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PARALLELISABILITY CONDITIONS
FOR DIFFERENTIABLE THREE-WEBS

ALENA VANZUROVA

ABSTRACT. Our aim is to find conditions under which a 3-web on a smooth 2n-
dimensional manifold is locally equivalent with a web formed by three systems of
parallel n-planes in R?™. We will present here a new approach to this classical”
problem using projectors onto the distributions of tangent subspaces to the leaves
of foliations forming the web.

The parallelisability conditions for multicodimensional 3-webs were at first for-
mulated by S.S. Chern, [3]. Later on M. A. Akivis, [1], interpreted these condi-
tions as vanishing of both torsion and curvature tensors of a certain connection
intimately related to the web, so called canonical Chern connection of a 3-web
(M. Kikkawa, [8]).

We will find parallelisability conditions formulated in terms of projectors of a
web, and will verify that they are equivalent with those derived by Akivis. At the
same time we will show that the problem of parallelisability of a 3-web is equivalent
with integrability of a (P, B)-structure (a couple of polynomial structures defining
a 3-web).

All objects under consideration will be supposed of the class C'*° (smooth).

1. PROJECTORS OF A 3-WEB

A 3-web on a 2n-dimensional manifold is given by a triple of foliations (in
general position) of codimension n which are usually defined by totally integrable
systems of Pfaffian equations.

For our purposes let us choose the following definition.

Definition 1. Under a differentiable 3-web W on a manifold M5, of dimension
2n we will understand here a triple W = (Dy, D5, D3) of (smooth) n-dimensional
integrable distributions which are pairwise complementary.
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Three foliations of integral submanifolds of these distributions form a 3-web in
a classical view-point. Given three-webs W = (Dy, Da, D3) on Ma,, and W' =
(D}, Dy, D%)on MY, adiffetomorphism f : M — M’ will be called a web-morphism
or web-equivalence 1f 1t satisfies

(1) Tf(Dy) =D, fora=1,23.

Three-webs W and W’ are locally equivalent if there exists a local diffeomorphism
f: M — M’ of the underlying manifolds which satisfies (1). About each point
z € M, alocal web-morphism (equivalence) f induces a diffeomorphism of some
open neighborhood U 3 # onto a nbh of f(xz). Investigations in web geometry
are often concerned with local invariants, i. e. properties invariant under local
equivalences satisfying (1).

Given a 3-web W = (D1, D, D3), each couple D,, Dg of complementary n-
distributions forms an almost product structure denoted by [D,, Dg] here which
is integrable since both distributions forming it are integrable, [18]. The tangent
bundle can be written as a Whitney sum:

(2) TM =D,& Dg, a#8, o fc{l 23}

This decompositions determine web projectors P2 associated with W, that is (1, 1)
tensor fields on M satisfying

(P =P, PP+ Pg=1kerP§=imPJ=D,,

Png:Pg fora#£ 8 #v# «a,
PEPI =0 for v # a # 4,
and [P?, PP] = 0. The last condition means integrability of both D, and Dg.
Now a web-morphism can be characterized by the property that its tangent
mapping T'f commutes with web-projectors.

Besides projectors, it is useful to introduce web-associated isomorphisms of the

tangent bundle, [11], [15], by

By, =Py —P] =P/ -P].

2. REGULAR WEBS

A local chart! (U; 2!, ... 2®) about x € M will be called adapted with respect
to the almost-product structure [Dy, Ds] if the coordinate vector fields 9; = /9!,
i=1,...,nspan Dy on U, and d,4; = 3/0z"*" span Dy on U. It can be verified
that with respect to a holonomic frame (8; | On44), the matrix expressions of the
projectors P4, P2 and the involutory automorphism Bj are

0 0 I 0 0
de(pn) m=(Bn) e )

Here P = (pf), pf = pf(a!,...,2%) is a regular (n, n)-matrix at any point, I
and 0 denote zero and unit (n, n)-matrices respectively, @ = P~! = (¢3,).

1U denotes an open domain of M containing z.
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Definition 2. A frame (X; | X,4i) (which may be non-holonomic in general) will
be called web-adapted if X; span Dy, X,y span Ds, and X; + X,,4; span Ds,
1=1,...,n.

Definition 3. A 3-web W on M will be called here regular if there exist lo-
cal [D1, Do]-adapted coordinates such that the corresponding holonomic frame
(0; | Onyi) is web-adapted, that is, d; span Dy, Opy; span Da, and 0; + Op44 span
Ds,i=1,....n.

Remark. It can be verified that W is regular if and only if the almost product
structures [D1, D3], [Da, D3], and [Dy, D3] are simultaneously integrable.

It is obvious that a 3-web is regular iff it is locally equivalent with a “parallel
web” formed by three systems of parallel n-planes in R?". Regular webs are
frequently called parallelisable.

Given a web we will find necessary and sufficient conditions for its regularity
using components of the projector P2.

Since [Dy, Ds] is integrable we can find via Frobenius Theorem a transformation
f (at least locally) of our (local) adapted coordinates (z’; " *?) under which both

Dy and D- remain unchanged, in other words, (l‘/i; x’n-H) are again adapted:
(3) x/i:fi(xl,...,x"), x/n-H:f""'i(x""'l,...,xzn), i=1,....n
that is,
4 - =0 — =0
@) an+i ’ Ol
Let us denote
i ;0 - Fi 5 ot
F= (f]) where f; = et F= (f]) where f; = S il
and similarly for the inverse transformation ¢, z* = gi(aj’j), gt = gnti(y! n+j):
i i dg’ = =i ~q dg"ti
G = (gj) where ¢; = EER G = (gj) where g; = ENR
Lemma 1. Let f = (f!,..., f*) be a local coordinate transformation (in an
open nbd U of some point x € M ) given by (3). Then the n-tuple of vector fields
0 0

al‘/i—i—W’ Zzl,...,

forms a basis of Ds on U if and only if on U, the components of f and the
components pf(z! ... z2") of the projector P} satisfy the following system of
differential equations:

a ] a n+s ]
(5) ZZ(£'1)§)_3£HHIO for i,s=1,...,n,
ik

n
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or equivalently,

6fn+s agk
k _ .
(6) Pi = Gt gp s

Proof. Using the inverse transformation ¢ = (¢, ..., ¢*") we can write

8 agk 6 8gn+s
3 _ 3 _ .
P <3x’j) - 3x’j - Ok, P <3x’n+j) _—ax/n_l_], Py <O

Now the tangent vector

d d dg* Hgnte
3 _ k
Py (6I’j + 6l‘/n+j) - <6x/j o Hp! I Ps On

is equal to a zero vector for any j € {1,...,n} if and only if all coefficients vanish:

agn+s . agk
P

That is, R
G- -P-G=0.

Multiplication by the regular matrix F from the left yields P — FG = 0, or
P=FG
which is (6), and further
P-F=F
which can be written as (5).
We see now that our system of partial differential equations (4), (5) is solvable
iff the block P in the matrix representation of the projector P2 can be written

as a product of two vector valued matrices each depending only on one family of
coordinates,

(7) P(e'; 2"t = F(a") . G(2'') = F(z" 1) - F~(2Y).

At the same time, the factors can be regarded as Jacobi matrices of some trans-
formations from R” into R”.

The problem when such a decomposition does exist can be solved with help of
the results obtained in [12], [5]. J. Simsa in [12] answered a more general question:
when a smooth matrix function H in p + ¢ variables, non-singular at each point,
is factorizable into the form

(8) H( 2Pyt oy = AGYH 28 By, yY),

or into the product of matrices depending on a single variable H(z!,... %) =
A(zY) ...~ A(z%). In the case which interests us the result is:
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Lemma 2. (Simsa condition) Let Z = 71 x -+ x Z, CRF, Y =Yy x---x Y, CR?
be open intervals (where Z;, j = 1,...p and Y,, s = 1,...,¢ are open intervals
inR). Let H : 7 xY — GL(n,R) (or H : 7 x Y — GL(n,C), respectively)

be a mapping which has the partial derivatives H,; = 57 H, = e and
z ys
°H

yizs — _62-7 ays;
open interval 7 x Y. Then the mapping H can be written in the form (8) if and
only if it suffices the following system of partial differentiable equations:

H 1 <4< p, 1 £s < q (in some order of differentiation) on the

(9) H,,=H, H ' Hy onZxY, 1£j<p 1<s<yq

where the lower indexis mean partial derivations with respect to the corresponding
subscribed variables. Moreover, the factors A and B are exactly pairs of the form

10
(10) B(y',...,y9)=D H(', ... "yt . . yh)

where the elements v* € Y, and v/ € Z; are chosen arbitrarily, and the (n,n)-
matrices C and D over R (or over C respectively) satisfy

C -D=H1'0. . out,. . uf).

bl bl

Using the formula H-'H,; + Hz_le = 0 which arises by derivation of the
equality H=! - H = I we can write (9) in the form

(11) szys — H;;j . Hy_sl -H.

For our purposes we will also need the following:

Lemma 3. ([19]) Let a1(2), ..., a,(z) be differentiable functions of a vector vari-
able z = (2!, ..., 2P) having continuous partial derivations on some open interval
Z C RP, The necessary and sufficient condition for the existence of a differentiable
mapping ¢ : RP — R? such that

dp
dzt ai(2),

Is

(12) 9z 9z
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Corollary. A matrix-valued function A = (a}“(z)), z € RP is in a “Jacobi

k
matrix-like” form a}“ = ai] for some mapping ¢ = (', ..., ¢?) : RP — R? if and
2

only if

dak  Oa®
(13) S/ a——

0z 07
Remark. Lemma 3 is sometimes formulated as follows: Let X be a differentiable
(at least C!) vector field on a domain in EP with components X = (ay,...,a,).
Then there exists a potencial f of X (i. e. X = grad f for some function f) iff (12)

1s satisfied. This theorem is a dual version of so called Poincaré Theorem.

Lemma 4. The system (4), (5) of partial differentiable equations is solvable on
U if and only if the block matrix P of the projector P{ with respect to adapted
coordinates (z'; z" ") satisfies

(14) Px"‘HxS 'Q+Px"+j 'st :Oa
(15) (Px""");'c = (Px"‘*'j)?a (Qx’)f = (Qxﬂ)f
where Q = P~1.

4

Proof. f we put p=g=mn, H=P, 2/ = 2"t ¢ = 2/ we obtain by Lemma
2 and its corollary (11): The necessary and sufficient condition for the existence
of a decomposition P(z';z"t") = A(z"*") - B(x") is

(16) Poiips + Ponts - Qus - P =0,
and the factors of any decomposition of the above form are exactly matrices
A" et = P(ut, e e O
B(z',... 2"y =D P!, .. " " u®)
with C - D = Q(ul, ..., u?") for some choice of a constant point u = (ul, ..., u?")

in a coordinate neighborhood U. Multiplication of (16) by @ gives (14). The
entries of the matrix factors of the factorization can be written as

. . a n+i
() = () = 2L
and )
i i —1vd i ; oft
(B); =(G); = (F7);,  (B7);=(F)j =35
if and only if
o(A)F _ 9(A) o(B~LH)F _o(B~)!
Jenti — Qgnti’ Oz Bzt
that is
(A7) D (Ppuwti); = (Pons))C)E =0, D (Quei ) — (Quasi))) (D™ HE = 0.

Since C and D~ are non-singular the conditions (17) are equivalent with (15).

As a consequence it follows:
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Theorem 1. A 3-web is regular (equivalently, all [D,, Dg] are simultaneously
integrable) if and only if the conditions (14) and (15) are fullfilled.

3. CHERN CONNECTION. EXPRESSIONS IN LOCAL COORDINATES.

Consider a 3-web W = (D1, D3, D3) on May, and for shortness, let us denote
P =P B = Bj.

Then W can be regarded as a couple (P, B) of polynomial structures on M, [16],
[13], [11], satisfying

(18) P?*— P =0, B*—1=0
with characteristic polynomials

p(§) =¢E—1), b =E-1E+D),
having in addition the following properties:

19 Dy =ker P, Dy =ker(I—P), and Dz =ker(B—1I) areintegrable,
(19) BP = (I — P)B.

On the other hand, any couple (P, B) of smooth (1, 1)-tensor fields on Ma,, satis-
fying (18) and (19) gives rise to a 3-web (ker P, ker(I — P),ker(B — I)), [11]. The

first condition in (19) can be written as?
[P,P]=0, [B,B](X,Y)=0 for X,Y €ker(B - I).

Definition 4. A (P, B)-structure will be defined as a couple of smooth (1,1)-
tensor fields on May, satisfying (18), (19). We say that a (P, B)-structure is inte-
grable if there exist local coordinates in a nbd of each point such that the matrix
expressions of P and B with respect to a coordinate frame are

(1) (2 1)

Obviously, a ( P, B)-structure is integrable if and only if the corresponding 3-web
is regular.

On the base web-manifold M, a canonical Chern connection of the web W is
given by the formula

VxY = P[(I - P)X,PY]+ (I — P)[PX,(I - P)Y]
+ PB[PX,BPY]+ (I — P)B[(I — P)X, B(I — P)Y].

2The Nijenhuis tensor of vector 1-forms P and B is given by [P,B](X,Y)=[PX,BY]+[BX,PY]
+PB[X,Y]+BP[X,Y]-P[X,BY]-B[X,PY]- P[BX,Y]-B[PX,Y].
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With respect to V, the tensor fields P and B are covariantly constant, and the
torsion tensor T' of this connection satisfies T(PX, (1 — P)Y) = 0 for any vector
fields X, Y on M.

In our adapted coordinates, the formula for an evaluation of the Lie bracket of
vector fields X = X'0; + X"+ 9,4, and Y is

ovE _oovk o axF o oxt
XT= (WX M R M e R
6yn+k . Yn+k el 6Xn+k . 6Xn+k el
+< Jat X 61‘”"")( ol Y- antl )&H—k'

We evaluate the Chern connection V with respect to a [Dy, Ds]-adapted holo-
nomic frame (9; | Fp44):

Vodi= U o Vet = B
(20) 0,V — ErS Py Us, OnyiUntj — al‘n+z’ dr On+s,
Valan_w = Van+,6]» =0.

The only non-zero Christoffel symbols are

k k
s = G5 n+s o by s
YT Pyt Pr> ntintj T genti Ik

In evaluations of the torsion tensor T(X,Y) = VxV — Vy X — [X,Y] and the
curvature tensor R(X,Y)Z = VxVyZ — VyVxZ — Vx y]Z the only non-zero
terms are

aq* k
T(@Z,@) _ ( 4q; _ 6(12 )pz as’

Oxnti  gxnti

oy owk
T(6n+ia an-l-]') = (890”]'“ - al‘”'l'j) 9k 6n+sa

Paf ., Oaf O} o (dqf .
Rt = (g 7+ G e ) = gy (asvt) 0

(P O Oq _ 9 (o},
R(aiaan+j)an+l — (ai cqp + axn-l—] ’ axi)an+s — 81‘2 <a$n+] qk) an-l—s.

"t Ozt

So the only non-zero components are

3] oxt oxd k> n+i,n+j Hrnti oxn+i k>
R i = (Pentizi - Q + Ponts - Q)] = (Pents Q)pi);,

Rf,n+]’,l = —(Quign+i P+ Qx’Px""'j)ls = (_P_l (Pyrti - Q)yi - P
= (=P (Pyutipi - Q + Ppouys - Qi) - P);.
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The conditions (15) can be written as

ok _ O , N y
Genti  ggn+i (L. integrability condition),

(21)

dq¥ 8(]]’? (2. integrability condition).
oxd  Oxt

We see that the condition (15) is equivalent with 7' = 0, and (14) is equivalent
with R = 0. Further, it can be verified that the condition (15) can be expressed
by vanishing of the Nijenhuis bracket [P, B], [17]:

dqk _Ogf 5
ozt xd ) TR
[P, B](0;,0n4j) = [P, Bl(0n+i,0;) = 0,

opk Iy}
[P, Bl(On4is Onyj) = (W = gnti ) Ok

[P, B](9;,05)

So we proved?

[P,B](X,Y)=BT(X,Y) for X,Y € Dy,
P,B|(X,Y)= —BT(X,Y) for X,Y € Ds.

—

Since B is an automorphism of T, M at any point & we conclude
T=0<[P,B]=0.
Similarly, it can be verified the following:
T=0<[P,P]=0, [P}, P)]=0.

Theorem 2. A (P, B)-structure is integrable (and the corresponding 3-web is
regular if and only if [P, B] = 0, and the conditions (14) hold.

We succeeded to substitute the Chern connection of a 3-web, which is more or
less an additional object, by projectors, that is by tensor fields which are quite
naturally related to the web, or can be even regarded as 1-forms directly defining
web-distributions. This approach may be useful also for investigation of other
types of webs.

It remains an open question if it will be possible to substitute the curvature
tensor of the Chern connection by a suitable (1,3)-tensor field (or fields) con-
structed from projectors in some direct and natural way, some “concomitants” of
projectors defined e. g. by help of Frolicher-Nijenhuis bracket.

3In [17], the assertion is proved in an invariant way.



84

ALENA VANZUROVA

REFERENCES

Akivis, M. A., Three-webs of multidimensional surfaces, Trudy geom. seminara 2 (1969),
7-31. (Russian)

Akivis, M. A., Local differentiable quasigroups and three-webs of multidimensional surfaces,
Studies in the Theory of Quasigroups and Loops, Stiintsa, Kishinev, 1973, pp. 3 — 12.
(Russian)

Chern, S. S., Fine Invartantentheorie der 3-Gewebe aus r-dimensionalen Mannigfaltigkeiten
in R?", Abhandl. Math. Sem. Hamburg Univ. 11 (1936), 333-358.

Chern, S. S., Web Geometry, Bull. Am. Math. Soc. 6 (1982), 1-8.

Cadek, M., Simsa, J., Decomposition of smooth functions of two multicodimensional vari-
ables, Czech. Math. J. 41(116) (1991), 342-358, Praha.

Goldberg, V. V., Theory of multicodimensional (n+ 1)-webs, Kluwer Academic Publishers,
Dordrecht (Boston, London), 1988.

Goldberg, V. V., Local differentiable quasigroups and webs, In: O Chein, H.O. Pflugfelder,
J.D.H. Smith (eds.) Quasigroups and Loops, 1990.

Kikkawa, M., Canonical connections of homogeneous Lie loops and 3-webs, Mem. Fac. Sci
Shimane Univ 19 (1985), 37-55.

Kikkawa, M., Projectivity of homogeneous left loops, "Nonassociative algebras and relative
topics”, World Scientific, 1991, pp. 77-99.

Nagy, P. T., On the canonical connection of a three-web, Publ. Math. Debrecen 32 (1985),
93-99.

Nagy, P. T., Invariant tensor fields and the canonical connection of a 3-web, Aeq. Math.
35 (1988), 31-44, University of Waterloo, Birkhauser Verlag, Basel.

Simsa, J., Some factorization of matriz functions in several variables, Arch. Math. 28
(1992), 85-94, Brno.

Vanzura, J., Integrability conditions for polynomial structures, Kodai Math. Sem. Rep. 27
(1976), 42-50.

VanZura, J., Stmultaneous integrability of an almost tangent structure and a distribution,
Demonstratio Mathematica XIX No 1 (1986), 359-370.

Vanzurova, A., On (3,2,n)-webs, Acta Sci. Math. 59 No 3-4, Szeged.

Vanzurova, A., On three-web manifolds, Report of the Czech Meeting 1993 on Incidence
Structures, PU Olomouc, pp. 56-66.

Vanzurova, A., On torsion of a three-web, ( to appear).

Walker, G. A., Almost-product structures, Differential geometry, Proc. of Symp. in Pure
Math., vol. III, pp. 94-100.

Kopacek, J., Matematika pro fyziky 11, MFF UK, Praha, 1975.

Pham Mau Quam, Introduction d la gomtrie des varits diffrentiables, Dunod, Paris, 1968.
Shelekhov, A., A good formula for 3-web curvature tensor, Webs & Quasigroups 1 (1993),
44-50.

Vinogradov, A. M., Yumaguzhin, V. A., Differential invariants of webs on 2-dimensional
manifolds, Mat. Zametki 48, 26-37.

ALENA VANZUROVA

DEPARTMENT OF ALGEBRA AND GEOMETRY
Fac. Sci., PALACKY UNIVERSITY
ToMKovA 40

779 00 OLomouc, CZECH REPUBLIC



		webmaster@dml.cz
	2012-05-10T11:14:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




