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THE GROUP OF DIVISIBILITY OF Z 

J I Ř Í MOČKOŘ, Ostrava 
(Received November 9,1981) 

1. In [2] we investigated a notion of a topological group of divisibility of 
a GCD-domain in the following way: Let (K, T) be a topological field and let A 
be a GCD-domain in K with K as a quotient field. Suppose that the group U(A) 
of units of A is closed in a multiplicative group (K*, ., T | K*). Then the factor 
topological group G(A) = K*jU(A) is called a topological group oj divisibility 
of A, in symbol G(A) = (K, T, A), if G(A) is a topological lattice. More generaly, 
for a topological lattice-ordered group G we set G = (K, T, A) if K is a topological 
field with a topology T, A is a Bezout domain with the quotient field K, the group 
of units U(A) of A is closed in K*, and the topological factor group K*/U(A) is 
a tl-group which is tl-isomorphic to G. In this case ve say that G has a representa
tion. Let us recall that a tl-group is a triple (G, g, F) where G is a group, 5* is 
a partial order, and F is a topology on the underlying set (G) of G such that (G, ^ ) 
is an 1-group, (G, F) is a topological group, and (|G|, g, F) is a topological lattice. 
Moreover, we say that two tl-groups are tl-isomorphic if there is a homeomorphism 
between them whichis both a lattice and group isomorphism. 

In [2] we have observed that there are tl-groups which have no representation. 
On the other hand, it is possible to construct examples of tl-groups with a re
presentation. The example of a tl-group (G, F) we consider here is not a complete 
space and hence we may construct the completion (G, F) of (G, JF). It is well 
known that (G, F) is a tl-group and the natural question arising here is whet
her (G, F) admits a representation. To tell the truth we cannot solve this ques
tion as stated here. On the other hand if we somewhat modify the notion of 
a representation we are able to answer affirmatively this question. To do it, we say 
that a tl-group (G, F) admits a general representation (K, T, A) (in symbol (G, F) ~ 
= (K, T, A)), if K is a ring (commutative) with possible zero divisors, A is a sub-
ring in K such that K is a total quotient ring of A, J is a ring topology on K 
such that (U(K), T | U(K)) is a topological group with U(A) as a closed subgroup 
and the factor topological group G(A) ==. U(K)IU(A) is a tl-group (with ordering 
defined by (U(K)/U(A))+ = A*/U(A), where A* is the set of regular elements 
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pf Ay therefore, a po-group G(A) is a value group of A in the sense of [4]) which is 
tl-isomorphic to G. In a sequel we use a method of non-standard analysis intro
duced by A. ROBINSON [5] and, especially, we employ a variant of nonstandard 
analysis introduced by E. ZAKON [7] since it requires only rudiments of first 
order logic. 

2. The groups of divisibility we are dealing with are of the form Z ( / ), where 7 
is a subset of the set IV of integers. Clearly, every such a group is a group of 
divisibility of a domain At = f] RWi <= g, where Q is the field of rationals and 

iel 

Wi is the pradic valuation on Q. Let F be the topology on Z ( / ) with a subbase of 
neighbourhoods of zero consisting of prime 1-ideals 

Ht = {aeZ ( / ) :a , . = 0}, iel. 

Then clearly (Z(/), F) is a tl-group (see [6]) and if card 1 = K0, then F is a non-
discrete topology. If we denote by TWi the field topology on Q defined by wt with 
a subbase of neighbourhoods of zero consisting of the sets UWit0 = {xe 
e Q : wt(x) > a}9 ae 1V, we obtain the following proposition. 

Proposition 1. (Z(/), F) = (g, sup {TWi : i e / } , Aj). 
Proof. At first we observe that U(A) is closed in Q9 since U(RW) is closed for 

every i e L Let 
<p : G(Aj) = Q*/U(Aj) -+ Z ( / ) 

be defined such that (p(w(x))(i) = <p(xU(Aj)) (i) = w&x), iel. Clearly, q> is an 
o-isomorphism. By [2], Lemma 1, to prove the proposition it remains to show 
that <p is open and continuous. We have 

q>-HHd - w(U(Rw)) - U(RW)IU(A), 

and it is an open neighbourhood of zero in G(Aj) since U(RW) = w^(0) is open 
in (g, Tj) for T, = sup {Twi: *<=/}. On the other hand 

<p(UwJU(Aj)) = {a 6 Z ( / ) : a, > a} (= 2?) 

as follows using the approximation theorem for valuations in Q. Since for every 
a6 .8we have a -f Htcz By B is open in F and, therefore, <p is a homeomorphism. 

Now, let (g, fj) be the completion of (Q, Tj) and let Aj be the closure of Aj in g/« 
It is well known that QT has zero divisors, so that (Qt, fIf At) cannot be a re
presentation of any tl-group. On the other hand, it may be a general representation 
and, in fact, we shall prove the following main result for G = Z(/): 

Theorem 2. ((?, F) ~ (gj, fr, Aj). 
The proof of this theorem will be a consequence of several independent pro

positions which describe structures of Qj and (?, respectively. As we have mentioned 
above, for an investigation of algebraic properties of Qj and 0 we use a method 
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which is based on a notion of an enlargement from the tools of nonstandard 
analysis. Included solely for the convenience of the reader, we introduced the 
basic facts about enlargements. 

For any set A = A0 of individuals, the superstructure on A is the set si = [j Ani 
neN 

where An+l is the set of all subsets of A0 u An. The first ordfcr language JS? we 
need is a simple modification of a clasical one, namely, we assume that all constants 
of if are in 1 — 1 correspondence with elements of si and identify the constants 
with the corresponding elements. Well-formed formulae (WFF) and sentences 
(WFS) are defined as usual with the restriction that all quantifiers must have 
form (VxeC) or (.3x6 C) with C a constant (i.e. C est). Now, let A, B be two 
sets with superstructures si, Si, respectively, and let 

* :si -> 3» 

be a map of si into 81. We write *C for *(C). Let *si = (J *An (since Anesi). 
neN 

Given a WFF a, we denote by *a the formulae obtained from a by replaceing 
in it each constant Cesi by *C Elements of the form *C (Cesi) are called 
standard, their elements are called internal. A 1 — 1 map * : si -> # is then called 
a sfr/cf monomorphism if 

(1) *0 = 0, 
(2) for every y e *«*/, y ^ *si holds, 
(3) for every WFS <x,si |= a iff 011= *a. A binary relation R in si is said to be 

concurrent if, for any finite number of elements al9 ..., am e DX(R) = 
= {* : (3y) (x, y) e R}, there exists b such that (ak, b)e R for k — 1, ..., w. Then 
a strict monomorphism * :si -> & is called enlarging and * j / an enlargement 
of si, if, for each concurrent relation i* in,a/ there is some be* si such that (*a, b) e 
G *R for all a e D^R), simultaneously. 

If *si is an enlargement of si, where si is a superstructure on A, we say fre
quently that *A (e *si) is an enlargement of >4 (ej/). For any X £ ^ we may 
consider X as a subset of *X and, furthermore, for any binary relation R Q Xx Y9 

X, Y c A , we have i* e *R, 
Now, let K be a field with a topology J = sup (Tw : w e Q) and let X be the 

superstructure on K0 = K u (2 u (J Gw, Jf = (J Kn, and let *jf be an enlarge-
W6fl W6iV 

ment of X. Using the property (3), it can be proved that *K (e *Jf) is a field, 
K c *K is a subfield and *H> (W e (2 e Jf) is a valuation on *K with a value group 
*GW such that the diagram 

*K -*G w u{oo} 

ì . î 
Х— »- Gwu{oo} 
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comutates. Let cGw be the convex closure of Gw in *GW and let w be a valuation 
on *K completing the diagram 

w 
*K- *•*(?„ u {00} 

Let Mw be the maximal ideal of Rw and let 

M = n M > -

Then M is a subgroup of (*K, +) and on the factor group *K/M we may define 
a topology such that a subbase B of neighbourhoods of 0 consists of the sets 

U*WJM = *(UWta)/M = {x + M e *K/M : *w(x) > a}, 

where w e Q, a e Gw. Clearly, *K/M is then a topological group. 
Now, under the injection x i-> x + M, x e K, we may identify K with a sub

group in *K/Af. Let K be the closure of K in *K/M. In [3] we have proved that K 
is homeomorphic with the completion R of K. 

Let Jf be now the superstructure on the field K = Q. Let P7 (.Gj) be the set 
of all i-th prime numbers pt (pt — adic valuations on Q) for i e I and let p be a WFS 
such that 

p = (Vp e N) (V x e N) (Vy e N) (p e Pt => (p * 1 A (/? = x . ^ = > x = l v y = l ) ) . 

Then Jf |= /* states that Pj is a set of prime numbers in N. Since *Jf 1= */i, the 
set *Pj is a set of „prime numbers,, in *N. Analogously, let y be a WFS which 
states that for every pePt there exists a p-adic valuation wp in g with a value 
group Z. Since Jf l= y, we have *JT l= *y and it follows that for every p e *Pi 
there exists a "p-adic" valuation wp in a field *Q with a value group *Z. Clearly, 
for pePj c *Pj we have wp = *wp. 

The following proposition describes fully the set U(Qt). The elements of Qx we 
denote by x (= x + M), where x e *fi. 

Proposition 3. Let xe*Q. Then x e U(Qj) if and only if *w((x) e Z for each i e L 
Proof. Let xeU(Qi). If there exists iel such that *wt(x) = co for some 

co e *N — IV, then ibr y e Qx such that x . y = 1 we have *wt(x . y — 1) e *1V - IV 
and it follows *wt(y) = -co. Then for any z e g w e have 

— co = *WJO> — z) < / I , V« e IV, 

and y £ g j , a contradiction. 
Conversely, without loss of generality we may suppose that *wt(x) = — tfi 

for each i e / and af eIV. Then according to [3], Prop. 3.5, wt(z) = *wt(z) ^ 0, 



i e / f where z ^ x"1 and w{ is the continuous extension of a valuation wt onto 
a (Manis) valuation in a ring Qt. By [ l ] , Prop. 6 and Lemma 11, we obtain 
At = H **. and it follows zeA^Qr Hence, for every pair (/, a)eIxN there 

iel 

exists j M e Alj such that 

*wt(z - ylfn) > a + 2air 

Since *we(z) == at < a + 2ai9 we have yt,a ¥> 0 and yfj € g, 

0. == *Wi(z) » WfOi,J. 

Then we obtain 

***(* - yiTa1) = *Wi(x(^a - z) yu) > -ai + a + 2a\ - a, « a. 

Therefore, we have proved 

V(i, a) eIxN3zita e Q such that *w*(x - ztJ > a. 
Now, let il9...9imel9 al9...9ameN. Using the approximation theorem for 
valuations in Q we may find an element y e Q such that 

wi£y - ztt,at)>
 at, t**lt...,m. 

Hence, 

*wh(x - z) = *w,r(x - zltt#t + zitt0t ~y)> at9 1 £ t £ m, 

and it follows x e gx . Clearly, x. z -= 1 in Qt and x e U(Qi). 
To show that (Ql9 tl9 At) is a general representation we have to prove that 

U(Qi) with induced topology is a topological group (and not only a topological 
semigroup). 

Proposition 4. (C/(gj), .9fr\ U(Qt)) is a topological group. 

Proof. We show that a map x*+x~l is continuous. In fact, let £/= 

= (1 + 0 Uwit>at) n U(Qt) be an arbitrary neighbourhood of 1. Since (Q, Tt) is 

a topological field, there exists a neighbourhood V = (1 + f) ^ 1 . *.) n g* of 1 
s=-l " * x 

in g such that 

r--i 

Let z e F - (1 + 0 ^ . , 0 n t/(^7).' Then by Prop. 3, *w,(z) e Z for every f e / 

and *wJ#(z - 1) > bt, s = 1,.... m . Without loss of generality we may assume 
that {wh, ..., wjj n {w,.,..., w,J = 0. s i n c e r e ^ , there exists xeQ such that 

* ^ . ( » - * ) > 6 „ * = 1 m , 
*H>/,(Z - x) > max (a, + 2wu(z), wlt(z)), t = 1 , n. 
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Since wJt(x - 1) = *wjt(x - z + z - 1) > bay we have x e V and X"1 e U. Then 
it is easy to see that 

*wit(z~l ~ 1) == *wit(z~1 - x"1 + x"1 - 1) > an 1 £ f £ w, 

and F" 1 s I/. 
Now, the same method of enlargement we may use for investigation of properties 

of the completion G of (Z(/), F). As in a case of topological fields we may do it in 
a more general way. 

To do it, let G be a tl-group with a subbase Jtf of zero consisting of prime 
1-ideals, tf = {Ht : ie J}. Let ^ be a superstructure on the set G0 = G u J and 
let *# be an enlargement of #. Let 

Then H is an o-ideal of *G and in a group *G we may define a topology in such 
a way that {*Hj :jeJ} is a subbase of neighbourhoods of zero. Clearly, *G is 
a tl-group. Since H is closed 1-ideal of *G, we may consider a factor tl-group *G/H. 
Then the canonical map G -» *G/H is an injection as follows from the fact 
*Hj n G -= /fy, j € J. Then the following proposition holds. 

Proposition 5. The closure cG of G in *G/H is tl-isomorphic with the completion G 
oj G. 

Proof. At first, G may be considered to be the factor set of the set of all Cauchy 
filters in G. Elements of this factor set will be denoted by a, their elements (i.e. 
Cauchy filters) by a, fi, etc. Then a, /? e y iff a n 0 is a Cauchy filter in G. The base 
of neighbourhoods of 0 in G consists of the sets 

[0/ fJ=-{*;nf l ,ea} f Hte^. 

The operations in G are defined as follows: 

a + p = y iff y is a filter with a base a + ft, 
a A J8 = y iff y is a filter with a base a A /?. 

Let a e (?. We define a binary relation R in # as follows: 

(X,Y)eR iffX, F e a j c y. 

Then R is a concurrent relation and there exists X e *a such" that X c * Y for all 
Ye . An element X with this property will be called an infinitesimal element 
of *a. Let aejf. Then we define a map Q : G -* cG, 

e(a) = a + # . 

This definition is correct. In fact, let ft e X and let i € J. Since a is a Cauchy filter, 

36 



there exists Ye a such that Y - Y £ H(. Then X c *Y and P - a e X - JT s 
c * F - * y g % Thus, a + # = P + # . Let Z be any other infinitesimal 
element of *a and let y e Z. Then Z n Xe *a is infinitesimal and for w® Z n X 
we have co - a, co - ye H, hence, a - y e E Finally, let /? e a and let J be 
infinitesimal in */f, /? e J. Since a n /? is a Cauchy filter, for any i € J thfere exifts 
YG a n j? such that Y - 7 s Hf. and a - j5 e X - J s *Y - *Yg *#*. Thus, 
a + H = jS + H. 

Further, g(a) G CG. In fact, let e(a) = a + / / where a is an element of an 
infinitesimal element X of *a. Then {{p + H : p e Y} : Yea} is a base (in (?) 
of a filter Fin *G/H and it is easy to see that lim F = a + H. It follows a + HecG. 

Q is injective. Indeed, let a + H = .0(a) = p(J5) = P + H, where a(/J) is an 
element of an infinitesimal element X(Y) of *a (*§). Then there exist A. e a and 
5 6 P such that i4 - il s f) J?!, 5 - £ g f|#*» ^ u ^ 6 ? u £• T h e n J t i s ea®y 
to see that AuB-AuB£ f)Hi and it follows a = j?. 

Analogously it may be proved that Q is surjective and if we consider cG to be 
a subgroup of a factor group *(?///, then from the fact 

(a - p) + H = efe-^a + -») - Q~X(P + #)) e'c<? 

for a + H, /? + H e cG it follows that @ is a group isomorphism. Similarly it may 
be done that Q is an o-isomorphism and homeomorphism. 

Proposition 6. For every i e / , fL{ = *Ht/H n (? is f Ae closure oj Ht in G. The 
set i f = {tii : j'e /} is a realizator oj G and i f is a subbase oj neighbourhoods 
oj 0 in G. 

Proof. The first part of the proposition follows immediatelly from the fact 
that Ht is a dense subset in *Ht/H n G. It may be easily seen that 6% is a prime 
1-ideal in G and 

n B. = n ( * w n(?)-n (*#,/#) n <J - w. 
i e J i e J i e J 

Moreover, the topology in G is induced from the one in *G/H, i.e. the subbase of 
neighbourhoods of zero consists of the sets *HJH n G = 6t. 

Now, we are able to prove the theorem 2. At first, using the nonstandard con
struction of G we may fully describe elements of G. So, let G = Z ( / ) for / s= iV, 
card / = K0, and let *G be an enlargement of G, a e *G. Then a + H e G if and 
only if oc( e Z for every i e /. This follows immediately from Prop. 6, where *Ht = 
{P e *G : Pi = 0}, i e /. Let # be a semi-valuation associated with a ring Ai9 i.e. 

* : U(Qt) - 'Vi&dluUi) 

is a canonical map and let x € U(Qt). According to Proposition 3, *wt(x) e Z 
for every i e 1. Moreover, interpreting a suitable WFS in *Q we may find an ele
ment i0 e *I such that wt(x) = 0 for any i € */, i > i0. Since 
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*G = {a e *Z*J: a is internal and there exists /0 e */ such that a4 =-= 0, V i > i0}9 

we may find an element a e *G such that 

a( = *w.-(.x:) e Z9 i e I. 

We define a map Q in the following way: 

Q : U{QE)IUAt) -> G9 

Q(W(X)) = a + H. 

If x and ^ are elements in Q such that *wt(x) = *wt(y) e Z for every i e I, then 
we have wt(x) = wt(y) by [3] and since x, y e U(Qi), we have x . y~*9 y . x'1 ^ 
n JR~ = Ai by [1]. It follows w(x) = #00 and the definition of Q is correct. It 

is clear that Q is an o-isomorphism. Since Q~l(ft^ = U(R~)9 iel9 Q is open 
and continuous, hence, Q is a homeomorphism. Since U(QJ)/U(AJ) is a topolo
gical group, by [2], Lemma 1, it is a tl-group which is tl-isomorphic to G. Hence, 
the theorem is proved. 
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