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PROPERTIES OF A NEW CLASS OF RECURSIVELY
DEFINED BASKAKOV-TYPE OPERATORS
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Dedicated to Prof. D.D. Stancu on his 70th anniversary

ABSTRACT. By starting from a recent paper by Campiti and Metafune [7], we
consider a generalization of the Baskakov operators, which is introduced by
replacing the binomial coefficients with other coefficients defined recursively
by means of two fixed sequences of real numbers. In this paper, we indicate
some of their properties, including a decomposition into an expression which
depends linearly on the fixed sequences and an estimation of the corresponding
order of approximation, in terms of the modulus of continuity.

1. INTRODUCTION

The connections between approximation processes and evolution problems
through semigroup theory were deepened in the last years by Altomare [2] and
Campiti [6]. At the same time, the class of evolution equations whose solutions can
be approximated by constructive approximation processes has been enlarged. In
this way, new types of operators have been introduced and studied, see [3], [4].

In their paper [7], published in 1996, Campiti and Metafune considered a mod-
ification of the classical Bernstein operators. It was obtained by replacing the bi-
nomial coefficients with general ones satisfying a suitable recursive relation. They
have obtained for these new operators A, some quantitative estimations and reg-
ulary properties. In their subsequent paper [8] they explored the connections with
the semigroup theory and showed that these operators can be used to approximate
the solutions of some degenerate second order parabolic problems.

In the present paper we introduce a similar modification of the Baskakov oper-
ators and examine the main properties of this new approximation process. If the
operators studied in the papers [7], [8] were in connection with functions defined
on a bounded interval, now these operators are related to functions defined on an
unbounded interval. We obtain a decomposition of the Baskakov operator as a sum
of elementary operators and our operators are expressed by a linear combination
of these last ones. Also, we prove that the sequences of linear operators obtained
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here, converge generally not towards the identity operator but towards an operator
multiplied by an analytic function.

2. CONSTRUCTION OF THE BASKAKOV-TYPE OPERATORS

We consider two fixed sequences of real numbers: ¢ = (dapn)n>1, b = (b )r>0 With
a1 = by and the numbers ¢, p (n > 1, k > 0) which satisfy the following recursive
formulae:

Cn,Ozannzl; Cl,k:bka kZOa

(1) Cntlk = Cnk + Cnp1k—1, n>Llandk>1.

It is clear that these coefficients ¢, , are determined uniquely by « and 6. Ac-

cording to these sequences; we define the operators ngﬁ) as follows

(2) (LI () = ch,k(l_::wf (%) ;

k=0
where f belongs to Cg[0, o), the space of real functions continuous and bounded
on [0, 00).
We observe that ngﬁ) are linear operators. If the sequences a, b are non-negative,

then these operators preserve the positivity of the function f. It is easy to check
that if ap, = A, n>1, and by = A, k > 0, then

k—1
C”’k:A<n+k )

and

(3) (LM ) (@) = A(VaF) (),

where V,, represent the Baskakov operators [5].

We recall some useful relations which are fulfilled by V,:

x(1+=

@ )@ =1 Vel = (Vaes)le) = a2 4 DD
where e;(z) = 2/, j=0,1,2 and = > 0.

Many papers investigating and generalizing the operators V,, of Baskakov were
published. We mention the extension to factorial powers of V,, given by D.D. Stancu
in the papers [9], [10], as well as their generalization included in our recent paper

3. PROPERTIES OF L% f

Lemma 1. Let f € Cg[0,00) such that f > 0 and consider the following sequences:
a = (an)n>1,@ = (An)n>1, b= (bg)r>0, = (Or)r>o0-
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() Ifa<aand b< g (ie an <ap, n>1and by < fi, k> 0) then

(5) Ly f < LA,

(ii) If there exists: max{sup @y, sup bk} = M < oo, then
n>1 E>0

(6) LEM < M(Vaf).

Proof. Under the given assumptions, if we denote ¢, 1 (a, b) those coefficients which
are obtained from the sequences a,b, it follows ¢, x(a,b) < ¢, (e, ) and this
implies (5) for every positive f € Cpg[0, o0).

Because @ < M and b < M, taking into account (5) and (3), the relation (6)
follows immediately.

Further on, we shall use the symbol of Kronecker Jy, », .

Theorem 1. For f € Cp[0,00) and n > 1 the following identity

(7) (Lglawa)(x) = Z am(Am,nf + Z b m nf )
m=1
holds, where:
O1n
(8) (Aun ) (&) + (Bon f) () = 12 F(0);
for any m > 2,
0, m>n+41;
©)  (Auuf)le) = X, me s (3, e
5 e (B,
for any m > 1,
x™ m
(10) Bl = oy () +
= n+k—m-—2 zk k
=) k:%;l ( k—m ) 1+ x)"+kf (E) '

We call Ay, and By, n the mt? left respectively right operators associated to the
{a,b)
operator Ly, m € N.

Proof. Using (1) and (2) we deduce that AR depends linearly on ¢ and b. In order
to find the elementary operators Ay, n, Bm n which are associated to the sequences
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a and b, firstly we choose b = 0 and a = &,, (m > 2) where 0, = (0 )n>1. We
0)

obtain A, ,f = Lﬁf"" f. The coefficients ¢, = ( have the following form:

0, ngm—landkzo,
or
Cnnzo): n>m+1and k> 0;
7 1, n=m and k > 1;
("TmEREL > m4land k> 1

By (2) and the above identity we arrive at (9)
Secondly, we choose a=0and b =14, (m>1) where §,, = (dpk)x>0 and obtain
o >
Cn

Bymnf = L (0,9m f The new coefficients ¢, ; = ™) are given by

7

0, k<m-—1landn>1,
or
CnO,km): k>m+1and n=1;
7 1, k=mand n>1;
(”+:::Z_2), n>2and k>m+1;

and we get (10).
Finally, we choose a,b such as a1 = by # 0 and all other terms vanish. We can
write
S e (5) = a4 ) + boBon R e), 1
enxg———f1— ] =a )z x), n .
2 ’k(l—l—x)”‘l"“ - 1A ol Do, >
But ¢; 0 = a1 and all others vanish. We have
f(0)
= (A B
g = Aah)(@) + (Boaf)(x),
and
0= (Aaf)(e) + (Bonf)(x), for n>2
We get (8).

Theorem 2. If f € Cp[0,00) and the m-th left respectively right elementary op-
erators are defined in (9) and (10) then we have

Q) form>1,
. x
(11) Jim (A f)(2) = (1 - 51,m)mf(l‘)a
(ii) for m >0,
. ™
(12) Jim (B f)(2) = (1= 50,m)mf(l‘)
uniformly on any compact [0, A].
Proof. We recall the well-known relation
(13) lim (V,,f)(x) = f(#), uniformly on any compact [0, A].

n—od
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By using (7), for m = 1, the statement (i) is clear. For m > 2, if we make the
changes n —m = p and k — 1 = ¢, we can write

. B z =Pt z' i+l
HILHQO(Am’”f)(QC) = mpli{g’ £ ( i ) (1+ x)p+1+if (p-l— m) =
= Tra i)

Here, V7, ; 1s obtained from Vp;, changing the knots ﬁ with Z‘H . Taking into

account (13) it follows (11). The proof of (12) is analogous, so We can omit it.
If we take f = ep in (9) and (10), and according to (4), we can deduce some
useful identities:

0, m>n+41,
(14) For m > 2, (Anneo)(z) =< (1+x) " m=n,
e(l+x)™m, m<n-—1.

xm
(15) For m Z 1, (Bmyneo)(x) = W
Indeed, by using (10) we can write:
i n+k—m-—2 z" _ x™ Z n+1—2 zt
W= k—2 (14 z)nth (14 z)m+l — ? (14 z)n-1+

— g (h0)) = )

which lead us to (15). Relation (14) is to be proved in a similar way.
If we substitute (14) and (15) in (7), after few calculations, we can state:

Lemma 2. The following identity
an /(1 + ), n=1n=2,

n—1
Z>:1 " 1—1— ) m+1 an(1+ )"+ 3 apa(l+2)™™, n > 3,
m m=2

holds.

Because of the boundedness of the sequences a and & we can define the functions
o, T, p, for and = > 0, as follows

P m
0(96):;::2(1”) ;bmuxmﬂ
and
(16) p=0+T.
Theorem 3. If f € Cp[0,0), the sequences a,b are bounded and

A = max < sup |a,|, sup|bk| then
n>1 k>
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A1) @) () — F@) Do) (@)] < AL+ (1 + 2)w (f, %) ;

@) A DE) - el < (14 e e (5,02 ) + LG

where & > 0 and n > 3;

(19) (i) lim L) f = of uniformly on any compact K C (0,00).

Proof. By using lemma 1, for any ¢ € Cp[0,00) and > 0, we can write:

(20) |(L$P ) ()] < i |en R|L g (E)‘ < AVa(lgl @),
OS5

because |a| < A and [b] < A.

Next, we need the following property of the modulus of continuity w(f,), f €
0, 00): for every § > 0, 2 > 0 and y >0

[f(y) = F(2)] < (L4672 (2 = »)*)w(f, ).
By using (20), we can write successively
r(5)-rw) <

x

(L0 F) (@) = f ) (L0 |<Z|an|m

k=0

oo 1 L 2

where g(¢ ) =1+4d" ( — )%
On the other hand, according to (4)

Va(lgl; 2 )_1+52V(( )2;$):1+6%M,

By taking 6 = 1/+/n, the relation (17) follows.

By using (16) and lemma 2, for n > 3, we evaluate

n

Am® apn

(24 (a) = (o) = | 32 (7 + e — )| <

oQ

|a,| |am |2 2X
— (I4+ax)n! + Z 14z = A+

m=n
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The above inequality and (17) imply
(L2 1) (@) = o) )] < N(LEW f) () = fla) (L5 eo) (2) |1+

D o) — o(@)] - 1F@)] A0 + 2+ 27 (f, i) T %wn,

and this completes the proof of (18).
Obviously, (19) is a consequence of (17) and (18).

Let’s take the particular case Ly = Vi, see (3). By using (16) we obtain for

any ¢ > 0 that ¢(2) = 1 and thus come across a familiar result.
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