is a homeomorphxsm

Now, let (0, T,) be the completion of (Q, T;) and let A Ay be the closure of 4; in Q,
It is well known that 0, has zero divisors, so that (Qy, T;, 4;) cannot be a re-
presentation of any tl-group. On the other hand, it may be a general representation
and, in fact, we shall prove the following main result for G = Z®:

Theorem 2. (G, F) ~ (Q;, Ty, 4)).

The proof of this theorem will be a consequence of several independent pro-
positions which describe structures of Q; and G, respectively. As we have mentioned
above, for an investigation of algebraic properties of Q; and G we use a method
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which is based on a notion of an enlargement from the tools of nonstandard
analysis. Included solely for the convenience of the reader, we introduced the
basic facts about enlargements.

For any set 4 = A, of individuals, the superstructure on A is the setof = | J 4,
neN

where A,., is the set of all subsets of Ay U A,. The first ordér language & we
need is a simple modification of a clasical one, namely, we assume that all constants
of & are in 1—1 correspondence with elements of o and identify the constants
with the corresponding elements. Well-formed formulae (WFF) and sentences
(WFS) are defined as usual with the restriction that all quantifiers must have
form (Vxe C) or 3xe C) with C a constant (i.e. C esf). Now, let A, B be two
sets with superstructures &, %, respectively, and let

*:d > B

be a map of o/ into #. We write *C for *(C). Let *of = U *A, (since 4, ).
neN

Given a WFF o, we denote by *a the formulae obtained from o by replaceing
in it each constant Ce&/ by *C. Elements of the form *C (C e &) are called
standard, their elements are called internal. A 1 —1 map % :of — £ is then called
a strict monomorphism if

1) *0 =90,

(2) for every ye *o/, y = *of holds,

(3) for every WFS o, o/ |= a iff # |= *a. A binary relation R in &/ is said to be
concurrent if, for any finite number of elements a,, ..., a, € Di(R) =
= {x:(3y) (x, y) € R}, there exists b such that (a,,b) € R for k = 1, ..., m. Then
a strict monomorphism * : o/ — # is called enlarging and *of an enlargement
of o/, if, for each concurrent relation R in.s/ there is some b € *sof such that (*a, b) €
€ *R for all a € D,(R), simultaneously.

If *of is an enlargement of &, where &/ is a superstructure on A4, we say fre-
quently that *4 (e *of) is an enlargement of A (esf). For any X < A we may
consider X as a subset of *X and, furthermore, for any binary relation R € X x Y,
X,Y c A, we have R < *R.

Now, let K be a field with a topology T = sup (T, : we Q) and let ) be the
superstructure on K, = Ku Qu |J G,, & = |J K,, and let ** be an enlarge-

weN neN
ment of o). Using the property (3), it can be proved that *K (e *.¢') is a field,
K < *K is a subfield and *w (w € Q € X') is a valuation on *K with a value group
*@,, such that the diagram
*Ww
*K —— *G, U {0}

!

w
K—— G, u {0}
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comutates. Let ¢G,, be the convex closure.of G, in *G,, and let w be a valuation
on *K completing the diagram

w
*K *Gw v {CX)}

N\
\
N\

w \\ nat
A
G,/cG,,

‘Let M,, be the maximal ideal of R, and let
M= (\M,.

weNR
Then M is a subgroup of (*K, +) and on the factor group *K/M we may define
a topology such that a subbase B of neighbourhoods of 0 consists of the sets

U*, M = *(U, )M = {x + Me*K/M : *w(x) > a},

where we Q, o € G. Clearly, *K/M is then a topological group. :
Now, under the injection x - x + M, x € K, we may identify K with a sub-
group in *K/M. Let K be the closure of K in *K/M. In [3] we have proved that K
is homeomorphic with the completion K of K.
Let " be now the superstructure on the field K = Q. Let P, (2;) be the set
of all i-th prime numbers p; (p; — adic valuations on Q) for i e I and let ubea WFS
such that

y=(VpeN)(VxeN)(VyeN)(peP,=>(p9& IANp=x.y=>x=1vy=1)).

Then X |= u states that P, is a set of prime numbers in N. Since *¢" |= *u, the
set *P; is a set of ,,prime numbers,, in *N. Analogously, let y be a WFS which
states that for every p € P; there exists a p-adic valuation w, in @ with a value
group Z. Since X = p, we have *¢ |= *y and it follows that for every p e *P;
there exists a “p-adic* valuation w, in a field *Q with a value group *Z. Clearly,
for p e Py = *P; we have w, = *w

The following proposition dcscnbes fully the set U(Q,). The elements of 0, we
denote by x (= x + M), where x e *Q.

Proposition 3. Let xe *Q. Then x € U(Q)) if and only if *w,(x) € Z for each ie I.

Proof. Let xe U(Q,) If there exists iel such that *w(x) = w for some
we*N — N, then for y e Q; such that x.y = 1 we have *w,(x .y — 1)e *N — N
and it follows *w,(y) = — w. Then for any z e Q we have

-0 =*w(y—-2)<n  VneN,

and y ¢ 0y, a contradiction.
Conversely, without loss of generality we may suppose that *wy(x) = —a
for each ie I and a; € N. Then according to [3], Prop. 3.5, w,(z) = *w,(z) = 0,
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iel, where z = x~! and w, is the continuous extension of a valuation w; onto

a (Mams) valuation in a ring Q, By [1], Prop. 6 and Lemma 11, we obtain
= [\ R;, and it follows ze 4, < < Q;- Hence, for every pair (i, a) € I x N there
. el
exists y; , € 4; such that
*wi(z — yia) > a+ 20,

Since *w,(z) = a;, < a + 2a;, we have Yi,s # 0 and y{,l €Q,

a; = *w(2) = w(yi0)

Then we obtain
*wix — .Vl—al) = *Wi(x(yl,a ~2z) yi_al) >=-a;+a+2-a=a.
Therefore, we have proved
V(i,a) e Ix N3z, , e Q such that *w(x — z,,) > a.

Now, let iy, ...,in€l, a,,...,a,e N. Using the approximation theorem for .
valuations in Q we may find an element y € Q such that

wi (V= 21,0) > @& t=1,..,m
Hence,

'*w‘t(x - Z) = *wit(x =~ Zi,a; + Ziae = y) > ay, 1 é t é m,

and it follows x € Q, Clearly, x.z=1Iin Q, and x€ U(Q,)

To show that (Q;, T;, A)) is a general representation we have to prove that
U(Q,) with 1nduced topology is a topological group (and not only a topological
semigroup).

Proposition 4. (U(Q)), ., T, | U(Q))) is a topological group.
Proof. We show that a map x+ x~' is continuous. In fact, let U =

=(1+ ﬂ Uw,, o) N U(Q)) be an arbitrary neighbourhood of 1. Since (Q, T)) is
a topologxcal field, there exists a nexghbourhood V= (1 + ﬂ Uwj,p) N Q* of 1
in Q@ such that

n .
V'S1+ () Un,s="U.
t=1

LetzeV =(1 + Dl Usj ) 0 U(Q,).. Then by Prop. 3, *w(z) € Z for every iel

and *w(z - 1) > b,, s = 1, ..., m. Without loss of generality we may assume
that {w,, .., w;,} 0 {wi,, e wi,} = 8. Since z € 0y, there exists x € Q such that

"w,,(z -~ X) > b., § = 1’ ey m,
*wi(z — X) > max (a, + 2w (2), w,(2), t=1,..,n
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Since w, (x — 1) = *w;(x — z + z — 1) > b,, we have xe V and x~1e U. Then
it is easy to see that

w2l =D =*w G -x+x7 = 1) >a, 1<t<n,

and ¥V 1c U.

Now, the same method of enlargement we may use for investigation of properties
of the completion G of (Z™®, F). As in a case of topological fields we may do it in
a more general way.

To do it, let G be a tl-group with a subbase # of zero consisting of prime
l-ideals, 3 = {H,:ie J}. Let 4 be a superstructure on the set G, = G U J and
let *% be an enlargement of 4. Let

H=()*H,.
jel
Then H is an o-ideal of *G and in a group *G we may define a topology in such
a way that {*H,;:je J} is a subbase of neighbourhoods of zero. Clearly, *G is
"a tl-group. Since H is closed l-ideal of *G, we may consider a factor tl-group *G/H.
Then the canonical map G — *G/H is an injection as follows from the fact
*H,n G = H,, jeJ. Then the following proposition holds.

Proposition 5. The closure ¢G of G in *G/|H is tl-isomorphic with the completion G
of G.

Proof. At first, G may be considered to be the factor set of the set of all Cauchy
filters in G. Elements of this factor set will be denoted by &, their elements (i.e.
Cauchy filters) by a, B, etc. Then a, f ey iff @ n B is a Cauchy filter in G. The base
of neighbourhoods of 0 in G consists of the sets

[éH:] = {d;ﬁH,eo_t}, Hyest.

The operations in G are defined as follows:

a+f=7 iff y is a filter with a base & + B,
« AB=7y iffyisa filter with a base & A B.

Let @ € G. We define a binary relation R in ¥ as follows:
(X,Y)eR iffX,Yea, X< Y.

Then R is a concurrent relation and there exists X € *o such that X = *Y for all
Ye . An element X with this property will be called an infinitesimal element
of *a. Let « € X. Then we define a map ¢ : G - ¢G,

(@ = o + H.

This definition is correct. In fact, let f € X and let i € J. Since a is a Cauchy filter,

36



>

there exists Yea such that Y — Y< H;. Then X< *Y and f —aeX - X ¢
€ *Y —*Yc *H;. Thus, « + H=f + H. Let Z be any other infinitesimal
element of *a and let y € Z. Then Z N X € *a is infinitesimal and for e Z N X
we have w — a, w — ye H, hence, « — y € H. Finally, let fea and let T be
infinitesimal in *B, B e T. Since & N B is a Cauchy filter, for any i € J there exists
YeanPsuch that Y — Yc H.anda—fe X~ T g *Y — *Y g *H,. Thus,
o+ H=8+ H.

Further, o(@) € ¢G. In fact, let g(&) = « + H where o is an element of an
infinitesimal element X of *a. Then {{f + H:Be Y}: Yea} is a base (in G)
of a filter Fin *G/H and it is easy to see thatlim F = « + H. It follows « + HecG.

¢ is injective. Indeed, let « + H = g(&) = p(B) = B + H, where «(B) is an
element of an infinitesimal element X(Y) of *a (*B). Then there exist 4 € « and
Befsuch that 4 — A< (\H;,, B—B< (\H;, AuBeau f. Then it is easy
to see that A U B — 4 U B < (| H, and it follows & = .

Analogously it may be proved that g is surjective and if we consider ¢G to be
a subgroup of a factor group *G/H, then from the fact '

(@—B)+ H=ol '(x+H) —¢ (B + H)ecG

for« + H, B + H € cG it follows that g is a group isomorphism. Similarly it may
be done that ¢ is an o-isomorphism and homeomorphism.

Proposition 6. For every i€ J, H, = *H,/H ~ G is the closure of H, in G. The
set # = {H,:ieJ} is a realizator of G and # is a subbase of neighbourhoods
of 0in G.

Proof. The first part of the proposition follows immediatelly from the fact
that H, is a dense subset in *H,/H n G. It may be easily seen that H, is a prime
l-ideal in G and

NA = N CHIHAG) = ) (*HIH) ¢ = {0}.

Moreover, the topology in G is induced from the one in *G/H, i.e. the subbase of
neighbourhoods of zero consists of the sets *H,/H n G = H,.

_ Now, we are able to prove the theorem 2. At first, using the nonstandard con-
struction of G we may fully describe elements of G. So, let G = Z® for I < N,
card I = N,, and let *G be an enlargement of G, « € *G. Then a + H e G if and
only if a; € Z for every i € I. This follows immediately from Prop. 6, where *H,; =
{Be*G: B, =0},iel Let w be a semi-valuation associated with a ring 4, i.e.

W : U@y ~ U@p/UAY

is a canonical map and let x e U(Qy). According to Proposition 3, *w(x)e Z
for every i € 1. Moreover, interpreting a suitable WFS in *Q we may find an ele-
ment iy € *I such that wy(x) = 0 for any ie *I, i > i,. Since
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*G = {ae *Z'": a is internal and there exists i, € */ such that o«; = 0, Vi > iy},
we may find an element « € *G such that

o; = *wi(x) € Z, iel
We define a map ¢ in the following way:

e: U@pIUAY - G,
o(¥(x)) = a + H.

If x and y are elements in @ such that *w,(x) = *w;(y) € Z for every i€ I, then

we have w,(x) = w,(y) by [3] and since x,y e U(@,), we have x.y~ ', y. x ¢
N R, = A; by [1]. It follows w(x) = #w(y) and the definition of ¢ is correct. It
is clear that ¢ is an o-isomorphism. Since ¢ !(H,) = U(R;), i€l, ¢ is open
and continuous, hence, ¢ is a homeomorphism. Since U(Q,)/U(4,) is a topolo-
gical group, by [2], Lemma 1, it is a tl-group which is tl-isomorphic to G. Hence,

the theorem is proved.
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