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CONGRUENCE DISTRIBUTIVITY IN VARIETIES
WITH CONSTANTS

IVAN CHAJDA
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Abstract. An algebra 4 with a nullary operation c is c-distributive if [cl, = [c]r for every
three congruences @, ¥, @cConN, where Q=DPA(OVF) and ' = (PAO)V (D AYP).
Varieties of c-distributive algebras can be characterized by a Malcev condition in binary poly-
nomials. Such polynomial condition can be easy applied in varieties of semilattices with constants.
In weakly regular varieties, the concepts of distributivity and c-distributivity coincide. It implies
that the variety of implication algebras is distributive.

Key words. Congruence distributivity, variety with nullary operation, weak regularity, semilattices
implication algebras.
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An algebra U is (congruence) distributive if
PAOVYE)=(PAO)V (DA YP)

holds for each three congruences @, ¥, @ € Con U. A variety ¥~ of algebras is
distributive if each e ¥  has this property. For the sake of brevity, denote by
Q=0AOVYP)and T = (P AO) V(P A Y) in the whole paper. The foregoing
property can be formulated also in the following way:

an algebra U is distributive if [z] = [z]r for each element z € ¥.

This formulation enables us to generalize the congruence distributivity by fixing
the element z.

Let U be an algebra with a nullary operation ¢. U is c-distributive if [c]g = [c]r
for each three congruences @, ¥, @ € Con U. A variety ¥~ having a nullary opera-
tion ¢ in its type is c-distributive provided each U e?¥  has this property. This
property can be characterized by a Malcev condition:

Theorem 1. Let ¥ be a variety of algebras with a nullary operation c. The following
conditions are equivalent :

(1) ¥ is c-distributive;

(2) there exist binary polynomials dy(x, y)s ---» @(%, ¥) such that dy(x,y) = c,
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d(x,y) = x and dfc,y) =c¢ for i =0,...,n, dfx,¢) = d;,(x,¢) for i
even and d(x, x) = d;, (x, x) for i odd.

Proof goes along the classical scheme by B. Jénsson [3]:
(1) = (2): Let ¥~ be a variety with a nullary operation ¢ which is c-distributive.
Let F,(x, y) be a free algebra of ¥~ with two free generators x, y. Clearly
 {ax>e8( ) L8 )V O, )]
thus, by c-distributivity, also
e, xye[O(c, x) A O(c, V]V [O(c, x) A O(x, Y]
Hence, there exist elements by, by, ..., b, € Fo(x, ¥) such that ¢ = by, x = b, and
by by 1Y€ O(c, x) fori=0,..,n—1
(%) - : <bi, byt )€ O(L, y) for i even
' {b;, ;> BO(x,y) for iodd.
Since b; € F,(x, y), there exist binary polynomials dy(x, ), ..., du(x, y) such that
b, = d(x, y) and (%) implies immediately
dfc, y) = di,q(c, y) fori=0,..,n—1
d(x,c) = d;;(x, 0 for i even
di(x, x) = d;, (x, x) for i odd.

(2) = (1): Let ¥~ be a variety with a nullary operation ¢ satisfying the identi-
ties (2). Suppose Ae¥", &, ¥, © € Con A. To prove c-distributivity, it clearly
satisfies only to prove that for each a € %, the inclusion

{c,adedPA(OVY)

implies the relation
(c,a)e(PAO)V(PAY)=T.

Suppose the first relationship holds. Then {c,a) € & and there exist elements
Co» C1) «.v, € € W such that ¢y = ¢, ¢, = @ and
{cj, €j+1) €O for j even
{cjycj+10EY for j odd.
By (2), we have immediately

(%)

di(a, Cj) ¢d‘(c, Ci) = C
foreachi =0, ...,nand j = 0, ..., k. By the transitivity o f &, we obtain
dya, Cj) didi(a, Cj+ -
Hence and by (**) we have

dfa, co) (P A @) d(a, c,) (P A P)dya, ¢,) ... d{la, cp),
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thus . »
d{a, ¢) I'd(a, a) fori=0,...,n.
By (2) it implies
¢ = dy(a, ¢c) = di(a, c) I'd,(a, a) = dy(a,a) I'd)(a,c) = dy(a,c)T ... = a,
i.e.
{c,a)eT.

Example 1. Evidently, each distributive variety ¥~ with a nullary operation ¢
is c-distributive. Formal polynomials d;(x, ¥) can be constructed from Jénssons’
ternary polynomials ¢,, ..., ¢, by the formula:

di(xs y) = tn—i(x’ i) C).
Thea dO(x! y) = tn(xa > C) =, dn(x, y) = tO(xa Vs C) = x and

di(c, v) = ty_fc, v, ¢) = t,_;_1(c, y, ©) = diy4(c, y) fori=0,..,n-1
di(x3 C) = n-i(x, ¢ C) = tn-—i- l(x9 ¢ C) = di+1(x’ C) for i even
d(x,x) = t,_ix,x,¢) = t,_;_1(x,x,¢) = d;+,(x,x)  foriodd.

The following examples show that there exist c-distributive varieties which are
not distributive:

Example 2. A variety ¥~ of idempotent groupoids with zero 0 is O-distributive.
We can put n = 2, dy(x,y) = 0, di(x,¥) = x .y, dy(x,y) = x. Then

do(0, y) = 0, di(0,y)=0.y =0, d,(0,») =0
dy(x,0) =0 =x.0 = d(x,0) (i even)
di(x,x) =x.x =x =d)(x,x) (i odd).

Example 3. The variety of all join (meet) semilattices with 1 (with 0) is 1-distribu-
tive (O-distributive).

It follows directly from Example 2.

In the next part we show how the concept of c-distributivity can be applied in
weakly regular varieties.

An algebra % with a nullary operation c is weakly regular (see [1], [2], [4]) if
[c]© = [c]® implies ©® = & for each two congruences @, & € Con U. A variety ¥~
with a nullary operation c is weakly regular if each We¥” has this property.
Clearly, every regular variety with a nullary operation is also weakly regular.

Lemma. A variety ¥~ with nullary operation c is weakly regular if and only if
there exist binarv polynomials q,, ..., q, such that

[9:(x,») = cand ... and g,(x,y) = c] <> x = y.
For the proof, see e.g. Theorem B in [5].
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Theorem 2. Let ¥~ be a variety with nullary operation ¢ which is weakly regular.
¥ is distributive if and only if ¥V~ satisfies the condition (2) of Theorem 1.

The proof follows immediately from Theorem 1 and the definitions of c-distri-
butivity and weak regularity.

Remark. Theorem 2 enables us to characterize the congruence distributivity
in weakly regular varieties by Malcev condition using binary polynomials only.
An implication algebra (introduced by J. C. Abbott) is an algebra with one
binary and one nullary operation, denoted by . and 1, satisfying the identities

(a.b).a=a

(a.b).b=((b.a).a

a.b.c)=>b.(a.c)
a.a=1

Corollary. A variety ¥ of implicative algebras is distributive.

Proof. Putn = 2, q,(x,y) = x.y, g.(x,y) = v.x. It is well known that
(x.y=1and y.x =1)ifand only if x = y,

thus, by the Lemma, ¥~ is weakly regular. Moreover, every implicative algebra is
a join semilattice with the greatest element 1 with respect to the induced order

xSyifondonlyifx.y = 1.
By Example 3, ¥” is 1-distributive and, by Theorem 2, ¥ is distributive.
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