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AR CHIVUM MA THEMA TICUM (BRNO)

T om us 30 (1994), 17 { 24REGULATED BUILDUPS OF 3-CONFIGURATIONS
V

�

ACLA V J. HA VELAbstract. W e deal with t w o t yp es of buildups of 3-con�gurat ion s: a gener-

ating buildup o v er a giv en edge set and a regulated one (according to maximal

relativ e degrees of v ertices o v er a p enetrable set of v ertices). Then w e tak e

accoun t to minimal generating edge sets, i.e., to edge bases. W e also deduce

the fundamen t al relation b et w een the n um b ers of all v ertices, of all edges from

edge basis and of all terminal elemen ts. The topic is parallel to a certain part

of Belouso v' \Con�gurations in algebraic nets" edited in 1979. W e attempt

to �nd an apparatus, whic h, b eside others, will deco de some less readible

c hapters of the monograph [1], and whic h can b e useful b y further study

of 3-con�gurat ion s with simple edge bases and of corresp ondi ng quasigroup

iden tities.A (3)-con�guration is de�ned as a triple (V; E ; I ), where V is a �nite non-emptyset (of vertices), E is a non-empty set (of edges) disjoint to V and I is a binaryrelation (of adjacency) in V [ E such that x I y implies either x 2 V, y 2 E ory 2 V, x 2 E . Moreover, the number of edges adjacent to the same vertex is atmost 3 and any two distinct vertices are simultaneously adjacent to one edge atmost. If, especially, every edge is adjacent to at least two vertices and every vertexis adjacent to just three edges, then C is said to be a 3-con�guration.A (3)-con�guration is said to be connected if to any two distinct vertices v; wthere exists a �nite sequence (e1; : : : ; el) of edges such that e1 = v, el = w a thatany two consecutive edges are distinct and simultaneously adjacent to the samevertex.Further notions: Two vertices are neighboring if they are di�erent and simulta-neously adjacent to the same edge. Two edges are neighboring if they are di�erentand simultaneously adjacent to the same vertex. Three mutually distinct edgesadjacent to the same vertex are said to be concurrent .
1991 Mathematics Subje ct Classi�cation . Primary 05B30, Secondary 20N05.

Key wor ds and phr ases. 3-con�gurat ion , generating edge set, edge basis, buildup (generating ,

regulated), bridge.
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18 V . J. HA VELIn the sequel every 3-con�guration under consideration is assumed to be con-nected whereas by (3)-con�gurations this assumption will not be made.Let C = (V; E ; I ) be a (3)-con�guration. We shall denote every ordering ofthe set V [ E as a buildup of C. Under a relative degree of an element x 2 V [ Ewe mean the number of all preceding elements adjacent to x. Under a socle of avertex v we shall understand the set of all preceding edges adjacent to v. Let C= (V; E ; I ) be a 3-con�guration. A non-void vertex set X � V will be denoted aspenetrable if for every x 2 X there exists an edge ex (the turning edge) adjacentto x but to no further vertex from X .We describe the construction of every penetrable set X � V. Start with arbi-trary couple of adjacent elements (of a vertex v1) and an edge e1 I v1. Choose afurther ( edge e2 6 I v1vertex v2 6 I e1 and, after then, a further (vertex v2 I e2edge e2 I v2 withe2 6 I v1: The third step consists of the choice of a further (edge e3 6 I v1; v2vertex v3 6 I e1; e2and, after then, of a further (vertex v3 I e3edge e3 I v3 with e3 6 I v1; v2. Further steps areobvious. We proceed as far as possible. After �nitely many steps, we �nish and�nd a maximal penetrable set of vertices v1, v2; : : : with turning edges e1 = ev1 ,e2 = ev2 ; : : : . As it is easily seen, this procedure enables to obtain all maxi-mal penetrable vertex sets. Minimal penetrable vertex sets are, of course, just allone-vertex sets (turning edges are at the same time arbitrary adjacent edges).Let C = (V; E ; I ) be a 3-con�guration. For every non-empty set X � V, orX � E , respectively, de�ne the envelope [X ] as the set of just all edges such thateach of them is adjacent to at least one vertex from X , or as the set of just allvertices such that each of them is adjacent to at least two edges from X .Now we restrict ourselves onto a starting set X � E and construct successiveenvelopes X0 := X , X1 := [X0], X2 := [X1], X3 := [X2]; : : : . Then 1Si=0X2i is calledthe edge cover of X (denotation :hX i). If hX i = E (which implies 1Si=0X2i+1 = V)then we shall say that the set X generates the given 3-con�guration C. To thesequence (Xi)1i=0 a buildup of C can be associated (a generating buildup over X )such that instead of each Xi we insert an arbitrary ordering of all new elements(which are added in the present step). If X is a minimal generating edge set of C,then X is said to be an edge basis of C.Example 1. Let C = (V; E ; I ) be a Desargues' 3-con�guration on Fig. 1. Theset X = fe1; e2; e3; e4g is generating because of [[X ]] = E .



REGULA TED BUILDUPS OF 3-CONFIGURA TIONS 19Fig. 1As hXnfeigi 6= E for all i = f1; 2; 3; 4g, X is an edge basis of C.Let C = (V; E ; I ) be a 3-con�guration and A a penetrable vertex set. Forevery a 2 A denote by ea the turning edge at a. Vertices from A and edges fromG0 = [A]nfeaja 2 Ag will be denoted as initial ; all remaining vertices will be calledproper . Proper vertices will be ordered onto a �nite sequence (w1; w2; : : : ; we)as follows: w1 is some of proper vertices adjacent to �1 edges from [A] with�1 2 f1; 2; 3g to be maximal; w2 is some of remaining proper vertices adjacent to�2 edges from [A][ [w1] with �2 2 f1; 2; 3g to be maximal,w3 is some of remainingproper vertices adjacent to �3 edges from [A][ [w1][ [w2] with �3 2 f1; 2; 3g to bemaximal. In this way we proceed so long as all proper vertices will be exhausted.With this procedure an buildup (called regulated) of C over A is associated (cf.[1], Lemma 2.6 on p. 47): We start with initial vertices (in an arbitrary order), onthe further place we give the vertex w1, after then we input new edges adjacentto w1 (in an arbitrary order) and the same act will be repeated with w2 and newedges adjacent to w2 and so forth, till to wl and to new edges adjacent to wl. Thenumbers �1; �2; : : : ; �l are relative degrees of vertices w1; w2; : : : ; wl with respectto the buildup just described.Under distinguished edges we shall �rst understand all initial edges. Secondly,each proper vertex w with relative degree 1 gives rise to one distinguished edge asone of both subsequent edges adjacent to w. Other edges will be not distinguished.Theorem 1. Let C= (V; E ; I ) be a 3-con�guration with a regulated buildup Lover a penetrating set A. Then the set of all distinguished edges is a generatingedge set of C.Proof. Let E0 be the set of all initial edges. As every turning edge forms togetherwith two further edges from E0 a concurrent triple, it must belong to E1 = [[Ex0]].Now we shall investigate the edges adjacent to proper vertices w1; : : : ; wl (orderedwithin the framework of L ) and proceed by induction according to i 2 f1; : : : ; lg.Let e(1)1 ; e(2)1 ; e(3)1 be the edges adjacent to w1. If �1 = 1, then just one of them liesin E1. One of remaining edges, which we denote by g1, is distinguished and the lastedge belongs to [[E1[fg1g]]. If �2 = 2, then just two of the edges e(1)1 ; e(2)1 ; e(3)1 lie inE1 and the remaining one belongs to [[E1]]. If �1 = 3, then e(1)1 ; e(2)1 ; e(3)1 lie alreadyin E1. An analogous investigation will be made for every j 2 f2; : : : ; l � 1g underassumption that every edge adjacent to some of vertices w1; : : : ; wj�1 belongs tothe edge socle Sj of wj with respect to L. Let e(1)j ; e(2)j ; e(3)j be edges adjacent to



20 V . J. HA VELwj. If �j = 1, then just one of them belongs to Sj , one of two remaining edges(which we denote by gj) is distinguished and the last one belongs to [[Sj [ fgjg]].If �j = 2, then two of edges e(1)j ; e(2)j ; e(3)j lie in Sj and the remaining one in [[Sj]].If �j = 3, then all the e(1)j ; e(2)j ; e(3)j belong already to Sj . As the sets V; E are�nite, the socle Sl of wl must contain all edges of C. Let us note that there mustexist at least two initial edges and at least one further distinguished edge.Theorem 2 (folklore | cf. also [1], Lemma 2.8 on pp. 50-51). Let G be the set ofall distinguished edges and T the set of all vertices of relative degree 3 according toa regulated buildup of a given 3-con�guration C= (V; E ; I ). Then m+ � = n+ �,where m = # V, � = # G, n = # E , � = # T .Proof. Denote by V0, G0, respectively Vi (i 2 f1; 2; 3g) the set of all initialvertices, of all initial edges, respectively of all vertices of relative degree i and put
# G0 = �0, # Vi = mi (i 2 f0; 1; 2; 3g). Thus V = V0 [ V1 [ V2 [ V3 with mutuallydisjoint sets V0, V1, V2, V3, and consequently m = m0 +m1 +m2 +m3. Further,we have # [V0] = # G0 + # V0 = �0 + m0 and � = # G = # G0 + # V0 = �0 + m0,so that n = # E = # [V0] + 2 � # V1 + 1 � # V2 = (�0 +m0) + 2 �m1 + 1 �m2. Thusm + � = (m0 + m1 + m2 + m3) + (�0 + m1), n + � = n + m3 = (�0 + m0 +2m1 +m2) +m3. We see that both left sides m+ �, n+ � are equal to the sameexpression m0 + 2m1 +m2 +m3 + �0 so that m + � = n+ �.Corollary. As � � 3, it follows that n � m��+3. For � = 1we have n � m+2.Example 2a Example 2b10 + 6 = 12 + 4 10 + 5 = 12 + 3j j j j j j j jm � n � m � n �Example 2c Example 2d10 + 4 = 12 + 2 10 + 3 = 12 + 1j j j j j j j jm � n � m � n �



REGULA TED BUILDUPS OF 3-CONFIGURA TIONS 21Example 3�0 = 27 + 3 = 7 + 3j j j jm � n �where ===== are initial edges, ==== are further distinguished edges and (�)are relative degrees.Theorem 3. Every edge basis B of a 3-con�guration C= (V; E ; I ) is the set ofall distinguished edges according to some regulated buildup of C.Proof. Let B0 is the set B without isolated edges (i.e. such which have not anadjacent edge in B). As A = [B0] is a penetrating vertex set, we can use it asthe starting set of regulated buildups over A. One of these buildups must be suchthat its non-initial distinguished edges are just all isolated edges of B. This canbe veri�ed if we follow proper vertices in their order under considered buildups. Ifthere are few possibilities for the choice of the consecutive proper vertex of relativedegree 1 then at least one from vertices under consideration must be adjacent toan isolated edge from B. In fact, if no of such vertices is adjacent to an isolatededge from B, then we have a contradiction: in this case namely B cannot be anedge basis.Remark. We return to an arbitrary generating set G of edges of a 3-con�gurationC= (V; E ; I ). If we investigate the corresponding generating buildup G over Gthen we may denote vertices of relative degree 3 and edges of relative degree� 2 as terminal elements according to G. The number of terminal elements (if aterminal edge has the relative degree � > 2 then we count its \terminality" withmultiplicity �� 1) agrees with the number of proper vertices of relative degree 3under each regulated buildup over G. We omit the details.A bridge of a 3-con�guration C= (V; E ; I ) is de�ned as an edge e adjacent tojust two vertices and having the property that the (3)-con�guration (V; E nfeg; I )is not connected.Theorem 4. No bridge of a 3-con�guration C can belong to an edge basis of C.Proof. Let B be an edge basis of a given 3-con�guration C= (V; E ; I ) and letthere exists a bridge e0 2 B. Then the (3)-con�guration Ĉ = (V; E n fe0g; I )splits onto connected (3)-con�gurations Ĉ1 = (V1; E1; I ), Ĉ2 = (V2; E2; I ). PutB1 = B \ E1, B2 = B \ E2. Let v1 be a vertex from V1, adjacent to e0 andlet e1; e01 be both further edges adjacent to v1. These two edges cannot belong



22 V . J. HA VELsimultaneously to hB1i (if both are in hB1i then e0 2 hB1i, contrary to e0 2 B) butthey cannot simultaneously lie out of hB1i (if both are out of hB1i, then hBi 6= V,a contradiction). Thus one of both edges must belong to hB1i and the remaining,for example e1, must be out of hB1i. Choose one of further vertices, v2, adjacentto e1 and denote by e2; e02 both further edges adjacent to v2. For similar reasonsas in the preceding, one of them lies in hB1i and the remaining, for example e2, isout of hB1i. We proceed similarly as long as possible. After �nitely many stepswe �nish at an edge el 62 hB1i such that for all remaining vertices v adjacent to elthe further edges adjacent to v either both belong to hB1i or both are out of hB1i.In any case we get a contradiction. (Cf. Fig. 2.) l = 3e0{ a bridge of Cboth I,I'2 hB1i or both 62 hB1iboth II,II'2 hB1i or both 62 hB1iboth III,III'2 hB1i or both 62 hB1i...Fig. 2Example 410 + 3 = 14+ 1j j j jm � n �the valuation i 2 f0; 1; 2; 3; 4;5g means that the edgesbelongs to every set X2j, j � i



REGULA TED BUILDUPS OF 3-CONFIGURA TIONS 23Example 514 + 6 = 18 + 2j j j jm � n �Example 6 Example 710 + 6 = 12 + 4 10 + 5 = 12 + 3j j j j j j j jm � n � m � n �Example 8
fb1; b2; b3; b4; b5; b6g is an edge basism= 14, �0 = 4, � = 6, n= 19, � = 1



24 V . J. HA VELExample 9where ===== are initial edges, ==== are further distinguished edges and (�)are relative degrees.Questions:(1) If C is a 3-con�guration without bridges, does every one-element pene-trable set fvg lead to an edge basis (as the set of all distinguished edgesaccording to a regulated buildup of C over fvg)?(2) Under which conditions do all edge bases of a given 3-con�guration C= (V; E ; I ) have the same number of edges? (If C is a graph then everyedge basis is the edge complement to a cycle-free connected factor of C sothat # E � # v + 1 is the constant number of edges of every edge basis ofC.)Appendix (folklore):Let m be the number of all vertices and n the number of all edges of a 3-con�guration. Then 23n � n2�n6 .Proof. Let � be the number of all unordered couples of adjacent elements. Asevery vertex is adjacent to exactly three edges, we have � = 3m. As every edge isadjacent to at least two vertices, we get � � 2n. Thus 3m � 2n.Further let � be the number of all unordered couples of neighboring edges.Every vertex v determines just three couples of neighboring edges (adjacent tov) so that � = 3m. The total numbers of unordered couples of distinct edges is�n2� = n2�n2 . Thus � � n2�n2 and consequently 3m � n2�n2 .References
[1] Belouso v, V . D., Con�gur ations in algebr aic nets (in Russian), Kishinev (1979).
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