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QUASICONFORMALITY AND EQUIVALENT NORMS

SILVIU CRACIUNAS

ABSTRACT. We study the behaviour of a quasiconformal mapping when we
change the norms of the considered normed spaces by other equivalent norms.
We propose a new metric definition with which we can study the interde-
pendence between a quasiconformal homeomorphism and the new equivalent
norms of the normed spaces.

Let E, F be two normed spaces, D C E, D' C F open sets and f : D — D a
homeomorphism. The scalar derivatives of f at a point x are defined by

Iy _ Iy _
D @) — timsup TV = I@lE pos I~ F@le
voal e = allp P P e
We recall also the linear dilatation of f at x as defined by

o L(z, f,r)
H(x, f) = hgljélp (o for)

where
L(z, f,r) =sup {[|f(2") — f(@)p, 2" € D, [|2" — zl|p =1}
W@, for) =inf{|f(2") — f(@)|p, 2" € D, |a' —a|g=r}.
Definition 1. f : D — D’ is K-quasiconformal in the metric sense, K > 1,
(K — MQQO), if
Hxz, [)<K,MzeD.
Definition 2. f : D — D’ is K-quasiconformal in the analytical sense, K > 1,
(K — AQQC), if
(i) D™ f(x) >0, D* f(z) < oo, (V) x € D,
(i) D) < K - D~ f(x), (v) x € D.
Definition 3. If in the previous definitions K = 1, we say that f is conformal in
the metric sense (MC) respectively in the analytical sense (AC).
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Theorem 1. Let f: D — D' be a K — AQC homeomorphism. If we replace the
norms of E and F by some equivalent norms, then, for a certain K', f becomes
K’ — AQC homeomorphism.

Proof. Let [|||;g, [|'ll;z be two norms equivalent to the initial norms of FE,
respectively F' and my, M, m/, M] strictly positive numbers such that
my -zl g < lzllyp < My- 2], (V)2 € E

and

mi-lylp < lylle < M- lyllp, V) y e F

respectively.
We will have

(") = f(@)ll,p

D, f(z) = limsup

' =z l|lz" — 33H1E
M/ Iy _ M/
§—1~limsup Hf(x)/ f(-r)HF =—1~D+f(l‘),
mi ag |z" — x| 5 my
If(z) = f@)ll,p

D7 f(z) = liminf
11 e HI/—.IulE

M i ) = F@e b

> L =
My es T o —aly M

and

M/ M/

Df f(z) < — DT f(z) < —-K-D~ f(x)
my mi
M{ M, _
< | m—,l K- Dy f(x)
i.e. the required result with K’ = % . % - K. O
1

For the metric definition we prove the invariance of the quasiconformality only
for the renorming of the arrival space.

Theorem 2. Let f : D — D’ be K — MQC homeomorphism. If we replace the
norm of F by an equivalent norm, then, for a certain K', f becomes K' — MQC
homeomorphism.

Proof. Let [-||, be a norm equivalent to the initial norm of F' and, as in the
preceding proof, my, M] strictly positive numbers such that
my - ylle < llyllie < M- Qlyllp, (V) y € F.
Let n > 0. There exists 7,; > 0 so that for any 0 <r <1,

L(z, f,r)
7l(x,f,r) < K+n.

Let € > 0. Then there exist

/ "
Te, Te €D
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so that
o — 2l = llad =zl =7
and
Lu(z, f,r) —e =sup{||f(2') = f(@)l,p; 2" €D, |l —a|]| =r} —¢
<|If(zl) = f@)lr

(. fr)+ & =it {||f@” = f@)| 3" €D, o~z =1} +<
> 1f () — f(@)l

respectively.
In the previous inequalities  can be fixed so that r < r,.
We have

Lu(z, f,r) —e < |f(a2) = f(@)llyp < My~ [[f(22) = f(@)]|p
< My-sup{[If(2') = f(@)lps 2" €D, [l2" — xf| = r} = My - L(x, f,r)

and

ha(@, f,r) +e > f@l) = f@)llyp = my - [If (D) — f@)lp
> my -inf{||f(z") — f(2)llp; 2" € D, |la" — 2| =r} =m U=, f,7)
such that, finally, we can write
Lu(z, f,r)—e M L(z, f,r)
ha(z, for)+e ~ my Uz, fir)
But r <7y, and
Lu(z, fir)—e M; Lz fr) M

fir)—¢ : (K +1).
(e for) v ol e fr) my B
If ¢ — 0 and » — 0 we obtain
L M
Hu(a, f) = limsup 22& ) My

r—0  lu(z, f,r) my/

and for n — 0,
. Lll(‘r7f) T) Ml/
Hii(z, f) = limsup ——>2~ < .
11(z, f) mSup T S
for any x € D, i.e. the required result with K’ = Mg O

ma/
Proposition 1. If the spaces E, F are norm isomorphic by f : E — F', then f is
MC and AC.

Proof. By hypothesis f is a one-to-one and a bicontinuous mapping and we have
also

@)= llzllg (V) € E.
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Hence,
1f(@") = f@)lp = 1f@ —2)|p= 2" —2llg (V) x€E
and
Lz, f,r)=lx, f,r)=7, V)r>0,

such that finally we obtain H(x, f) = 1 for all z € E. O
Similarly we obtain DT f(x) = D™ f(z) =1 for all x € E.

Proposition 2. If f : E — F is an isomorphism, then there exist K > 1 such
that f is K — MQC and K — AQC.

Proof. From the hypothesis there exist m > 0, M > 0 such that
m -zl g < [|f(@)lp <M -|zllg, (V) z € E.
Then
Lz, f,r) = sup {|lf(2') = f(@)|p, 2" € E, [|2" — || = r}
— sup {|f(a’ —2)ps ' € B, [l =2l =1}
<sup{M |’ — ally: 2’ € B, o’ —ally =1} = M7,
(. f,r) = mE (| (@) = f@)]p, 2’ € B, 2’ — all, = r}
— i {|f (@ — )l p: 2’ € B, 2 — a5 =1}
>inf{m- ||z’ —z| ;2 €E, |z' —z||gp=r}=m-r
such that we will have

H(z, f) <

ElIS

,(V)z € E.

Similarly, we obtain
D™ (z,f) =m, D" (z,f) < M, (V) s € E,

and obviously the conditions (i), (ii) in definition (2) are satisfied. O

We use the previous proposition to prove that, if we consider some adjacent
conditions for a quasiconformal homeomorphism in the metric sense, we have the
invariance if we change also the norm of the normed space F.

Theorem 3. Let f : D — D’ be K — MQC homeomorphism so that f is Fréchet-
differentiable and f'(x) is a bijection for any x € D. If we replace the norms of E
and F by some equivalent norms, then, for a certain K', f becomes K' — MQC
homeomorphism.

Proof. From [2], the product of a K — M QC homeomorphism f and a K'— MQC
homeomorphism g, both with bijective Fréchet derivatives is a K - K/ — MQC
homeomorphism.

Let ||-|l; g |I]l;  be two norms equivalent to the initial norms of E, respectively
F and mq, My, m}, M strictly positive numbers such that

my -zl < lzllyp < My flzllg, (V)2 € E
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and

milyle < yllhe < M- llyllp, (V) y € F

respectively.

The identity i : (E, [|-||,z) — (&, ||| z) is an isomorphism and it results from the
proposition 2 that i is £ — MQC. Similarly the identity j : (F, ||| z) = (F, |||, )
is M — MQC.

Then f1 : D C (E,||l,z) — D' C (F,|||;) defined by fi(z) = f(z) for any
x € D, can be written as f; = jofoi and it results that f; is 2. M/{ -K—MQC. O

mi ml

Example. We give now an example of a K-quasiconformal homeomorphism f :
E — F in the metric sense, so that it becomes conformal if we replace the norm
of F' by an equivalent norm.

Let E = F = R? be normed by the equivalent norms

[[(w, 0)[| = max(|ul, [v]), [[(u, v)][; = |u] + |v].

We have the inequalities

Sl < N w)] < i ol

for any (u,v) € R2
We consider the identical function i : (R?, |-||) — (R?%-]|),i(z) = z and the
function 7y : (R% ||-|)) — (R2,[-]],),41(2) = =.
For iy we take 29 = (ug,vg) € R? and r > 0. For z = (u,v) € R? with
Iz = 20| = max(|u — uol, |[v — wvol) =7

we have

li1(2) —i1(20)ll; = lu — uo| + |v —vo| =

r, if0=|u—up|<|v—wvo|=ror0=|v—1vy| <|u—up|l=r
=< 2r if0< |u—ugl=|v—1vo| =7
a+rif0<|u—up|<|v—wvgl=ror0<|v—uv| <|u—ugl=r

where 0 < a < r. It results that
L(z,i1,7) = sup{|li1(2) —i1(20)|l; 5 2z € R2 ||z — 2ll=r}=2r

l(z0,01,7) = inf{[li1 (2) — i1 (20)[l, 5 2 € R ||z — 20l =7} =7
and,

: L(z0,i1,7)
H(z0,41) = limsup 27/ _
(ZO Zl) Hgl—il)lp Z(ZO; 11, T)
for any 29 € R?. So, the homeomorphism i : (R?[|-||) — (R ||-]|,) is 2-quasicon-
formal and, if we replace the norm ||-||; by the equivalent norm ||-|| we obtain the
conformal homeomorphism i.
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More generally, we can prove that an isomorphism f : £ — F becomes con-
formal in the metric sense if we replace the norm of F by the equivalent norm

y= = 1"Wllg, MyeF.

Theorem 4. An isomorphism f : E — F becomes conformal in the metric sense
if we replace the norm of F by the equivalent norm

y—llyly, =/~ W, » VyeF.
Proof. Let first remark that, if we take y = f(z), the double inequality
m-|zllg < |f@)p <M-|zlg , (V)z€E.

becomes

m-lylly < llyllp < M-lyll, , (V)yeF

whence the fact that the two norms are equivalent in F'.
For f: E — (F,||-||;) we have

Li(z, f,r) = sup{[|f(z") = f(@)],, 2" € B, ||2" — || =r}
=sup{[|f(z' —2)|,, 2" € B, |2’ — 2l =71}
=sup{lla’ — 2|, 2" €E, [|2’ —a|p=r}=r.
Similarly, we obtain l1(x, f,r) = r, and, finally, H(z, f) = 1. O

The same result is true for the definition with scalar derivatives.

Theorem 5. In the hypothesis of the preceding theorem, f becomes also conformal
in the analytical sense.
Proof. We will have

Di"'f(x) = limSupM

z'—x Hx/_ 33HE
o r_
= limsup M = limsup w =

and similarly, Dy f(z) = 1 whence the fact that the conditions (i), (ii) in the
Definition 2 are satisfied with K =1, i.e. f is conformal in analytical sense. O

Remark 1. In the case of the analytical definition, from the first theorem, results
the invariance of the quasiconformality when we change the norms of both spaces
FE and F' by some equivalent norms . For the metric definition that is true if we
suppose the Fréchet-differentiability of the mapping f and if f'(x) is a bijection
for any . The last two theorems give us an example of a K-quasiconformal
homeomorphism that becomes conformal if we replace the norm of F' by a suitable
equivalent norm.

Some open questions are:

- can we prove the invariance for the metric definition in the same conditions
as for the analytic definition or find a counterexample?
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- can we find for any K-quasiconformal homeomorphism f, some equivalent
norms so that f becomes conformal? Or, how much can we decrease the value of
K by changing the norms of E and F' by some equivalent norms ?

In [4], the author considers, for E and F general metric spaces,

H,(z, f) = limsup La(@, /1)

r—0 la(@, f,7)
where
Lo(x, f,r) = sup{||f(2') = f(@)llp; 2" € D, |2’ —x|p <r}
la(@, f,r) =nf{||f(2") — f@)lp; 2" € D, |2’ —z|g =1}
Using this notations, we can consider the a-metric definition.
Definition 4. f: D — D’ is K-quasiconformal in the a-metric sense, K > 1, if
Hy(z,f)< K, (V)z €D.
We propose to consider another version. For a constant o € (0, 1] we note
L(z, f,r,a) =sup{[|f(2') = f(@)|p; 2’ € D, ar <|la’ — x|z <1}
Wz, f,r,a) =inf{||f(z") = f(@)lp; 2" € D, ar < ||l2" — 2| < r}

and

L
Hiz, f.0) = limsup 222 /m)
r—0 l(l‘, f7 T, Oé)

Definition 5. f : D — D’ is (K, a)-quasiconformal in the metric sense, K > 1,
and o € (0,1] if
H(z,f,a) <K, M)xzeD.

In the last definition, if & = 1 we obtain the metric definition.

Proposition 3. 1) If f : D — D’ is K-quasiconformal in the a-metric sense then
f is K-quasiconformal in the metric sense.

2) If f: D — D' is (K, «a)-quasiconformal in the metric sense then f is K-
quasiconformal in the metric sense.

Proof. These affirmations are consequences of the relations
{2' /2" €D, ||2' —zllpzr} 2{a" /2" € D, [|2" — ||y =1}
{2/ /2" €D, |2’ —alp<r}2{a’ /2’ €D, |2’ —a|p=r}
for the first affirmation, and
{2/ /2" €D, ar<|a'—z||gp<r}2{a’ /2" €D, |a' —z|p =7}

for the last affirmation. O
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Theorem 6. Let f: D — D' be a (K, «)-quasiconformal homeomorphism in the
metric sense. If we replace the norms of E and F by some equivalent norms,
Il I-llyp s0 that

my - ||zl <zl p < Mi-zllg, (V)2 e B

and
my - yllp < lyllip < Mi-lyllp, (V) yeF
and if
M
at <1
my

then, for a certain K' and o/, f becomes a (K',a')-quasiconformal homeomor-
phism in the metric sense.

Proof. Let n > 0. From
: L(x7 f7 T’ a)
H =1 — 2
(2, f, @) R Ty

there exists 7, > 0 so that for any ri, 0 < 71 <7y,
L(Z‘7 .f7 1, Ol)
l(l’, .f7 1, Ol)

M
Let € > 0 and r be so that 0 <7 <7, -m;. For oy :a—l, we note
mi

<K,

<K+n.

L' (@, f,r,a1) = sup {[| f(z') = f(@)ll,p, 2’ € D, aar < [l — all 5 <7}
and

M (x, forya1) = inf {|| f(z') = f(@)]l,f, 2" € D, axr < 2" —af|,p <7}

There exists oL, 7 € D so that
arr < |zl —z|,mp <7, ar <|al —z|p <r

and
L' (@, f,r,0n) — e < [If(a2) = f(@)1p, 1 (@, for 01) + & > |If(al) = f(@)ll1p -
But . verifies the inequalities

ma |zl =l p < [t —zlyp <7 Millal =2l 2 o2 — 2], p > aar

S0,
ogr , r
7 <z —zllp < —.
1 1
For x/ we obtain also
ogr " r
— < ||zl — x < —.
]\41 — ” £ HE -~ m
The last two inequalities can be written

a2 Tt <
YMymy = E=my’
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ot <l — 2y < —
M7 mq m
If we note r; = L, we have 0 < r < r, and if we replace oy we obtain
my
ary < lap —zllp <, ary < el =zl <

It results that,
L (@, fyryon) —e < |[f(al) = f(@)llyp < M || f(2L) = f(@)]lp
< Mysup{||f(z) = f(@)llp, 2" € D,ar <2’ —zllyp <7}
= M{L(x,f,rl,oz)

and,

P, foryan) +e > | f (@) = f(@)llip = my | f(22) = f(@)]|p
> my inf{[|f(2) = f(@)llp, 2" € D, ary < |Ja" — ||y <71}
=mil(z, f,r1, ).
Finally,
L' (z, fyryon) —e M L(z, f,r1,0)
Mz, fyryoan)+e  my Uz, f,r, )
Ife - 0,7 — 0and n — 0 it results that
LY (x, f,r,a1) < M
Mz, for,on) — m)

M/
;ﬁ(ﬁ“+n)
H'(z, f,a1) = hmsup
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