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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF DELAY
DIFFERENTIAL EQUATIONS OF n-TH ORDER

N. PARHI AND SESHADEV PADHI

ABSTRACT. This paper deals with property A and B of a class of canonical linear
homogeneous delay differential equations of n-th order.

1.

In a recent paper [1], Dzurina has studied property (A) of n-th order linear
delay-differential equations of the form

(L.1) Lny(t) +p(t) y(g(t)) =0,

where n > 2, p € C([o,),[0,0)), g € C([o,0), R) is nondecreasing, g(t) < t
and g(t) — oo as t — o0,

Loy(t) = <ﬁ < (rll(t)y/(t)>/"'>/>

and r; € C([o,00),R) such that r;(t) > 0, 1 < 4 < n — 1. He has obtained
sufficient conditions under which (1.1) has property (A). These conditions include
non-existence of eventually positive solutions of first order linear delay-differential
inequalities of the form

/

Y () +at)y(g(t) <0,

1 < i < n—1, where ¢(t) is given in [1]. In another paper [2], he has studied
property (B) of

(1.2) L y() — () y(g(1) = 0
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under the assumption that

Y (1) + a(®) y(w(t) <0,

1 < ¢ < n — 2, has no eventually positive solutions, where ¢(t) is given in [2],
g(t) <w(t) <t,

1 1 1 y(t) A\’ \
Lot = 5 [ ( (m (m)) ) |

D, g, Ti, 1 <4 < n—1, are same as in (1.1) and r,, ro € C([o, 0], R) such that
rn(t) > 0 and ro(t) > 0. However, g¢(t) are different from ¢;(t) stated above.

The present work is motivated by our work on delay-differential equations of
third order (see [9] and [10]) and the observation that the method developed to
study property (A) could be applied to study property (B) and vice-versa. The
latter problem was brought to our notice by Prof. Dzurina. In Section 2 we study
property (A) of

(1.3) Lny(t) +p(t) y(g(t)) =0,

where n > 2, Loy(t) = y(t)/ro(t), Liy(t) = (Li—1y(t))' /ri(t), 1 < i < n, p,
r; € C([o,00], R) such that p(t) > 0, r;(t) > 0,0 <i<nand g € C(lo,x],R) is
increasing, g(t) < t and g(t) — oo as t — oo. We have considered two methods,
one with ¢(t) and the other with higher delay w(t), and have compared them.
Although our method with ¢(¢#) has some similarity with the work in [1], they
differ for higher i. Section 3 deals with the study of property (B) of

(1.4) Lny(t) —p(t) y(g(t)) =0,

where p and g are same as in (1.3). We have compared our results with the work
in [2] for better understanding. The technique employed here is different from that
in [2].

We assume in the sequel that
(1.5) / ri(t)dt = 0o, 1<i<n-1.

The operator L, is said to be in canonical form if (1.5) holds. It is well-known that
any differential operator of the form L, can always be represented in a canonical
form in an essentially unique way (see [11]). A nontrivial solution of (1.3) (or
(1.4)) is called oscillatory if it has arbitrarily large zeros; otherwise, it is called
nonoscillatory. Equation (1.3) (or (1.4)) is said to be oscillatory if all its solutions
are oscillatory.

The asymptotic behaviour of solutions of (1.3) is described in the following
lemma which is a generalization of a lemma due to Kiguradze [5, Lemma 3].
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Lemma 1.1. Ify(t) is a nonoscillatory solution of (1.3) on (1, 00), T, > o, then
there is an integer £ € {0,1,...,n — 1} with n+ ¢ odd and to > T, such that

14

n

IN
IN

y()Liy(t) >0, 0
(1.6) ,

1
]

IN
IN

for all t > ty.

If N denotes the set of all nonoscillatory solutions of (1.3) and N; denotes the
set of all nonoscillatory solutions of (1.3) satisfying (1.6), then

N:N()UNQU"'UNn_l fOI'TLOdd,
N =N, UN3U---UN,_1 for n even.

Following Kiguradze, Eq. (1.3) is said to have property (A) if for n odd N = Ny
and for n even N = (), that is, (1.3) is oscillatory.

The following lemma which is a generalization of a lemma due to Kiguradze [5,
Lemma 3] describes the asymptotic behaviour of solutions of (1.4).

Lemma 1.2. Ify(t) is a nonoscillatory solution of (1.4) on [T, 00), Ty > o, then
there is an integer £ € {0,1,...,n} with £ = n(mod2) and to > T, such that (1.6)
holds for all t > .

If N denotes the set of all nonoscillatory solutions of (1.4) and N, denotes the
set of all nonoscillatory solutions of (1.4) satisfying (1.6), then

:N1UN3UUNn fOI'TLOdd,
=NoUN,U---UN,, for n even.

Equation (1.4) is said to have property (B) if for n odd N = N,, and for n even
N = NgU N,,.
Following [6], we define

=1
(1.7) ¢
I (6, 8575, ooy 7iy) = / 7o () Io—1(, 857401y ey Ty ) d

where i € {1,...,n— 1}, 1 <k <n-—1,and ¢,s € [0,00). It is easy to see that

(l) I, (t7 CEAE TR '7Ti1) = (_l)ka (Sat;riu .- ~7Tik)

(1.8) t
(i) Iy (t,s;rik,...,ml):/ ri (@) I—1 (G, x5 miy, oy 7iy) da.

The following lemma is a generalization of Taylor’s formula with remainder. The
proof is straightforward.
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Lemma 1.3. If y(t) is a solution of (1.3) or (1.4) on [T}, c0), then

k
Z J lLJy Ij—i (S,t;?"j,...,?"i_t,_l)
(1.9) =1

+(—1)k_i+1/ Lo—i (@, 57k, -y mip1) T2 () L y(z) doe
t
for0<i<k<n-—1andt,s € [Ty, 00).

2.

In this section sufficient conditions are obtained so that Eq. (1.3) has property
(A).

Theorem 2.1. If the delay-differential inequality
(2.1) Z(t) + Fuolt, T) 2(g(t)) <0,

¢ € {l,...,n — 1}, does not admit eventually positive solutions for every large
T > 0, then Eq.(1.3) has property (A), where

Frooa(t,T) =rp(t) p(t) ro(g(t)) In=1 (9(t), T;71, ..., "n1)

and

Fo(t,T) = reqa(t) Lo (g(t)vT;Tla~"7TE)/ Tet2(Sn—r-1)
t

X/OO Te+3($n—e—2)"'/OOTn(Sl)p( )7‘0(( ))dsl dsp_¢—1

n—t—1 So
forte{1,2,...,n—2}.

Proof. If possible, suppose that Eq.(1.3) does not have property (A). Hence
Eq. (1.3) admits a nonoscillatory solution y(t) such that y € Ny, where ¢ €
{1,...,n — 1}. We may assume, without any loss of generality, that y(t) > 0
and y(g(t)) > 0 for t > t; > to. Hence from Lemma 1.1 it follows that n + ¢ is odd
and

(2.2) Liy(t) >0,0<i<¢ and (-1)"“Liy(t) >0, £<i<n,
for t > t;. Putting i =0, k=¢—1,t > s and s = t; in (1.9) we obtain

-1

Loy Z JLJy tl (tl,t ’/‘J,...,Tl)
7=0

t1
+ (—l)e/ Iy (z,t5ro—q,...,m1) me(x) Ley(x) do
¢
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The use of (1.7), (1.8) and (2.2) yields
Lo y(t) ZLJytl 1R 7H SN )

¢
+ / Iy (t,z5r1, .. yre—1) me(x) Ley(z) do

t1

¢
2/ Iy (t,z5r1, ..y re—1) me(x) Ley(x) do

t1

¢
> L, y(t)/ L1 (t,x;m1, ..o yme—1) Te(x) da

t1

= Loy(t) Le(t, t1;71, ... 70) -
For t > t5 > t1, we have g(t) > ¢;1. Thus, for ¢t > to,

(2.3) Loy(9(t)) = Ley(g(t)) Le(g(t), ti;m1s- -5 7e) s

where £ € {1,2,...,n— 1}.
Let £ =n — 1. From (1.3) and (2.3) we obtain, for ¢ > to,

(2.4) —Lyny(t) = p(t) y(g9(1))

that is,

—(Ln—1y(t )) () p(t) ro(9(t)) Lo y(9(t))

= 1) Ln-19(9(t)) -

Thus z(t) = L,—1 y(t) is a positive solution of

() + Foa(t,t) 2(g(1) <0

for t > t3, a contradiction to the given hypothesis. Next let £ € {1,...

Repeated integration of (2.4) yields, due to (2.2), that

o0

(L) = rente) [ " rea(sn—io) [ et

n—~£—1

. -/OO rn(s1)p(s1)y(g(s1))dst ... dsp—r—2dsp_s—1

S2

o0 o0
— () / resa(sn—t1) / rers(5n—tos)
t s

n—~£—1

s2

p(t)m
()p() 0(9(t)) Ln—1y(9(t)) In—1(g(t), t1; 71, - - -,
Lt

7"n—l)

. /mwsl)p( D) ro(g(s1)) Lo w(g(s1)) dsn ... dsn—g—z ds—er

85

,n— 2}
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for t > to. Since Loy(t) is increasing and ¢(t) is nondecreasing, we get, using (2.3),

~(Ley(t) = Loylal) rens 1) [ " rrea(sn_io) / T ra(onis)

Sp—1—1

. -/OO rn(s1)p(s1) ro(g(s1))dsy...dsp—p—adsp_s—1

S2

> Ley(g(t)) Fe(t, t1)
for t > to. Thus z(t) = Ly y(t) is a positive solution of
2'(t) + Fu(t, t1) z(g(t)) <0

for t > t5, a contradiction. Hence the theorem is proved. O
We need the following lemma (see [8, pp. 16, 19]) for our use in the sequel.

Lemma 2.2. If
t

liminf/ p(s)ds > 1/e
g

t—oo (t)
or

t
limsup/ p(s)ds > 1,
g

t—o0 Jg(t)
then o/ (t) + p(t) y(g(t)) < 0 does not admit eventually positive solutions.
Corollary 2.3. If, for £ € {1,2,...,n — 1} such that n + ¢ odd
t
liminf/ Fy(s,T)ds > 1/e
t—oo g(t)

or

t
limsup/ Fi(s,T)ds > 1,
g

t—oo (t)

for every large T > 0, then Eq.(1.3) has property (A), where Fy(t,T) is same as
in (2.1).

This follows from Theorem 2.1 and Lemma 2.2.

Remark. It is easy to verify that Fy(t,T), ¢ € {1,...,n — 1}, and q.(¢t), £ €
{1,...,n —1}, (see [1]) differ for higher ¢.

Example 1. Consider the canonical delay-differential equation

/

/
V241 1 1 vz, ) arvz, (LY _ >
221 <2tﬁ—1 (4\/515\/5—1 (4 y)>> +2 y<2 —0, t>1,
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For T > 1,

Fo(s,T)ds = 4log2 + — 1~ 1 277717
ja 2 T)do = dlog V2 12 V2

9242V22V2  g2HVIPVE g
- +
21/2 12v2 21/2 12v2

/t 23+V2TV2 1 93+2v27V2
t

implies that
t
1
liminf/ Fy(s,T)ds =4log2 > —
. e

t—oo
/2
for every T' > 1. Hence the equation has property (A) due to Corollary 2.3.

In the following we present another method of obtaining sufficient conditions so
that Eq. (1.3) has property (A). This problem was brought to our notice by Prof.
Dzurina.

Theorem 2.4. If the delay-differential inequality
(2.5) 2'(8) + Qe(t,T) z(w(t)) <0,

¢ € {l,...,n — 1}, does not admit eventually positive solutions for every large
T > 0, then Eq.(1.3) has property (A), where

Qn-1(t,T) = p(t) ro(9(t)) 7 (t) In—1(9(2), T5 71, - s 71)

and
7(t)
Qut.T) = resa (1) /t Dnctoa( b P, e42) (@) P(2)
x 1o(g(x)) Le(g(x), T;r1,...,70) dx,
¢e{l,...,n—2}, 7 and w are real valued continuous functions on [o,00) such

that 7(t) >t and w(t) = g(7(t)) < t.

Proof. Since g(t) is nondecreasing, then g(t) < w(t) < t. Proceeding as in the
proof of Theorem 2.1 we obtain, for ¢ > ¢,

—(Ln-1y(t)) > Qun-1(t,t1) L_1y(g(t)) .

Since Ly_1 y(t) is monotonic decreasing, then

—(Lp-1y(t)) > Qu-1(t,t1) Ln—1 y(w(t))

for t > to. Thus z(t) = L,—1 y(t) is a positive solution of

2(8) + Qn_1(t,t1) z(w(t)) <0
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for t > tq, a contradiction. Let £ € {1,...,n—2}. Puttingi=£¢+1,k=n—1 and
s >t > 1 in Lemma 1.3 and using (2.2) we obtain

n—1

Lopy(t) = Z (—1)I L y(8) i—o—1 (8,657, - - o Tog2)
j=t+1

+ (—1)"_2_1 / In_o—o(z,t;rn_1,...,7042) ™n(x) Ly y(z) do
¢
§/ In_o—o(z,t;rn_1,...,7042) ™n(x) Ly y(z) do
¢

_ / nta (@, T, rer) () p(@) To(9(@)) Lo y(g()) da

Letting s — oo, we get, using (2.3),

—Lpy1y(t) > /too In_o—o(z,t;mn—1,...,Ter2) rn(z) p(x) ro(g(x)) Loy(g(x)) dzx

7(t)
Z/t In_o—o(x,t;7n—1,...,"eq2)mn(x) p(x) ro(9(x))
X If(g('r)7tla 1, '7T5)Lf y(g(l’)) dx

for t > t9. Since g is nondecreasing, w(t) = g(7(¢)) and L, y is monotonic decreas-
ing, then

7(t)
—(Ley(t)) = Te+1(t)Ley(w(t))/t Inea(@, 65701, Te2) a(2)

x p(x)ro(g(x))Le(g(x), t1;71, ..., 7¢) da
> Qu(tt1) Ley(w(t))

for t > to. Thus z(t) = Ly y(t) is a positive solution of
2'(t) + Qu(t, t1) z(w(t)) <0
for t > t5, a contradiction which completes the proof of the theorem. O

Corollary 2.5. If, for £ € {1,...n — 1},

t
1
lim inf Qe(s,T)ds > »

t—oo 'u)(t)

or
t

lim sup Qe(s,T)ds > 1,

t—o0 w(t)
for every large T > 0, then Eq.(1.3) has property (A), where Q¢(t,T) is same as
in (2.5).

Remark. We may notice that F,_1(t,T) = Qn—1(¢t,T). However, Fy(t,T) #
Q(t,T) for £ <m —1.
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Example 2. Consider

(o) (¢« (¢ () w0 ) ) ) 1o (3) =0

(2:6) t>T>1,
where
ro(t) = — r1(t) = rat) = ra(t) = — ,ralt) = —,
(log 1) t 0g 57
(1) =log— and g(t) =
PR =108 91 git) =5
Hence

- 1
/ r4(s1) p(s1) ro(g(s1)) ds1 > 827057
S2 og 2T

<1 1

/ 7‘3(52)/ 7‘4(51)p(81)7‘0(g(31))d31d52>/ -5 —ds
t S t S IOgﬁ

. t

> t{ah_{rgo log o — log (log ﬁ)}
and
t/2 .
I Tir) = 2 ds = log — .
Wo0).Tim) = [ Sas =g 5

Hence

R(t.T) = ) Bo(0).Tsm) [ " ra(se) / " ra(s1) pls) rolg(s1)) dsy dss = oo,

S2

for every t. Thus

Further

t/2 S1 S2
I3(g(t), Tsr1,72,73) =/ 7‘1(81)/ 7‘2(82)/ r3(s3) ds3 dso ds;
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and 1
Fg(t,T) = Elogﬁ .

Hence ‘
1
liminf/ F5(s,T)ds > —.
g e

t—oo (t)

Thus, from Corollary 2.3, it follows that Eq.(2.6) has property (A). However,
Corollary 2.5 cannot be applied to Eq.(2.6) because, for 7(t) = t + 1 > t, we
obtain w(t) = g((t)) = &,

t x
Li(g(t),T;r) = logﬁ , Ii(x,t;r3) = log 7

Q:1(t,T) 1/tﬂl z ! logx 1 logxd
1T, = — Og_. = S — dx
tJ, t logsm 2T (10g%)2 2T
1
<7-log<1+—
tlog 5 t
and
1"f/tQ(T)d<1'l<1+2> L lo<2>
imin s, ] im lo . . —
t—00 w(t) 1 t—00 8 t+1 log(%) 8 1+ %
1
=0<-<1.
e

Remark. As the conditions in Corollaries 2.3 and 2.5 are not comparable, it
would be interesting to find an example where Corollary 2.5 holds but Corollary
2.3 fails to hold.

In the following we state a result which is a particular case of Theorem 1 due
to Fink and Kusano [3].

Theorem 2.6. Let ¢ be an integer such that 0 < £ < n and n+/{ odd. A necessary
and sufficient condition for Eq.(1.3) to have a mazimal solution y(t) satisfying
(1.6) s that

(27) | Eueeealts) 01 atat0). )] d < oo,
where

(2.8) Ji(t,8) =ro(t) Li(t, 8571, .. .,74)

and

(2.9) Ki(t,s) =rn(t) Li(t, 8;7n—1,-- -, "n—i), 0<i<mn-—1.
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Remark. We may observe that, for { =n — 1,

Kyo—1(t,0) p(t) Je(g(t),0) = Fi(t,0) = Qe(t, 0)
and, for £ € {0,1,...,n — 2},

Kﬂ—e—l(tv U) p(t) Jf(g(t)v O') 7& Ff(tv U) and 7é Qf(t7 U) .

In Example 2, n = 4 and hence from Corollary 2.3 it follows that all solutions
of (2.6) are oscillatory. It is confirmed by Theorem 2.6 because (2.7) fails to hold
for £ =1.

An attempt has been made in the following to compare property (A) of certain
n-th order canonical ordinary differential equations with that of delay differential
equations.

Theorem 2.7. Let g € C'([o,00), R) such that ¢'(t) > 0. If the differential equa-

tion

plo )97 ()
ra(t)g’ (971(2))

has property (A), then Eq.(1.3) has property (A).

(2.10) Lz +

Proof. Let y(t) be a nonoscillatory solution of (1.3). In order to complete the
proof of the theorem it is enough to show, in view of Lemma 1.1, that ¢ = 0. If
possible, suppose that ¢ # 0. Without any loss of generality, we may assume that
y(t) > 0 and y(g(t)) > 0 for t > top > 0. Hence Lyy(t) > 0 and L, y(t) < 0 for
t >t; > tg by Lemma 1.1. Integrating (1.3) from ¢ to oo, t > t1, we obtain

Looault) > | " (1) p(s1) wlg(sn)) s

Further integration from ¢ to oo yields
~Loman®) > [ racaton) ([ s s a1 s ) s
s2
Repeating the process we get
Ley(t) > /too7'6+1($n—£)' . /OOTn—l(Sz) /007‘”(81)1)(81) y(g(s1))ds1dss ...ds,—g.
s3 52

Integrating the above inequality from ¢; to ¢, one may obtain

L) > | el [ et

t1 Sn—t+1

o /OO Tn(sl)p(81) y(g(sl)) dsy .. .dSn_g+1 .

s2
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Repeated integration yields

mmw>K+/ﬂﬁ%>ﬁf“mw@%Hn/m repa(5m_e)

t1 t1 Sn—t+1

~/mm@0M&w@@OM&~d%

S2

t Sp—f042 o0
= K+/ Tl(sn)---/ TZ(Sn—£+1)/ To41(Sn—r)

[ e e e,
7= [y R

> K—|—/t rl(sn)/t H_HZ Te(sn—e+1)/ Te+1(Sn—r)
el )P ) vl
/52 g/(g_1($1)) dld n

where K = Loy(t1) > 0 and we have used the facts that ¢ exists, g is increasing
and ¢(t) < t. Thus

Loy(t) > K +/tr1(sn)- --/Sn_wr2 Te(sn_e+1)/oo To41(Sn_r)

[l e e o) Bovtsn)
/| Rt dsi . dsn.

From Lemma 5 due to Kusano and Naito [6] it follows that the integral equation

o(t) > K + / 1 () / T (1) / T ()

el )Pl ) ol (s,
I, gl 1) P

admits a solution v(t), t > t1, satisfying
K <ot)<Loy(t), t>1h.

Hence v(t) > 0 for t > t. Setting z(t) = ro(t) v(t), we obtain x(t) > 0 for ¢ > #;
and

Loa(t) = K+/tr1(sn)---/sn_“2 Te(sn_e+1)/oo re1(Snt)

t1 t1 Sn—t+1

= (g™ (s1)) (g~ (s1)) 2(s1)
o L d
52 g'(g(s1))
Repeated differentiation yields that x(t) is a solution of (2.10) satisfying (1.6)

with £ # 0. This contradicts the fact that (2.10) has property (A) and hence the
theorem is proved. O

51...d8n.



DELAY DIFFERENTIAL EQUATIONS OF n-TH ORDER 93

3.

This section deals with property (B) of Eq. (1.4). We have the following theorem.
Theorem 3.1. If the delay-differential inequality
(3.1) Z(t) + Fo(t) 2(g(t)) <0,

¢ e {1,...,n — 2} such that n + £ is even, does not admit eventually positive
solutions, then Eq.(1.4) has property (B), where

Frna(t) = ma(t) p(t) r0(9(t)) [Rn-1(9(t)) — Rn-1(9(9(?)))]
X In—2(9(9(t)), 9(g(g(t)); 71, -, Tn-2)
and, for1 <{<n—4,

Fo(t) = ro42(t) [Re1(9(t) — Re1(9(9()))] Le(g(g(t)), 9(g(g(t)); 1, - -5 70)
X/t Te+3($n—e—2)/ Te+4($n—£—3)

Sn—t—2
[ s b rola(0)) don s ds-ia
s2
and R;(t) = f; ri(s)ds, 1<i<n-—1.
Proof. Suppose that Eq.(1.4) does not have property (B). Hence there exists a
solution y(t) of (1.4) such that y € Ny, where £ € {1,...,n—2}. Without any loss

of generality, we may assume that y(t) > 0 and y(g(t)) > 0 for t > t; > to. From
Lemma 1.2 it follows that n + ¢ is even and

(3.2) Liy(t) >0, 0<i<¢ and (—-1)"“Liy(t) >0, (<i<n,
for t > ¢1. We may choose to > t; such that g(t) > t; for t > ¢3. Then putting
i=0,k=(—1andt>s=g(t) for t > tp in (1.9) and using (1.8) (i) and (3.2)

we obtain
-1

Loy(t) = _ (1YL y(9(t) L (g(t), t575, .. ., 71)

Il
o

g(t)
—|—(—1)E/ Iy (x,tyre—q, ... r1) re(x) Ley(z) do
e g(t
/ Iy (z,t5ro—1, .. .,r1) me(x) Lo y(z) do
1)2¢

Iy (t,zsr1, ..y re—1) me(x) Ley(z) do

[
> Ley(t / To—1(t,x;m1, ..o yme—1) Te(x) da
g(t)

g(t)
> (—l)ELg y(t)/ To—q1(x,t5rp—1, ... 1) Te(x) da
¢

= (=1 Ley(®) Le(g(t), tyre, - ., m1) = Ley(t) Le(t, g(t),r1, . 70)
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For t > t3 > ta, g(t) > t2 and hence
Loy(g(t)) > Ley(g(t)) Le(g(t), g(g(t)); r1, - - -, o).

Since Lo y(t) is monotonic increasing, we get, for ¢ > ¢,

Loy(t) = Ley(g(t) Le(9(t), 9(9(t)); 71, - 1) -

Further, for t > t4 > t3, g(t) > t3 and we obtain

(3.3) Loy(g(t)) > Ley(g(g(t))) Le(g(g(t)), 9(g(g(t))); 1, -, e

Since g(t) is increasing, then g~ () exists and increasing. Further, g(t) < t implies
that t < g=1(t). Integrating (L, y(t))’ = re+1(t) Les1 y(t) we obtain, for ¢ > tg,

gt (t)
Ley(g™ (1) — Ley(t) = / resa(s) Lesay(s) ds,

that is, for t > ty4,

g ()
“Ley(®) < Ll (0) [ rea(s)ds
= Lep1y(g () [Rera(g " (£) — Rega(t)] -
For t > t5 > t4, we have g(t) > t4 and hence
Ley(g(t)) = —Les1 y()[Rev1(t) — Reva(g(2))] -
Thus, for t > tg,
Ley(g(g(t)) > —Les1 y(9(t))[Ret1(g(t) — Ret1(g(g(t)))] -

Hence, using (3.3), we get

(3.4) Loy(g(t)) > — Lepay(9(t))[Rev1(9(t)) — Reva(g(g(t)))]
x Io(g(g(t)), 9(g(g(t))); 1, -, T¢)

for t > tg. From (1.4) we obtain, due to (3.4) with £ =n — 2,

(Ln-1y(1)) = ra(t) p(t) y(g(t))
) )

v
|
<
3
—
~
Nt
=
gy
=
3
)
—~
~
S~—
~— O
~ <
3
|
=
<
—~
o
- —
. ~~
. S—
. —
L X
3
|
=
—
)
—~
~
S~—
=
|
|
=
—
)
—~
)
—
~
s
=
h—
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that is,
—(Ln-1y(t)) = Fp—2(t) Ln-1y(g(t)) < 0.

Hence z(t) = —L,—1 y(t) is a positive solution of
() + Foa(t) 2(9(t)) <0

for ¢ > tg, a contradiction. Next suppose that £ € {1,...,n — 4}. Integrating (1.4)
and using (3.2) we get

Loy = [ " (1) p(s) w(g(s1)) dss

Repeated integration and use of (3.2) yield, for ¢ > tg,

o0

(Lesay(®) = resatt) [ " rea(sn_i2) [ it

n—~£—2

. -/OO rn(s1)p(s1)y(g(s1)) dst...dsn—t—3dsn_g—2

S2

-0 / rers(5n—tos) / resa(5n—tos)
t

Sn—t—2

. ~/OO rn(s1) p(s1)ro(g(s1)) Loy(g(s1))dsy ... dsp—s—2

52
e’}

re+2(t) Lo y(g(t))/too Te+3($n—e—2)/ Tota(Sn—r—3)

n—~£—2

Y

. -/OO rn(s1) p(s1)7r0(g(s1))dsy ... dsp_r—3dsp_i¢—2.

S2

Hence using (3.4) we obtain, for ¢ > tg,

(Lev1y(t) > = reqa(t) Loy y(g(t) [Rera (9(t) — Reva(g(9()))]
x o (g(g(t), 9(g(g(t));m1,- - -, 70)

X /too ro+3(Sp—p—2) - /OO rn(s1)p(s1) ro(g(s1))dsy...dsn—¢—2,

s2

that is, for ¢t > tg,

~(Leyry() — Fu (1) Lera y(g(t)) < 0.

Thus z(t) = —Let1 y(t) is a positive solution of
() + Fe(t) 2(9(t)) < 0

for t > tg, a contradiction which completes the proof of the theorem. O
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Corollary 3.2. If, for £ € {1,...,n — 2} such that n+ £ is even,

t
1

lim inf/ Fy(s)ds > -
9 e

t—oo (t)

or .
limsup/ Fi(s)ds > 1,
g

t—oo (t)
then Eq. (1.4) has property (B), where Fy is same as in (3.1).

This follows from Lemma 2.2 and Theorem 3.1.
In a recent paper (see [2, pp. 152]), Dzurina has obtained the following result.
Theorem 3.3. If, for £ € {1,...,n — 2} such that n+ ¢ even,
t 1
lim inf Qu(s)ds > —
t—oo w(t) e
or
t
lim sup Qe(s)ds > 1,
)

t—oo w(t

then Eq.(1.4) has property (B), where

7(t)
Qelt) = res (1) / () 70(0(5)) (8) Tn—-2(8, 61, - Te42)
x Ip(g(s),t1;71,...,70) ds

for sufficiently large t1 with g(t) > t;.

In the following we give some examples to which Corollary 3.2 can be employed
but Theorem 3.3 cannot be applied.

Example 3. Consider

35 o |1t y()t _7ty<§>:o, t>t>1,
1 log (H) log (ﬁ)
where ro(t) = log %, ri(t) = ra(t) = ¢, 73(t) = 1og(lL) ’
t1

Hence
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and

t/4
B(o(6(0). 000000 ) = [ ds=10g2.

Then
(log2)®
) (14) o ) o 1"1;?7;)

implies that

t
lim E@%:hmmﬁf/ ds > (log2)? lim
=% Jgw) 1o /2 10g (557 =% 2log (55 )
~ (log2)? y t

= m ———— = 0.

2 t—>oolog(2:_1)

Thus, by Corollary 3.2, Eq. (3.5) has property (B). On the other hand, Theorem
3.3 cannot be applied to Eq. (3.5) because, setting 7(t) = ¢t + 1, we obtain 7(t) > ¢
and w(t) = g(7(t)) = 2 and

t

S S

t+1 1 1
[y e () oy e
¢ o () / tog (5 '

Q1(t) =

S

Hence

! ! 1 1
lim / Q1(s)ds = lim gds =log2 = 0.3010 < 3<5< 1.

t—o00 w(t) t—o0 t-;_l

Example 4. Consider

(3.6)
) (L e(y0))) ) el ()=
t>t > 1,
where
ro(t) = 1 1
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Hence
t/2

Ra(g()) — Ra(g(g(t))) = / Lds = 10g2

t/a S
and

t/4 s1
Ix(g(9(t)), 9(9(g(t))); 71, 72) =/ L </t id52> ds; = %(logZ)Q.

t/8 51 /8 52

Then

Fy(t) =

1 1 log 2)3 1
2~10g;2-§(log2)2 = ( r.

1 t
™ () Tty )

implies that

t log 2)3 t 1
lim Fy(s)ds = (log2) lim / 72&9
T B ()
1
log 2)3 1 log 2)3 1
Z(Og) - lim 2:(og) < lim ¢t > ~.
4 t—oo t 8 t—oo e
(10g (45))

Thus, from Corollary 3.2, it follows that (3.6) has property (B). However, Theorem
3.3 cannot be employed to (3.6). Indeed, setting 7(t) =t + 1 > ¢, we obtain

t/2 1 511 t/2 1 2
I (g(t),ti;r1,72) :/ — (/ —d52> ds; < / Zds
t1 51 t1 S2 t1 S

t t

. . 1 . 2
lim Qa(s)ds = lim » ds = lim log (1 n l)

w(t) T 7

1 1
= log2=03010< 3 < - < 1.

Remark. Existence of a solution of Eq. (3.5) or Eq. (3.6) is obvious. However, we
could not find explicit solutions to these equations. In the following we give an
example of an equation which has property (B). Here an explicit solution of the
equation is given.
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Example 5. Consider

- 1944 t
3.7 @) (4) — =] =0 t>1.
(3.7 0 -ty () =0 e

nd g(t) = t/3, then g(g(t)) = t/9 and g(g(g(t))) = t/27

Since r;(t) =1, 0 <i<4 an
))) = 2t/9. Further,

and Ry(g(t)) — Ra(g(g(t

t/9 t/9 2
I2(g(9(t)), 9(g(g(t)));71,72) =/ </ d0> s = 28

t/27 272
and hence
- 194 2 2 32
2T T g Tar T oot
Thus

t 32 L
lim inf F: ds = —log3 > —
im in /g(t) 2(s) o og >

On the other hand, for 7(t) =¢+ 1 > t, we have w(t) = g(7(¢)) = (H?:l) < t and

t+1 1
Qa(t) = 1944/ 8—4]2(9(3),t1;7“1,7“2) ds
t

11 /g2 t1s 1
= 1944 — ([ =—-=+=t1)d
/t 34<18 3 +21> §
for sufficiently large ¢ such that g(¢) > ¢ > 1. Clearly,
t

1
lim inf Q2(s)ds =0 < —.
€

t—oo w(t)

Hence Corollary 3.2 can be employed to Eq. (3.7) to conclude that it has property
(B), where as Theorem 3.3 cannot be applied to Eq. (3.7). In particular, y(t) = t*
is a nonoscillatory solution of (3.7) with y(¢) > 0, ¥/(t) > 0, y"(¢t) > 0, v (t) > 0
and y(")(t) > 0.

In the following we obtain a result which ensures the existence of a nonoscilla-
tory solution of (1.4) whether n is even or odd.

Theorem 3.4. Eq.(1.4) admits a nonoscillatory solution satisfying

y(t) L y(t) > 0, 0<i<n.

Proof. From a result due to Kusano et all. (Lemma 2, [7]) it follows that the
equation

(3.8) Lyz—p*(t)x =0,
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where p*(t) = (ro(t)) " 'p(t) ro(g(t)), admits a nonoscillatory solution z(t) satisfy-
ing

x(t) Ly x(t) > 0, 0<i<n
for large t. We may assume, without any loss of generality, that z(t) > 0 for
t >ty > o. Hence L;z(t) > 0 for t > ty and z(g(¢t)) > 0 for t > t; > ty and
0 < ¢ < n. Successive integration of (3.8) from ¢; to ¢ yields

Sn—1

Loz(t) > K —|—/ ri1(s1) /S1 ro(sa) - Tn(8n) D" (8n) ©(sn) dsp, . . .dsa dsy

t1 t1 t1

t S1
> K+/ 7‘1(51)/ r2(s2)
ty t1

. / ) Tr(8n) P*(5n) T0(Sn) Lo x(spn) dsy, . . .dsa dsy

t1
where K = Lyxz(t1) > 0. Since Ly 2(t) > 0 for t > t1, then

Lo x(t) > K+/tT1($1)/Sl r2(s2)

t1 t1
Sn—1
o / Tﬂ(sn)p* (Sn) TO(Sn) Ly x(g(sn)) ds,, ...dssdsy .
(31
From Lemma 5 due to Kusano and Naito [6] if follows that the integral equation

o(t) :K+/t;1(sl)/jl7‘2(sz).../tsn_lrn(sn)p*(sn)ro(sn)v(g(sn))dsn...d82d51

1 1 1
admits a solution v(t), t > t1, satisfying
K <o(t) < Lox(t), t>t.
Hence v(t) > 0 for t > t;. Setting y(t) = ro(t) v(t) we obtain y(t) > 0 for t > #;
and

Loy(t) =K+/tr1(sl)/sl 7‘2(82)---/Sn_lTn(sn)p(sn)y(g(sn))dsn...dSQ ds: .

t1 t1 t1
Successive differentiation shows that y(t) is a positive solution of (1.4) satisfying
L;y(t) > 0 for t > t1, 0 < ¢ < n. Hence the theorem is proved. O

Theorem 3.5. Suppose that g € C*([o,00), R) such that ¢'(t) > 0. If the differ-
ential equation

-1 -1

ra(t)g' (971 (t))
has property (B), then Eq.(1.4) has property (B).

Proof. Let y(t) be a nonoscillatory solution of (1.4). It is sufficient to show, in
view of Lemma 1.2, that £ = 0 or n for n even and ¢ = n for n odd. If possible,
let £ € {1,2,...,n — 2}. Then proceeding as in the proof of Theorem 2.7 one may
show that (3.9) admits a solution 2 € Ny, which contradicts the assumption that
(3.9) has property (B). Thus the theorem is proved. O
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