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GLOBAL EXISTENCE AND STABILITY OF SOME
SEMILINEAR PROBLEMS

M. KIRANE AND N.-E. TATAR

ABSTRACT. We prove global existence and stability results for a semilinear
parabolic equation, a semilinear functional equation and a semilinear integral
equation using an inequality which may be viewed as a nonlinear singular
version of the well known Gronwall and Bihari inequalities.

1. INTRODUCTION

In this paper we shall present a work which improves a recent result of M.
Medved [11] as well as the application of the method to other problems such as
semilinear functional differential equations and semilinear integral equations. We
first report Medved’s result from [11]. The author considered the Cauchy problem

(1) { du 4 Au= f(t,u), ueX

u(0) =ug € X
where X is an appropriate Banach space and A : X — X is a sectorial operator.
It is known (see [7]) that there is a real number ¢ such that if
A= A+ cl, then Re o(A) > 0 where o(A) is the spectrum of the operator A.
The fractional power A of A is defined in the usual way as the inverse of A= :=
ﬁ fooo to~te=Atdt for a > 0, where I'(a) is the Eulerian Gamma function. If we

denote by X® := D(A®) the domain of A* and ||z, := Hflo‘xH, x € X% then

(X, |l.l,) is a Banach space. Furthermore, the operator —A is the infinitesimal
generator of an analytic semi-group {e~*4} _ "satisfying for Re o(A) >b>0

(2) ||e_tAx||a = Hjlo‘e_tAxH <dt e "zf|, t>0,

for any x € X“, where d > 0 is a constant.
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If there is an « € (0,1) such that f : R x X* — X, (¢t,u) — f(t,u) is lo-
cally Holder in ¢ and locally Lipschitz in u, then by a solution of (1) we mean a
continuous function u : (0,7) — X< with u(0) = up € X* such that f(.,u(.)) :
(0,T) — X, t — f(t,u(t)) is continuous, u(t) € D(A), t € (0,T) and u satisfies
(1) on (0,T). A solution u(t) of (1) coincides then (see [13]) with a solution of the
integral equation

(3) u(t) = e Mug + /t e A=) f(s,u(s))ds, 0<t<T
0

for which w: (0,T) — X is continuous and f(.,u(.)) : (0,T) — X, t — f(t,u(t))
is continuous.

Let R = (—o0,00) and RT = [0,00). M. Medved [11] proved the following
theorem.

Theorem 1. Let A, f,b and d be as above and
IfE )l < ™) lully, m>1, K>0

for all (t,u) € RT x X%, where n : (0,00) — R is a continuous, nonnegative
function. Then the following assertions hold:

() Let 0 < a < min{%, =+ 2me} for some p > 1. Let the function

t
i t2qa/ n(5)2qe2q[(1—m)b+m5]sds
0

be bounded on the interval (0,00) for some 0 < € < b, where % + % = 1. Let u(t)
be a solution of problem (1) satisfying u(0) = vy € X<, with

t
(m — 1)2277 1 (d [Juo|) >V K ()7 L(e) ¥ (dt™)> / PRt mmbimelsgg <
0

where
_T@ep-1) _ D2y =2)p+1)
K(e) = (2¢)20-1" L) = (2y—2)p+1

Then u(t) exists on the interval (0,00) and tlim [lu(t)]|,, = 0.

, B=1—-aq.

z>1

(2)Let%§o¢<min{l,ﬁ+#}f0rsomek>l,ﬂzl—a:ﬁ, > 1,

kqgm
q=z+2. Assume that the function

t
t— trqa/ n(s)rqerq[(l—m)b+ms]sds
0

is bounded on the interval (0,00) for some 0 < & < b, where + + + = 1. Let u(t)
be a solution of problem (1) satisfying u(0) = uy, where

t
(m = 12 o )1 Peere [ gsyraiomenelsas
0

) even,

<1 for rg(m—
) odd,

1
#1 for rqgim—1
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where P(g) is the expression (M (e)N(e))'? with M (g) = [&%}f‘fﬁ] " and N(e) =

1
[% " Then u(t) exists on the interval (0,00) and tlim lu(t)]l,, = 0.

It is our task to weaken the assumptions of this theorem. To this end we use a
crucial Lemma which may be found in [12]. This is done in section 2. In section 3
and 4 we discuss applications of this method to semilinear functional differential
equations and integral equations respectively.

2. A SEMILINEAR PARABOLIC EQUATION

For our theorems we need the following lemmas. The first lemma was also used
by Medved and can be found in [1]. The second one is crucial to our argument and
is reported from [12] with its proof for the sake of completeness. For convenience
we shall adopt the same notation as in [11].

Lemma 2. Let a(t), b(t), k(t), ¥(t) be nonnegative, continuous functions on the
interval I = (0,T) (0 < T < 00), w: (0,00) — R be a continuous, nonnegative and
nondecreasing function, w(0) = 0, w(u) > 0 for u > 0 and let A(t) = max a(s),

B(t) = max b(s). Assume that
0<s<t

P(t) < alt) + b(t)/ K(s)w(¥(s))ds, tel.
0
Then .
bty < Q! [ﬂ(A(t)) B / K(s)ds] te (1),

where Q(v) = d—", v>wg >0, Q7! is the inverse of Q and Ty > 0 is such that
w(o)

Vo

QA1) + B(t) [y K(s)ds € DY) for all t € (0,Ty).
Lemma 3. If pu, v, 7> 0 and z > 0, then

) A [ - et ep(-ro)de < €1
0
where C' is a constant independent of z.

Proof. Let I(z) denote the left-hand side of (4). Then by a change of variables

1
1) = [ (1= g tet expl-ra)de.
0
Observing that
i _ o \Ww—legp—1 _ max(l, 21_1’)2#6#_1 exp(—TzS), 0 S § S 1/2
1yt em(orag < { ST M OTD, 05T
it follows that, I(z) < max(1,2")T(p)(1 + p/v)T=H O
The next lemma is to be compared with lemma 3 in [11]. In fact it is the coun-

terpart of lemma 3. Note the disappearance of the terms in € and the appearance
of new terms in Bj (t) and Bz (t).
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Besides the use of the previous Lemma, the idea of the proof of this Lemma
relies on Medved’s method; see Theorem 4 in [10] for the linear version of this
result.

Lemma 4. Let a(t), F(t), ¥(t), b(t) be continuous, nonnegative functions on
I=(0,T) (0<T <),B>0,7v>0, m>1 and(t) satisfies the inequality

t
(5) Y(t) < alt) + b(t)/ (t — s)P LT R (s)b(s)™ds, t €1 =(0,T).
0
Then the following assertions hold:
() If8>1/2, v>1/2 and C is the constant of lemma 3, then
(1) < B(t) = A2 [L - (m — DEW] T
forallt € I =(0,T) for which the right-hand side is defined, where
t
2i(t) = Al(t)m_lBl(t)/ F(s)%e*ds, Ai(t) = QOIgaéa(s)Q and
0 <s<
— (92(1—7) 2.2(8-1)
Bi(t) = C2 Olélsa%(tb(s) s .
(2) Ifﬂ:ﬁf0r50m6z21,7>1—% and q = z + 2 then
B(E) < W(E) = A1) [L = (m — D)E(8)] T
forallt € I = (0,T) for which the right-hand side is defined, where for the constant
t
C of lemma 3, Za(t) = AQ(t)m_lBQ(t)/ F(s)%e?ds,
0
Ag(t) = 217! max a(s)" and Ba(t) = C1/rpt* % max b(s)s70
and % + % =1.

Proof. (1) Observe that by the Schwarz inequality

/ (= P R (s < (/ (- SO )
0 0

( /O t F(s)2e2sw(s)2md5> :

and by our assumptions it is clear that 2( — 1) > —1 and 2(y — 1) > —1, so that
we may apply lemma 3

(6) / (t — 8157 R (s)(s)™ds <

(021‘2%2(5_1))% (/t F(S)2€2sw($)2md5>% '

0

1
2

Then (5) and (6) yield

[N

v(t) < a(t) + (1) (021200 (/ t Pl v
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this implies

t
P(t)? < 2a(t)? + 022_27t2(5_1)b(t)2/ F(s)%e*(s)*mds .

0
Finally, the application of Lemma 2 with w(u) = u™

3

Qv) = 2= (™ = Ué_m) and Q71(z) = [(1 —m)z + v(lj_m] = yields

1-m

t
2 -1 2 22y 2(B—1) 1 )2 2 25
P(t) < Q [9(201131;1%%&(3) )+ C2 Jnax s b(s) /0 F(s)“e ds]

< 2max a(s)? [l — (m — 1)Z, ()] =7,

0<s<t
where Z;(t) is as in the Lemma.
(2) For the second part we use Holder inequality, i.e.

1
q

Y(t) < a(t) + b(t) ( /0 t(t - S)W—Ups(v—ﬂpe—wczs)% ( /O t F(s)qeqsw(s)qmds>

Since from the assumptions (8 — 1)p = %

3 implies

> —1 and (y — 1)p > —1, lemma

1 t 3
0 00) < alt) + 00 (Cp i) ([
0
Applying the inequality
(a+b)" <2 a" +0b"), a>0, b>0, r>1
to (7) with r = ¢ we obtain

P(t)? <2971 {a(t)q + Crpt=ma—ap(B=1ap(4)a /t F(s)qeqsw(s)qmds} .
0

We next apply lemma 2 as in part (1) to get the conclusion.
We are now ready to state our main theorems.

Theorem 5. Let the operator A, the function f, the numbers b and d be as in the
introduction and let

(8) £t )]l < (@) lullg s m>1, k>0

for all (t,u) € RT x X, where n : (0,00) — R is a continuous, nonnegative
function. Then the following assertions hold:

(1) If0 < o <min{3, L (k+ 3)} and the function

m/o exp {(2(1 — m)b + 2)s} n(s)2ds

is bounded on the interval (0,00), then any solution u(t) of (1) such that u(0) =
ug € X% and

t
(m — 1)C220-7+m=1g2m Huon“‘(m—”/ exp {(2(L — m)b + 2)s) n(s)2ds < 1,
0
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where C is the constant of lemma 3, exists globally in time and is such that
Jim [Ju(t)],, = 0.

2) If%§ﬂ<min{1,%(/@+%)},ﬁ:l—a:Hl_z,zzl,
q=z+2, %—F%:l and the function

t
- / exp {((1 - m)b + 1)gs} n(s)'ds
0
is bounded on the interval (0,00), then any solution u(t) of (1) such that u(0) =
ug € X% and

¢
(m — 1)2m(q_1)qu0%p(1_7)‘1_% HuoH(m_l)q/ exp {((1 —m)b+ 1)gs} n(s)ids
0

<1 for (m—1)q even,
#1 for (m—1)q odd,

exists globally in time and tlim [lu(®)]|, = 0.
Proof. (1) It follows from (3), (2) and (8) that
) u®)ll, <

dt™ ™" ||uo| + d/ot(t —5) e s (s) [lu(s) | ds -
Multiplying both sides of (9) by e**t* we obtain
1t lu(), < dlfuoll + dt* /Ot(t —5)" %P5 (s)
Let (t) = 4% [u(t)] , then

t
P(t) < d|luoll + dlto‘/0 (t — )~ @ebImmlsgrmmap (o) sy ds .

It is clear from the assumptions that if 3 — 1 = —a and K — ma = 7 — 1 then
B > % and v > 1. Hence we may apply part (1) of lemma 4 with a(t) = d |Juo],
b(t) = dt™ and F(t) = e?d=™)ty(t) we obtain ¥ (t) < ®(t) i.e.
1
lu()ll, < £ () =t AT [1 — (m — DE (B)]7T

where A; = 2(d ||uo||)?, B1 = 22_2700121;12% s26=Dp(5)2 = 222902 and E,(t) =
AP fot F(s)?e**ds. As ®(t) is bounded on the interval (0,00) the conclusion
follows.

(2) This part is proved similarly using part (2) of lemma 4. O
Remark. Our method is also based on a generalization of Gronwall inequality,
namely the nonlinear version stated in lemma 2 and the nonlinear singular version
in lemma 4. Note however the important role played by lemma 3. It can be

considered as a trick which gets rid of the terms #29% and #"% in the assumptions
of theorem 1 in [11].
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If the constants m and « are such that = (xk + 3) < 3 and/or = (/@ + %) <1,
1

then the cases % (/@4— %) <a< % and /or —
by the preceding theorem. We next treat these cases. In fact the next theorem

represents a stability (not exponentially, however) result for all 0 < o < 1. Let us
first give a lemma (see [8]) which we shall need in the proof of the theorem.

(/@4— %) < « < 1 are not covered

Lemma 6. If0 < a <1 and 7, 4,0 > 0, then
t
/ q(t — 7)) (g5 + 1) Hds < C(a, 7, p, 0) (ot +1)7H
0

where C(a, T, 1, 0) is a constant and q(t) = min{1,¢}.

Theorem 7. Assume that the hypothesis of theorem &5 hold and let u(t) be a
solution of (1) with uw(0) = ug € X<. Then the following assertions hold:

(1) Let 0 < oo < & and the function

t
(10) t— (t+ 1)2(a+5n)/ 82(1_8)K_2am?7(5)2d5
0

be bounded on (0,00) for some 0 < e < 1. If
(11)
t
(m— 1)(2d2)mc ||u0|‘2(m—1) (t + 1)2(a+5n)/ 82(1_8)K_2am?7(5)2d5 <1,
0

where C' is the constant of lemma 6, then u(t) exists on the interval (0,00) and
lim [[u(t)], = 0.
(2) Let%§a< L, a= 23,221, qg=2+2 and the function
t

t—s (t+ 1)q(o¢+sﬁ)/ Sq(l—s)n—?am,n(s)qu
0

is bounded on (0,00) for some 0 < e < 1. If

t
(m _ 1)2m(q—1)qu0% HuOH(m—l)q (t + 1)(a+sr@)q/ 8[(1—5)n—am]n(s)qd5
0

<1 for (m—1)g even,
#1 for (m—1)¢ odd,

then u(t) exists on the interval (0,00) and tlim [lu(t)]|,, = 0.
Proof. (1) It is clear that for 0 < e < 1
(12)  lu(®)ll, <

t
At~ |lug|| + d /O (t — )7 07 (s 4+ 1) s (s) [[u(s) ||y ds -
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Multiplying both sides of (12) by t*(t 4 1)° for some § > 0 (to be chosen later)
and denoting by 1(t) the expression (¢ + 1)° |lu(t)||,, we obtain
U(t) < dt+1)°e" ol +
t

dta(t + 1)5/ (t _ S)—ae—b(t—s) (S + l)sn—éms(l—s)n—amn(s)w(s)mds ,
0

and by Schwarz inequality
P(t) < d(t+1) ol
t
+dt*(t +1)° (/ (t —s) 2@e2b(t=8) (5 4 1)2<5“—5m>ds>
0

1

(f(; 82[(1—s)n—am]n(S)Qw(s)Zmds) 2

For a fixed ¢ > 0 satisfying the hypothesis (10) and (11), if § is chosen so that
ek — dm < 0 then we may apply lemma 6 obtaining

1
2

B(t) < dt+ 1) ol + deo(t + 1) (C(t 4 1)2ex—sm) ¥
(/t SQKl_E)K_am]??(S)Q’L/J( )2md5> ’
0

()2 < 2d3(t + 1) [luol® + 2d2CH2 (¢ + 1)2 (¢ + 1)2(Eer—0m)

(/Ot 82[(1—s)n—am]n(S)Qw(s)des> : )

Let us choose § such that a +6 +ex —dm =0ie d = % Observe then that
the previous condition ek — dm < 0 is satisfied. Next, applying lemma 4 we get

B(t) < V2d(t+ 1) [luol| {1 — (m — 1)E; (1)} 77D ,

Hence

with

t
El(t) _ (2d2)mc ||u0|‘2(m—1) (t + 1)2(a+5n)/ 82(1_8)K_2am?7(5)2d5.
0

We deduce the estimate [Ju(t)]|,, < MM, where M is a bound for the expres-
sion {1 — (m — 1)Z,(t)} %m0 .

(2) This part follows similarly using Holder inequality as in theorem 5 and
lemma 4. O

3. A SEMILINEAR FUNCTIONAL DIFFERENTIAL EQUATION

Let A, X, X be as in the introduction and r a positive real number. We denote
by C the Banach space C([—r,0]; X) of all continuous functions from [—r, 0] into
X. If z is a continuous function defined on [—r,b], then for any ¢ € [0, 5], 2 will
denote the function in C defined by z(0) = z(t + 6) for 0 € [—r,0].
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We consider the (nonautonomous) semilinear partial functional differential prob-
lem

(13)

oy Au= f(t,up), t>0
u=¢peC.

This problem has been investigated by many authors. Local existence, global
existence, asymptotic behavior and regularity results may be found, for instance,
in Travis and Webb [16,17], Fitzgibbon [3], Rankin [14], and Redlinger [15].
If Co = C([-7,0]; X*) and [[¢|lo. = sup [[9(0)],, then clearly (Ca, ||.[¢. ) is
—r<6<0

a Banach space. The integral version of (13)_is the following integral problem

t

u(t) = e~ At (0) —|—/ e A=) f(s,ug)ds, t>0
0

Uo = d) € Cq

where f(.,.) € C(]0,00) x Cq; X). Similar results to those in section 2 hold for this
problem under the same hypothesis on the nonlinearity

I f(E )] < t*nt)|v|L, for >0, vECs, m>1, kK>0.
Indeed, it suffices to note that for any solution w in C([—r,T]; X*), T > 0

(14)
[ut +0)l, < d(t+9)‘ae‘2(t+9) l6(0)]

+d/0 ) (t+6—5) e | £, u,)|| ds,
fort+6 >0, —r <0 <0, t<T. Multiplying both sides of (14) by (t + §)*e?(t+)
we obtain for £ +6 > 0
(t+ 9)°‘€b(t+9)0|\U(t + 0, < dllo(0)] +
d(t+0)~ /H— (t+ 60— s)" e s n(s) l|usle. ds
N 0
(t+0)*e* ) [lu(t + )|, < d||6(0)]| +
d(t + 6)* /OH—G(t + 0 — 5)" e bm—)s ghmma gma gbms (o) l|uslle. ds .
For the analogue to part (1) of theorem 5 for instance we use first Schwarz in-
equality
(t+0)*e ) Jlu(t +0)||, < dle(0)] + d(t + )

t+6
0

1
t 2
(/ 82ma€2bmsn2(s) HUSHET dS)
0

=
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Lemma 3 now implies
(15)  (t+ ) u(t +0)], <

% t
d ||¢(O)|| + d (C[Qb(m —_ 1)]2(MO¢—I~€)—1) (/0 82mo¢€2bmsn2(s) HUSHET dS)

At this stage we pass to the sup over —r < # < 0 in the left-hand side of (15), this
yields

1
2

1 t
00 < o)+ d (Cpstm - P ([ peuspnas)
The rest is exactly as in the proof of theorem 5.

4. A SEMILINEAR INTEGRODIFFERENTIAL EQUATION

In this section we shall consider the semilinear integrodifferential problem

w t
(16) du — [Ja(t — s)Au(s)ds + f(t,u), t>0
u(0) =up € X,
where X is a Banach space with norm ||.||. The autonomous case f(t,u) = f(u)

was studied by Hattori and Lightbourne in [6]. A global result was established for
small and smooth initial data and a nonlinearity satisfying

If Il < Cllully, m>1.

o )

The problem

(17) &= /0 a(t — s)Au(s)ds, t>0

u(0) = ug

has been investigated by DaPrato and Iannelli [2] (see also references in [2]). In
the case a(t) = ﬁt‘", n € (0,1) and A = —A, where A is the Laplacian on
) C R, problem (17) corresponds to the fractional evolution problem

(18) { DPu(x,t) = Au(z,t), z€Q, t>0,

’LL(J?,O) = U’O('r)7 T e Qv
where 3 =2 -1, 1 < 3 < 2. D? is the inverse of the Riemann-Liouville integral
of order (8 t

By — L 8-t
IPg(t) = () /0 (t—s)""g(s)ds.
Problem (18) is an interpolation of the heat equation and the wave equation.

For the unbounded domain 2 = R, Fujita [5] proved an existence and uniqueness
result and gave an explicit representation of the solution by means of a probability
density. The authors in [9] proved a stability and blow up result for the same
specific linear problem with 2 = R and a forcing term f(z,t).

We claim that the method developped in section 2 apply to problem (16). To
see this it is enough to recall a result from [6]:
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Let A : D(A) C X — X be a closed linear operator, densely defined on X
such that (a) the resolvent set of A satisfies p(A) D {\ € C : Jarg\| < o}V

where 7 < ¢ < 7w and V is a neighborhood of zero, (b) there exists M > 0

such that, for A € p(4), the resolvent of A, R(\;A) = (M — A)™ 1, satisfies
IR(A;A)|] < M/(1+ |A]) and the kernel a(t) is such that (c) there exists ¢ €
(5, m) for which a(X), the Laplace transform of a, is analytic and bounded in

S2(9), a(A) # 0 for X € Y(¢) and A@a(N)"! € p(A) for A € Y (4), where
S (¢) = {X € C : larg\| < ¢}. Then, if |[a(\)] < L|N", for A € >2(¢), there exist
positive constants M and § such that

(19) [(—A)*T@)|| < Mt=>Fre=0t ¢ >0
with
T(t) = / M\ — a(\)A)"LdA
v(m.e)

where 17 € (Z,9), ¢ > 0 and y(n,e) = {\ = pe=,p > e} U\ = € : 7 €
(=)}

The problem is then approached, using the estimate (19), via the variation of
parameters equation

u(t) = T(t)ug —|—/O Tt —s)f(s,u(s))ds.
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