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BOUNDEDNESS AND UNBOUNDEDNESS
OF SOLUTIONS OF AN N-TH ORDER
DIFFERENTIAL EQUATION
WITH DELAYED ARGUMENT
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(Received February 22, 1983)

Consider an n-th order differential equation with delayed argument
) Loy + a(t) f(¥(g(1)) = b(2),
with n = 2 and L, a differential operator
Loy = a,(t) (a,-1(t) (... (a5(t) (ao(r) »))" ..))".

Suppose that a(t), b(t), g(t), ax(?), ..., a,(t) are continuous on {¢,, ) and f(y)
is continuous on (— o0, o).

We shall prove that certain conditions are necessary and sufficient for all solu-
tions of (1) to be bounded. The sufficient conditions for nonoscillatory solutions
of (1) are different from that given in paper [4].

Let us use the following notational conventions:

2 (@ Loy = ag(t)y, L;y = a(t)(Li—1y), i=1,2,..,n;
b)) I,=1,

t

. 1
[k(t’ s, a,-k, ooy ah) = 5 Et-—(r—)- Ik_l(r, s, aik_l, ooy ah) dr
k

he{l,..,n— 1}, lsk_s_n—l,t,se<to,oo),s<t;
() J(t,s) = () Wt s, aq,...,a);

I(t,s,ap—1,y ..., ap_)).

@) K{t,5) =

It is easy to see that

..(t)

t
1
I, s, ay, ..., a;,) = £ e Lt a,,..,a,)dr.
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It will be supposed throughout that:
(3 (@ limg() =

[ L]
(b) a)20, a(t)>0, fori=0,1,....,n
(c) lim J,_ (¢, t5) < c0.

[ 2ad" ]

We shall consider those solutions of (1) which exist on <{f, o).
Lemma 1. Let ayt) > 0 on {t,, ). Then there exist constants o, B such that
Ji(t, 5) £ al,-i(t, 5),
K(t,s) £ BK,_4(t, 5) fori=1,...,n— 2,5 <t,5s,tety, ).

Proof. We have .

1§ ds; % ds, o dsie,

Jiaa(t, 9) = ao(t) '! as(sy) 5 ax(52) 5 @e1(Sivq) N

=‘1 j ds;, % ds, '“"-‘:‘ ds, [3’. ds;. o ds;ey ]2
ao(t) 5 ay(sy)) § ax(s2)) 5 als) L5 @Gs1(Sivr) b Gai(sien) |
dsyy

s ;+l(si+1)

J{1, 5),

hence
Ji(t, 5) S a;J;44(t, 5)
and therefore, in particular
. Ji(t,s) < aJ,_4(t,5)
foreveryi=1,...,n — 2.
The proof of thc statement for K(¢, s) is analogous. This completes the proof
of Lemma 1. ,

Theorem 1. Let condtttons (3) be satisfied. Let f(y) be bounded on (— 0, oo) If

C o)yt 1)
@ lim =G <>
and
b dut )
® | lim == 9"

then every solution of (1) is bounded on {ty, ©).
Proof. Let y(t) be a solution of (1) defined on {z,, o). There exists T 2 ¢,
such that g(¢) = ¢, for every ¢t = T. n — tuple integration from T to ¢, where (1) is

multiplied by ———-l—-(-tj- before each integration, yields
n-H-l
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n—1
(6) ao(H) Y1) = lgocili(ts Ta,,..,a)+

b(r) — a() S(¥(e() 4,
a,(r)

t
+ 1_‘: ,n—l(t, Ty Qys -0y an—l)

where ¢; for 0 £ i £ n — 1 are constants.
Owing to Lemma 1 and to the boundedness of f(»), it follows that

b(r) J,-1(t, 7)
a..(rl) dr I

a(r) J,-(t, )
! YO

and the statement of the theorem is immediately proved using (3c), (4) and (5).

[y(®)| = cJ,—y(t, to) + ‘

Theorem 2. Suppose that, in addition to (4) and (3)

fim [ 2G| =

Then every solution of (1) is unbounded on {t,, o).

Proof. Let y(t) be an arbitrary solution of (1) defined on (¢, ©). Consider
T = t, such that, forevery ¢ = T, g(t) = t,. If y(¢) is bounded, then because of the
continuity of f(y) there exists a constant K such that '

£ a(r) Jyo st 1) FEO) a(F)Jy (8, 1)
] o 1 K5 PTG I

Together with the hypotheses of the theorem this can be used to prove that the
right part of (6) is unbounded as ¢ — o0 and so therefore we have y(¢). This com-
pletes the proof.

Theorem 3. Let yf(y) > 0 for y # 0. If (3) and (5) hold, then every nonoscillatory
solution of (1) is bounded on {t,, ).

Proof. Let y(t) be a nonoscillatory solution of (1) deﬁned on {ty, ©0) and suppose
e.g. that y(¢) > 0 for every ¢ = t,. Owing to (3a) there exists 7 = ¢, such that
y(g(?)) > 0 for every ¢t = T. Since yf(y) > 0, f((g(?))) > 0 for every t = T;
therefore relation (6) yields

n—1

ao(t)y(t) é Z C;I;(t, 1; Qs ooy ai) +

b(r) I l(t r, al PEEEE) an—l)
n- dr.
j a,(r)
Therefore y(t) is bounded The proof for y(¢) < 0 is analogous. This completes
the proof.
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Remark 1. The sufficient condition for boundary of nonoscillatory solutions
of the equation (1) stated in the Theorem 3 does not follow from the condition which
was stated in the Theorem 1 in [4].

Example. Consider the equation
’ ’ 1 -— l
¢ @Oy + 5ol =+

The assumptions of Theorem 3 are satisfied, but assumptions of Theorem 1 from
the paper [4] are not satisfied. The equation (7) has nonoscillatory solution y(t) =

17 bounded.
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