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ASYMPTOTIC BEHAVIOUR OF THE EQUATION 
z = G(t,z)lh(z) + g(t,zJ] 

JOSEF KALAS 

(Received February 2, 1988) 

In honour of the 60th birthday anniversary of Prof. M. Rdb 

Abstract Asymptotic properties of the solutions of an equation z = G(t9 z) [h(z) + g(t, 2)1 
with real-valued function G and complex-valued functions h, g are studied. The technique of the 
proofs of results is based on the modified Liapunov function method. The results are applied 
to the generalized Riccati equation z = a(t, z) — p(t) z2. 
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1. INTRODUCTION 

Consider the equation 

-* = «*), 

where A is a holomorphic function in a simply connected region Q containing zero 
which satisfies the conditions h(z) = 0 o z = 0, ha\0) = 0 0 = 1 »••.,« — 1)» 
hlnX0) 9-= 0, where n ^ 2 is an integer. The paper is concerned with the asymptotic 
behaviour of the solutions of the perturbed equation 

(1.1) z = G(t9z)[h(z)+g(t9z)]9 

where G is a real-valued function and h9 g are complex-valued functions, t or z 
being a real or complex variable, respectively. The general results for the equa
tion (1.1) are formulated in Section 2. The last section is devoted to the applica
tion of these results to the equation 
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(1.2) i = q(t,z)-p(t)z2. 

This application gives the generalization of some results of M. R&b [6]. The 
technique of the proofs is based on the Liapunov function method with "Liapunov-
like" function W(z) defined in [1]. 

The case n == 1, which is qualitatively different from the case n ̂  2, was 
investigated in several papers; for the list of these papers see [1] or [2], The 
asymptotic behaviour of the solutions of the Riccati equation 

(1.3) z = q(t)-p(t)z2, 

which is a special case of (1.2) was studied by M. R&b and Z. Tesarovd. Some 
results dealing with the asymptotic properties of the solutions of (1.1) under the 
assumption n ̂  2 were published in [2] or [3]. Unfortunately, the assumptions of 
these results make necessary the existence of the trivial solution of (1.1). 
Moreover, the inequalities of the type (2.3) were assumed to be satisfied at 
some points arbitrarily close to the point z = 0. This fact is very restrictive and 
the results are not applicable to the equations (1.2), (1.3). In the present paper 
and in [4] we attempt to remove this limitation. 

In contradistinction to the present paper the paper [4] deals with the sufficient 
conditions assuring the existence of the solutions z(t) of (1.1) for t -> oo and 

(1.4) liminf \z(t)\ ^ <5, 

f-»oo 

where S ^ 0 is a given nonnegative number. Then the conditions which guarantee 

(1.5) limsup|z(OI ^S 
t~*CQ 

for any solution z(t) of (1.1) satisfying (1.4) are obtained. Even though these results 
generalize several results of [8], they do not allow to get the results of the type of 
Theorem 3 and 4 of the present paper. 

In the whole paper we use the following notation: 

C ' " — set of all complex numbers 
N — set of all positive integers 
R — set of all real numbers 
/ — interval [t0, oo) 
Q — simply connected region in C such that 0 e Q 
C(r) — class of all continuous real-valued functions defined on the 

set r 
C(r) — class of all continuous complex-valued functions defined on 

the set r 
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Jf (Q) — class of all complex-valued functions holomorphic in the 
region Q 

Int r — interior of a Jordan curve with the geometric image T 
CI r — closure of a set r c C 
Bd r — boundary of a set r <= C 
k, W(z) - see [1, pp. 66-67] 
A+,A_«r+,«r",<p - see [1, pp. 73-74] 
0(0, 5) - the set {ZG C : | z | = 5}. 

Let e^+ G ;T+l> and ST" e «?-/> be fixed. Then 9>+ = {£(A) : 0 < A < A+ }, 
£f~ = {Jt(A): A_ < A < oo}, where j£(A) are the geometric images of Jordan 
curves such that: Oe jt(A), the equality H7(z) = A holds for ze J?(A) — {0} and 
£(*i) - {°} c IntJt(A2) for 0 < A, < A2 < A+ or jt(A2) - {0} e Int £(A) for 
A_ < At < A2 < oo. Define 

*Wi» A2) = (J it(/i) - {0} for 0 = A, < A2 = A+ 
Ai<|i<A2 

and 
K(Xl9X2) = (J £(/*) - {0} for A_ = A2 < At = oo. 

2. MAIN R E S U L T S 

Suppose G(t, z) [h(z) + g(f, z)] G C(/xfl), Ge C(7x(Q - {0})), g e £(/x(Q -
- {0})), A G 3#>(Q\ Assume that A(z) = 0 o z = 0 and hu\0) = 0 (; = 1, 2 , . . . , 
/. - 1), A{3) # 0, where n ^ 2 is an integer. 

Theorem 1. Let S = 0, 9t > 0, 9 = A+. Suppose there is a function E(t) e C(I) 
such that 

(2.1) sup f£(£)d£ = x < o o , 
fo £*<<*< <» s 

(2.2) 3,,?* < S 

and 

(2.3) G(t, z) Re jfcfcft ( l + &£)} <J £(0 

holds for t £ j"0, z e ^ . S ) , | z | > d. 
If a solution z(t) of (1.1) satisfies 

z^eClK^y), 
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where tx ^ t0, 0 < ye* < 9 and 

z(t)tB(095)-K(0991) 

for all t ^ h f0T which z(t) exists, then 

z(t)eClK(09p) fort£tl9 

where /? -= e* max [y9 SJ. 
Proof. Let Jt == {t ^ tx : | 2(0 I > S9 z(t) e K(9X, 9)}. Forte M we have 

W(z) - G(t9 2) HXz) Re jfcfc$ [ l + ^ ^ ] } > 

where 2 «- 2(0- Using (2.3) we obtain 

(2.4) tf(z(t))^E(t)W(z(t)) 

for / e ^ . Suppose there is a /* > tx such that z(t*)e K(fi99). Without loss of 
generality it may be assumed that 2(0 e K(0, 9) for te[tl91*]. There exists a yt 

such that j8 < yxe* < W(z(t*)). Obviously 9X < y± < W(z(t*))9 y1 > y. Put t2 * 
= sup {t e fo, / * ] : 2(0 e CI K(0, yx)}. From (2.4) it follows that 

A {^(2(0) exp [ - j £(s) ds]} £ 0, * e [*2, ! • ] . 

Integration over [f2, f*] yields 

»« 
W(z(t*)) exp [ - J Ê(s) ds] - W(z(t2)) < 0. 

tl 

Using (2.1) and fV(2(/2)) = yl9 we get 

W(2(**)) £ 7 l exp [ J E(s) ds] ^ 7le* < W(z(t*)) 
t2 

and we have a contradiction. Therefore 

2(0eClK(0,j5) for t * tt. 

Theorem 2. £et S, > 0, 9 <; A+, ^ e 7, <5; ;> 0 /or jeN. Suppose there are 
functions Ej(t) e C(I) such that 

j £ / s ) d s = - c o (j - 2 , 3 , . . . ) , 

sup - J £,(£) d£ = x i < co 0 = 1,2,...), 

(2.5) V " < * 0 = 1 , 2 , . . . ) , 
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and, 

(2.6) G(r, z) Re {/c^0>£l + ^ ^ f ] } ^ S / 0 

holds for t ^ Sj, ze K(9j9 9), | z | > 5j9jeN. Denote 

9* = inf [ V ' ] . 
JeiV 

If a solution z(t) of (1.1) satisfies 
z(tl)eK(099e~*>)9 

where tt — si, tf«d 

(2.7) z ^ m ^ - ^ O , ^ ) 

for a// / _ t! for which z(t) exists and all j e iV, then to any e, 9* < e < X+9 there 
is a T > 0 such that 

z(t)eK(0,e) 
for t ^ t± + T. 

Proof. Put JKj = {t^ s'ji | z(t) \> 6j9 z(t) e K(9j9 9)}. For teJfjV/o obtain 

W(z) - G(f, z) JV(z) Re |fcft$ f l + - * j ^ ] J • 

Using (2.6) we get 

(2.8) W(z(t)) ^ E£t) W(z(t)). 

By Theorem 1 we have z(t) e K(9) for t ^> tt.Lzte,9* < e < A+ be given. Without 
loss of generality it may be supposed that e < 9. Choose a fixed positive integer/ 
such that 

9jeXJ < e. 

Put a = max [sj91±]. Let T > \ Sj — si | be such that 

* e 
j £ , ( s ) d s < l n - ^ -

for t ^ t1 + T. Clearly tt + T > a. 
We claim that z(t) e K(e) for t 2: t± + T. If it is not the case, there exists a /* ^ 

*> *! + T for which 

(2.9) z(t*)$K(e). 

Using Theorem 1 we have 

z(t) e K(ee~% 9) u [£(e<Tx') - {0}] = K(9j9 9) 

for / e [a, t*]. In view of (2.7), | z(t) \ > 8S. The inequality (2.8) is equivalent to 
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d; 

Integration over [a, t*] yields 

6 {^(-0))ехр[-/Е/5)<15]}^0, 1еЛ,. 

Therefore 

W(z(t*)) exp [- } Ej(s) ds] - W(z(a)) й 0. 

W(z(t*)) û W(z(a)) exp [ j £ / s ) ds] = sJL = ± < s, 

which contradicts (2.9) and proves z(t) e K(e) for t ^ t1 + T. 
Analogously we can prove the following two theorems corresponding to the 

case 3 ^ A_: 

Theorem 1'. Let 5 ^ 0, 3 ^ A— Suppose there is a function E(t) e C(/) JWCA fAat 
r 

sup j£({)df = x < oo, 
-"o^*^/<°o s 

&?* < Si < oo 

and 

-<Kt. z) Ra{ttf8[l + Jg^- ]} ^ E(t) 

holds for t £ f0. zeK(9l99)9 \z\> 5. 
If a solution z(t) of (I. I) satisfies 

z(tt)e CI K(oo,y)9 

where tx *z t09 9 < ye~* < oo and 

zW*m*)-tf(oo,Si) 

/or a// t ^ ti for which z(t) exists, then 

z(t)s CI K(oo,£) /or t£ tl9 

where fi « eTx min [y, SJ. 

Theorem 2'. Let 9 2J A-, fy < 0, jy € /, fy .> 0 /or j e 1V. Suppose there are 
functions Ej(t) e C[/0> oo) such that 

oo 

j£/s)ds=- -oo 0 = 2,3,...), 
*o 
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t 

sup J £,(£)d£ = xj < 00 0 = 1,2,...), 
-J /— -*—*'* 0 0 5 

9 ^ < S ^ (J =1 ,2 , . . . ) 
*wd, 

- GO, z) Re {fc/.<»0> [ l + ^ - ] | < £ / 0 

holds for t ^ Sj, ze K(9j, S), | z | > Sj9 jeN. Denote 

3* = sup[3,e-x ']. 
ieJV 

i f a solution z(t) of (I A) satisfies 

z(tx)eK(^,de^), 
where tt j _ s±, and 

z(t)$B(0,Sj)-K(ao,9j) 

for all t = tt for which z(t) exists and all) e N, then to any e, A., < e < 3*, there is 
a T > 0 such that 

z(t) e K(oo, e) 

for t^t± + T. 

3. APPLICATION TO THE EQUATION i = q(t, z) - p(t) z2 

Supposing that q e C(I x C), p e C(I) and ae C, a ^ 0, the equation 

(3.1) z = <7(/,z)-p(0z2 

can be written in the form 

(3.2) z = G(t,z)[h(z)+g(t,z)], 

where h(z) = -az 2 , G(f, z) = 1 and g(f, z) = #(/, z) + az2 - p(t) z2. In view of 
[1, Example 1], where Q = C, b = — a, we get A'(z) = —2az, /f(z) = —2a, 
w = 2, W(z) = exp [Re(2az_1)], A+ = A_ = 1, A: = -a. The setsjt(A), where 

0 < A < A+ = 1 or 1 = A_ < A < GO, are circles with centres -—r and radii 
In / 

' f l ' ,K(0, 1) = {zeC:Re(az) < 0}, K(oo, 1) = {zeC:Re(az) > 0}. 
| In A 

For a e C, a # 0, A > 0, B > 0, 8 e I 0, -£-1 denote 

^ , B (a ) = { z e C : - ^ R e [oV] - B | Im [aV] | > 0}, 
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Od(a) = \z = \iew : /i€i_ - {0}, Arga +-^ - 5 < <p < Arga + y 4- 8>. 

Obviously, 
_2_!,B(a) c Qnj4(a) = { z e C : R e (a2z2) < 0} 

for any A, B > 0, and, to any A, B > 0 there exists a <50 e f 0, — J such that 

Qd(a) = QAiB(a) for <5e(0,_0]. 

First we shall prove the following lemma: 

Lemma 1. Assume there are aeC and C ^ 0 such that 

(3.3) Re [ap(i)] > 0 fort el, 

(3.4) lim inf Re \ap(tj\ > 0, lim sup | Im [5P(0] I < oo, 
t-->oo r->oo 

(3.5) Re [aq(t, z)] ^ - C | Im [a2z2] | fortel,ze Qxj4(a) 

* and 

(3.6) q(t, 0)^0 forte I. 

Then every solution z(t) of (3.1) satisfying at tt >, t0 the condition Re [az(j'1)] >. 0 
fulfils Re [az(0] ^ 0 for all t > tt for which z(t) exists. 

Moreover, Re [az(0] > 0 provided z(t) # 0. 
Proof. Choose A, B > 0 so that 

Re [op(0] _ I a |2 A, \ Im[op(0] | g | a |2 (_ - C) 

for t >. tt. There exists 5 0 e(0 , —J with the property _^,(a) _ QAt,(a). For 

t >. t1 such that z = z(0 e Qio(a) we obtain 

-^- Re [az(0] = Re [az(0] = Re laq(t, z)] - Re [ap(0 z2] = 

- Re [aq(t, z)] - | a |"2 Re [ap(0 a2z2] _ 
= Re [aq(t, z)] - | « |"2 {Re [ap(01 Re [a2z2] -
- Im [ap(0] Im [a2z2]} £ - C | Im [a2z2] \ - A Re [a2z2] -
- (B - C) | Im [a2z2] | £ - „ Re [a2z2] - _ | Im [a2z2] | > 0. 

If z(t) = 0 we have 

d í 
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OГ 

(3.7) 
dí 

Re [az(0] = Re [aű(í, 0)] - 0. 

Because of (3.6) we conclude that 

d 
dí Im [az(03 = Im [aą(t, 0)] Ф 0 

in the case (3.7). In view of the fact that Re [az] = 0 implies z e Qdo(a) O {0}, we 
get Re [az(0] = 0 for all t = t1 for which z(0 is defined. Clearly, Re [az(0] > 0 
if z(t) # 0. 

Remark. If the condition (3.6) of Lemma 2 is replaced by Re [aq(t, 0)] > 0, 
we get the assertion Re [az(0] > 0 for all t > t1 for which z(0 exists. 

The next lemma will be useful in our further considerations. 

Lemma 2- Let 5 > 0, al9 a2e C and let a1, a2 be linearly independent. If a = 
= (a! + a2)/2, 

(3.8) 

and 

1 < a ^ exp HrSnin ( | a j l i m ^ |Y] 
L » = 1.2\ I am l/J 

Re [amz] > 0 (m = 1, 2), then z £ B(0, 5) - K(w, a). 

fíe[aj2l~0 

Proof. Since Re [amz] > 0 (m = 1,2) implies Re [az] > 0, it is sufficient to 
prove that 8 =" ruin [| zt |, | z2 | ] , w h e r e zm # 0 is the intersection of jt(a) with 
the line Re [a„z] = 0. 
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Supposing 

W(zm) = exp {Re [laz^1]} = a and Re [amzm] = 0, 

there exists a Tm e R such that 

zm = iamxm and Re = In a. 
iamxm 

Hence 

?з-
*m ~ L1 U "J xvc« 

iäm 
аnd 

Іãm D л

 Ö 3-m Іðm T ű 3 _ m zm = кe . = im 
lna \йm lna am 

Therefore 

lz | = | л J 
, Z m l | l n a | 

Im * 3 " m 
• 

In view of (3.8) we obtain S g min [| zx |, | z2 | ] . 
Applying Theorem 2' and using Lemma 1 and Lemma 2 we obtain 

Theorem 3. Suppose there are al9 a2eC linearly independent such that the 
following inequalities are fulfilled for m = 1, 2: 

(3.9) Re[a m p(0]>0 forte I, 

(3.10) lim inf Re [tfmp(0] > 0, lim sup 11m fojKO] I < oo, 
f->00 t->00 

(3.11) Re [amq(t, z)) = 0 for teI,zeC, 

(3.12) Re[am ?(/,0)]>0 fort el. 

Assume there exists D(t) e C(I) such that 

| q(t, z) | = D(t) fort£t0,zeC 
and 

(3.13) lim 0(0 = 0. 
t->oo 

Then any solution z(t) of (3A) satisfying Re [amz(tt)] > 0 (m = 1,2), where tt ^ t0 

satisfies the condition 

lim z(0 » 0. 
f-*oo 

Moreover, Re [fl-^O] > 0 (m » 1,2) for t = ^ . 

Proof. Put a « (aj + a2)/2. Choose S = X- = 1, ^ =- tl9 
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max D(t) 

* - = 2 J l « l / o r - M V ^ * ^ ' 1 ^ = 2,3,...), 
41 mmRe[ap(0] 

Sj - exp {Sj-1 min [| am | | Im (a^ma~x) |]}, x, = 0, £ / 0 = 2 | a | 5y-
2D(0 -

- 2 Re [£p(01- For j ;> 2 let ^ = fa be such that E/t) < 0 for t ^ Sj. Then 

-~G(f, z) Re jk/t"(0) fl + 4 ^ f ]} = 2 Re l*Z~2*('' Z)1 " 2 Re [5/?(0] = ^ ( 0 

foi t ^ sj9ze K(9j9 9)9\z\ > 5j. Further it holds that 9 < 9j and 9* = sup 9j = 
jeJV 

as oo. In view of Lemma 1 and following Remark we have Re [tfmz(0] > 0 (m = 
= 1,2) for all t ^ t1 for which z(0 exists. By use of Lemma 2 we infer that 

z(t)$B(09dj)-K(oo99j) 

for all t ;> tx for which z(0 exists and all j e N. Applying Theorem 2' we find out 
that to any e9 1 < s < oo there is a T > 0 such that z(0 e K(oo, e) for / ^ f_ + _T, 
which implies 

lim z(0 = 0. 
r-*oo 

The replacement of the condition (3.13) by 

(3.14) pjl)(0d*<oo 
*0 

leads to the following theorem: 

Theorem 4. Let the assumptions of Theorem 3 be fulfilled with the exception that 
(3.13) is replaced by (3.14). Then the conclusion of Theorem 3 remains true. 

Proof. Set a = (ax + a2)/2, 9 = >L = 1, sx = t!, 

ð^aЉaЦmdt, v »0 

where 

5, = min [| a j |Im ^ - „ . a " 1 ) |]/j 0' - 2,3,...), 
m»l,2 

9j =- exp {áJ1 min [| am | | Im (aj^a" 1 ) ]} (/ = 1,2,...), 

(3.15) (т = 2 mаx 
J2\a\fmát 
V *o In"1!2 W{.z(tt% „^r. , IT[I min [ | a j | I m ( a з _ ш a _ 1 ) | ] 

кi-1,2 

For j ^ 2 let s} ^ t0 be such that 

2 | « | sup $D(0dS £6). 
Mj<iM£t< CO B 
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Put 
Ej(t)^2\a\Si2D(t)-2Rcíap(t)l 

t 

„.-. sup J-S/OdC. 

Then 9e*1 g e""2 < a., 9e» = e*> g « < h (j = 2' 3> •••), 

3* = sup rs.e"*'] § sup [fye - 1] = sup e'_1 = oo 
• J.N J J*N ieN 

and 

-Gfc z) Re |fc/i"C0)fl + ^ f e f ] } = 2 R e [&"3«tt z>] ~ 2 R e C«1<0] = B/0. 

In view of (3.15) we have W(z(t1)) > ea'\ whence z(tt)eK(co, 9e*1). Analogously 
as in the proof of Theorem 3 we infer that Re [amz(t)] > 0 and z(t)$B(0, Sj) -
-K(oo, 9j) for all t ^ tt for which z(t) exists. The application of Theorem 2' yields 
the desired result. 

Remark. In a special case p(t) = 1, q(t, z) == q(t) the conditions (3.9)-(3.12) 
are reduced to Re am > 0, Re [amq(t)] > 0 (m = 1, 2) and we can put D(t) = 
= | q(t) |. Thus we get some results of M. Rab [6]. 
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