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A CONTINUOUS DEPENDENCE OF FIXED POINTS OF
¢—CONTRACTIVE MAPPINGS IN UNIFORM SPACES

VasiL G. ANGELOV

ABSTRACT. The main purpose of the present paper is to established conditions for a
continuous dependence of fixed points of ¢-contractive mappings in uniform spaces.
An application to nonlinear functional differential equations of neutral type have
been made.

The main purpose of the present paper is to establish when the convergence
of a sequence of ¢-contractive mappings in a uniform space implies a convergence
of the sequence of their fixed points. The notion a ¢-contractive mapping in a
uniform space has been introduced in [1]. In veiw of the applications given in
[1] the problem of a continuous dependence of fixed points can be formulated
as a continuous dependence of the solutions of a nonlinear functional differential
equation on its right-hand side. As a particular case we obtain an extension of the
results from [2] and [3] in metric spaces.

Since [4] contains the most general version of fixed point for ¢-contractive map-
pings in uniform spaces we shall recall some basic definitions and results from
[4].

Let (X, A) be a complete Hausdorff uniform space with a uniformity generated
by saturated family of pseudometrics A = {do(z,y) : &« € A}, A being an index
set (cf [5]) Let j : A — A be a mapping and let j*(a) = j(5*~(a)), %) =
=a,(k=1,2,3,...). Since j is not image of the element g € A, that is 7! (ag) =
={a € A:j(a) = ap}. In general we define

J M ag) ={a€eA:j"(a)=ar} (n=2,3,...)

The space X is called j-bounded if for every #,j € X and a € A there exists a
constant @ = Q(«a, z,y) > 0 such that

dj-na)(®,y) £Q (a,z,y) <00 (n=0,1,2,...)
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The last inequality is in the sense defined in [4]. Further on we shall assume that
X 1s a j-bounded space.

Let (¢) be a family of contractive functions ®,(¢t)RL — Ry, RL =[0,00), 00 €
€ A with the properties:

®,(t) is strictly increasing, continuous from the right,
0<@u(t) <t and @j(q)(t) S @o(t) for t20 and

(®1) Doty +12) S Bu(t1) + Polta) forevery 1,12 >0
(CI)Q) nlLH;o @a(q)j—l(a)(...@j—n(a)(t)...)) =0

which ought to be understand in the following sense: for every sequence «a, aq, . ..
c Oy (g € 57 (@) nlLH;o Do (Do, (... Py, (2)...))=0.

The mapping 7" is called: 1) ¢-contractive if djo)(T'x, Ty < ®o(do(x,y)) for
every x,y € X and a € A; 2) contractive if djo)(T%,Ty) < do(z,y) for every
z,y € X and o € A; 3) jregular when if {T"x},_ is not do-Cauchy
sequence, then it is not d;(,)-Cauchy sequence for every x € (or equivalently, if
{Tm2} ) is dj(a)-Cauchy sequence, then it is d,-Cauchy sequence).

Theorem A. [4] Every ¢-contractive j-regular mapping T : X — X has a unique
fixed point x € X and ¥ = lim T"x for arbitrary v € X.

n—oQ

MAIN RESULTS

Let {T}};—, be a sequence of operators T; : X — X . Every T} has at last
one fixed point yi(k = 1,2,3,...). Let Ty : X — X be a ¢-contractive j-regular
mapping with fixed point yo. We say that the sequence {7} }72; tends uniformly
to Ty if for every € > 0 there exists v = v(e) such that do(Tpz, Tox) < ¢ for every
k>veeX,ae A

Theorem 1. If the sequence {1} },_, converges uniformly to Ty, then the se-
quence {y; },—, converges to yo.

Proof. In view of the uniform convergence of the sequence {T}},—, to Ty for
every ¢ > 0, « € A there is vy such that do(Thy, Toy) < /2 for every y € X.
So that we have for & > v

da(Yr, vo) = da(Thyr, Toyo) £ o + Pj-1¢a)(dj-1(a)(¥k, ¥0))

N | ™

For 6/22 we find vs such that when k& > vs we have

13
dj=1(ay (U, ¥0) S 75 + ®j-2¢0)(dj-2(a)(Yk, ¥0))
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Therefore for k > max{vy, va} the following inequalities are fulfilled:

£

da(yr,40) S 5 + j-r(a)( g + Pj-2(a)(dj-2(a) (¥, %0)))

<
2
[ [ <
5 1 ®i-r)(5z) + Bimr(o)(®j-2(a)(dj=2e) (v, 10))) =
<
2

A

€
22

A

+ ) + @j_l(a)(@j—2(a)(dj—2(a)(yk’yo)))

We can proceed in an analogous way and then obtain for k > N,, = max{vy,vs,...
C e Vn )

[ [ [
da(yr,90) S 5+ 55+ + 57 + 810y (Bj-3(a) (- -

. .@j—n—l(a)(dj—n—l(a)(yk, yo)) .. ) §
<e+ q)j—l(oz)q)j—Q(oz)(~ . .@j_n_l(oz)(dj—n—l(a)(yk, yo)) .. ))

Let us fix n sufficiently large such that

q)]'—l(a)q)]'—2(a)(. . .q)j_n_l(a)(dj—n—l(a)(yk, yo)) .. ) <e

Then for k > N,, we have do(yr, yo) < 2¢. Theorem 1 is thus proved. d

Remark 1. If we replace the definition of ¢-contractive mapping by the following
one : do(Ty,Ty) £ ®a(dja)(x,y)) then the assertion of Theorem 1 is also valid.
We must only modify conditions (®1) and (®2), namely, ®,(t) < ®;(4)(t) and

lim CDQ(CI)]'(Q)(. . .@jn(a)(t)) .. ) =0

n—oQ

The definition of a j-bounded and j-regular mapping can be modified in an obvious
way.

Remark 2. Let X be a quasicomplete uniform space. This means that every
closed bounded subset of X 1s complete in the induced topology. Consequently if
T :
: M — M is a ¢-contractive mapping of a bounded closed set M C X into
itself, then T has a unique fixed point in M (cf. [1], Theorem 1).

Further on we shall assume that X is a locally compact space. Let us recall the
relations between locally compact spaces and uniformizable spaces (cf. [6]). Every
completely regular Ti-space is said to be a Tikhonoff’s one. It is known (cf.[6])
that every locally compact Hausdorft space is a Tikhonoff’s space. On the other
hand X is uniformizable if and only if X is a completely regular space. So that we
shall assume that X is a locally compact quasicomplete Hausdorff space. We shall
denote again by A its uniformity, that is, A = {d.(z,y) : o € A} (cf.[5], [6]).
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Theorem 2. Let (X, .A) be a locally compact Hausdorff quasicomplete j-bounded
uniform space. Let Ty, : X — X be a ¢-contractive mapping with fixed point yz
for any k = 0,1,2,.. . ie do(Thr, Try) S Poldja(z,y)). If {Ty},~, converges
pointwise to yo, then the sequence {yj},., converges to yo.

Proof. Let us choose ¢ > 0 and a1,...,ap, € A such that the neighbourhood
Ne(a, ..., 0p)(yo) = {2 € X 1 da,(yo, 2) S ¢} of yo is a compact subset of X The
sequence {7} } -, is equicontinuous and converges pointwise to Ty. But Ne(aq, . ..

., a,)(yo) is compact and in view of the results of Ch. VII [6], {7} };—, converges
uniformly on N, (a1, ..., ap)(y0) to 0. Then let for k > v, we have do,(Try, Toy) <

< (1 =1,2,...,p) for every y € Ne(av1,...,p)(%0) and for £ > N, =

25+1
=max{vy,...,vn} (s=1,...,p) we have

Ao, (Try, yo) = doi(Try, Toyo) < do, (Try, Toy) + deai)(Toy, Toyo) <

< 25+ Py (i) (3:90)) £ 55 + a5 + P20y (4:10))) £
< 25_2 n %0(26—3) + @ao(Pj(aro(diz(a)(y,¥0)) < - -

S St o (Dol Bgnann(djeiay (¥ 10)) ) S
<S40, ( B a0(Q). ) S S+ =¢

We obtained that Ty maps N.(aq, ..., ap)(yo) into itself.

Denote by T /N, the restriction of Ty to Ne(an, ..., ap)(yo). But X is quasi-
complete and j-bounded. The same properties has and N.(aq, ..., ap)(yo). Then
Ty /N, possesses a fixed point gy, for k > N, in Ne(aq,...,ap)(y0). On the other
hand T} has only one fixed point y;. Consequently gx = yr € Ne(a1, ..., ap)(y0)
for £ > N,,. So we have th;o Yr = Yo which completes proof of Theorem 2.

Let Ay = {dqy,(2,y) : a1 € Al} be two families of pseudometrics for the same
set X. They will be called equivalent if and only if the identity mapping from
(X, A1) to (X, As) is a homomorphism. Further on, we shall assume that card
A; = cardAs, so that we shall not differ the index sets of equivalent families of
pseudometrics.

A sequence of families of pseudometrics {A,},—, tends uniformly to a family
Ay if for every € > 0 there is N such that for every n > N,z,y€ X and a € A

A5 (2, y) — dD(2, y)| < €

Proposition 1. Let {A,} _, be a sequence of families of pseudometrics on X
which tends uniformly to the family Ay such that each A,, is equivalent to Ay. Let
{T, }Zozl be a sequence of ¢-contractive mappings converging pointwise on X to a
mapping Ty. Then {T,,}"_, converges Ay-uniformly for every compact set K € X
to Ty (T, is ¢-contractive with respect to the family A, ).
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Proof. For an arbitrary ¢ > 0 we choose = 5. Let for n > N, o € A and
z,y € X, @ € j~!(a) the inequality holds

5 (@, y) = d5 (@, )] <
If n > N and z,y € X for which d(ao)(x, y) < n then
AT, Toy) < n+d(Toz, Toy) < n+dS ) (x,y) < ntn+dS(z,y) < 3=«

We obtained: for every z,y € X, o € 4, and a € j71(«) the inequality d(ao)(x, y) <
< n implies d(ao)(Tnx,Tny) < ¢ for n > N. On the other hand every Ti(k =
= 1,...,N) is uniformly continuous on the compact set K with respect to the
family Ay. Consequently the sequence {Tn}zoz1 1s equicontinuous on K with re-
spect to Ap. But K is compact and then pointwise convergence of {7}, }_, to T
implies a uniform convergence to Ty with respect to Ay, which completes the proof
of Proposition 1. a

We shall introduce the notion j-locally compact space. The uniform space X
is said to be j-locally compact if for every point yo and for every finite col-

lection aq,...,p € A there exists ¢ = e(aq,...,ap) > 0 such that the set
K(ar,...,0p)(yn,e) = {x€X da(2,90) Se(ar,...,ap)} is compact and
glar, ... ap) = e(ilon, ..., j(ap)) and K(ai,...,0p)(yo,e(an,...,ap)) C
C K(ai,...,ap)(yo, (e ,...,&p)) for a; € j7(ay) (i=1,2,...,p)

Theorem 3. Let (X, A) be a j-locally compact j-bounded quasicomplect uniform
space. The sequence {A,},_, and {T,},_, are as in Proposition 1. If Ty is ¢-
contractive with respect to Ap and T, has a fixed point y, (n = 0,1,...), then
the sequence {y, },_, tends to yo.

Proof. For every finite collection a1,...,ap € A we find € = g(av1,...,0p) >0
such that the set K(a1,...,ap)(yo,¢) is a compact. By Proposition 1 the sequence
{Tn},°_, tends uniformly to 75 on K (a1, ...,ap)(yo,€).

Let a; € j7'(a;) (¢ =1,...,p). Then for a collection @j,...,a&, there exists
¢ = é(ar,...,a,) > 0 such that K(a1,...,&p)(yo,e(@1,...,&,)) is a compact
set. Consider the continuous function f:(z) = dgl(yo,Tnz) on the compact set
K(ai,...,0p)(yo, (e, ..., @p)). Having in mind the definition of j-locally com-

pactness we have

Fi(2) = 3, (yo, Tuz) £ @a,(dg,(0,2)) £
B (e(ar,. .. 0p) < B, (2(i(@1), - .., j(@p)) < elar,. .., )

for every a; € j71(«;). Then

fTi=sup{fi(2): 2 € K(ar,...,ap)(wo,8)} <e (i=1,2,...,p)

and p=max f':i=12....p <ec.
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In view of uniform convergence of {7}, to Ty for p = ¢ —n > 0 we find
N such that for n 2 N and 2z € K(«,,...,ap)(yn,€) we have dgl(Tnx,Tox) < p
Therefore we obtain

do (Tha,yo) S &2 (Thx, Tox) + do(Tox, Toyo) Spt+e—p=¢

that is, for n 2 N the operator T, maps K (a1, ..., ap)(yo,¢) into itself.

Denote by T, |k the restriction of T, to K(a1,...,ap)(yo,¢) for each n 2 N
But T, |k is ¢-contractive with respect to A, which maps K(aq, ..., a;)(yo,€) into
itself. On the other hand Ay and A, are equivalent and K («1,...,ap)(yo,€) is a
compact with respect to A,. Consequently T, |x has a fixed point y, and since
T, has only one fixed point then y, € K(a1,m... ap)(yo,¢) for n 2 N It follows
that y, — yo.

Theorem 3 is thus proved. a

APPLICATIONS
Here we shall apply the results obtained to some initial value problems consider
in [1].

Let us consider the initial value problems

P(T@), - @ (1)),
(), t20,

(1) = Frt, (A, (1)), -, p(Am(1))

(1k) t>0p(t) = (1), ¢'(t)

where ¢(t) is the unknown function. The deviations A;(2) = n(¢) (i—1,...,m;
l=1,...,n) are of mixed type and in general case unbounded. After usual trans-
formations, assuming (0) = 0 problem (13) can be reduced to the following one

(z(t) = ¢'(t)) for t > 0 and 6(2) = ¢'(¢) for t £ 0):

Ax() Am(t)

(24) z(t) = Fi(t, ) z(s)ds, ..., ) z(s)ds, z(m1(1)), ..., 2(ma(1))),

t>0, zt)=00), t<0

Let C'(R') be the linear topological space consisting of all continuous function
f(t) : RY — R! with a topology generated by a saturated family of seminorms .4 =
-}, Ifllg = sup{|f(¥)]: t € K } where K C R' runs over all compact
subsets of R!. In view of Theorem 2 we shall look for a solution of (2;) in a locally
compact set of functions. Namely, let us consider the set ¢f = {f € C(R!) :
|f(t) — f(O)| £ L|t — ] for every t,{ € R'}, where the Lipschitz constant L does
not depend on K. It easy to verify that Cp is closed convex and every point has
a neighbourhood with a compact closure by Arzela-Ascoli theorem. We shall find
a solution of (2j in the set C? = {f € Cp : |f(t)| £ ro(t)} where ro(t) : R —
— RY, ro(t) is continuous positive function on R'.
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We shall make the following assumption (cf. [1]):
A (1), 7(t) : R}I_ — R! (R}I_ = [0,0)) are continuous
(C1) A(0) 0, m(0) < 0and |Ai(t) — Ai(1)| < Pilt — 1],
(1) = n(£)] = Qilt —1].
The map j : A — A is defined as in [1], where the index set A consists all
compact subsets of R':

(C2) Tor every k = 0,1,2,... the functions Frp(t,u1,..., Um,v1,...,0p)
R}I— x R™ — R! are continuous and satisfy the conditions:

m n
|Fr(t,ut, .o tim, 1, .., 00)| Swt) 14+ ]+ |vg|
i=1 =1
| Fr(t, g, ooy tim, U1,y 0n) — Pt 8y, .o tim, 01, ..., On)| S
< Qlus — @]+ + [t — o] + 01— 51|+ o — T
where €2 is a positive constant:

|[Fr(t,ur, oy Um0,y 0n) — P ug, ooy, vy ooy o) S Lolt — €

where Lg is a positive constant and

Lo+ Q ro(?) P+L Qi L

w(t) 1+ |A;(t)|ro(t) + nro(t) S ro(t); QmAg +n)<1
i=1
for every compact K C R! where Ag =sup {|A(t)]:t€ K} .
Conditions (C3) and (C4) are the same as in [1], assuming that the initial
functions have Lipschitz constants.

Theorem 4. Let the assumptions (C1) — (C4) be fulfilled. If the sequence of
functions {Fg }32_, tends pointwise to Fyy, then the sequence of solutions of (2i)
tends to the solution of (2g).

Proof. We form by the right hand side of (2 ) the sequence of operators {Tk } 5_; -
It is easy to see that Tk maps the set C? = f & Cr(RY) : |f()] S ro(t), t 20
into itself. We shall verify only that (Tx f)(¢) has a Lipschitz constant equals to
L, because another details of the proof are as in [1]. For ¢,# > 0 we have

m

(T D= (T DO S Lolt =T+ ro(t)  [Ai(1) = Ai() 1+

+  Lin(t) = n(t)| = Lolt =1+
=1

+Q ro(t) PB+L @ [t—t S Lit—1.
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Now we can apple Theorem 2 in order to conclude that the solution of (2;) tends
to the solution of (2y) . This is possible because Tx is an equicontinuous family
of operators and then pointwise convergence on compact sets implies a uniform
convergence. |
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