Archivum Mathematicum

Michal Gregus$; Michal Gregus, Jr.
On certain singular third order eigenvalue problem

Archivum Mathematicum, Vol. 39 (2003), No. 3, 173--177

Persistent URL: http://dml.cz/dmlcz/107863

Terms of use:

© Masaryk University, 2003

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/107863
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 39 (2003), 173 — 177

ON CERTAIN SINGULAR THIRD ORDER EIGENVALUE
PROBLEM

MICHAL GREGUS AND MICHAL GREGUS, JR.

Dedicated to Professor’s Seda 70th birthday

ABSTRACT. In this paper a singular third order eigenvalue problem is studied.
The results of the paper complete the results given in the papers [3], [5].

1. We consider the third order linear differential equation in the normal form
(a) y" +24A()y + [A'(t) + Ab(t)]y =0,

where A(t) > 0, A’'(t) and b(t) > 0 are continuous functions of ¢ € [a, 0), a > —oc0
and A is a positive parameter. It is assumed that (a) is strongly nonoscillatory on
[a, 00), that is (a) is nonoscillatory there for each real positive A. By nonoscillation
of (a) we mean that all of its nontrivial solutions are nonoscillatory on [a, 00).

A nontrivial solution of (a) is called oscillatory on [a,00) if co is a limit point
of zeros of that solution. In the contrary case the solution is called nonoscillatory
on [a, c0).

The equation (a) is said to be oscillatory on [a, 00) if it has at least one oscil-
latory solution on [a, 00).

The problem studied in Section 2, is to find a nontrivial (nonoscilatory) solution
y(t, A) of (a) which satisfies either of the boundary conditions at finite points

(1) y(aa /\) = y/(av )‘) = y(b7 )‘) =0, a<b,
(2) yla, A) =y(b,\) =y(c,\) =0, a<b<ec

a, b and c being any given constants, as well as the boundary condition at infinity

(3) y(t, \) = o(t[krus (t)ua(t) + kouz(t)]) for t— oo,
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together with the requirement that
y(t,A) #0

in a certain neighbourhood of infinity (tg, 00), where b <ty < 0o (or ¢ < tp < 0o in
the conditions (2)), and w1, ug form a fundamental set of solutions of the second
order differential equation

(1) M+%A@u:0

with initial conditions ui(tg) = 1, uj(to) = 0, ua(to) = 0,u5(to) = 1, k1, ko are
suitable constants. The motivation for this paper was given by the paper [1] of A.
Elbert, T. Kusano and M. Naito for linear second order nonoscillatory differential
equations.

In the paper [3] the case A(t) < 0 on [a, 00) was studied.

2. At the beginning of this section we introduce certain auxiliary statements
on the linear third order differential equation, given in monograph [4].
Consider equation (@) and the third order differential equation

(a1) y" 4+ 2A0)y + [A'(t) + b(t)] =0,

Lemma 1. [4, Theorem 2.41] Let the differential equation

(5) y' 4+ 2A(t)y =0

be disconjugate in (a,00) and let the functions A(t), A'(t) + b(t), b(t) — A’'(t) be

positive in [a,00). If

(6) /t2[b(t) —A'(t)]dt < o0,

then the differential equation (a1) is non-oscillatory in [a, c0).

Remark 1. If A(t) =0 on [a,00) and (6) holds then [2, Theorem 4] equation (a1)
is non-oscillatory in [a, 00).

By Lemma 1 and Remark 1 the following lemma can be proved.

Lemma 2. Let the differential equation (5) be disconjugated in [a,00) and let
A(t) >0, A'(t) <0, b(t) >0 and A’(t) + b(t) > 0 in [a,00). Let further A be any
fized positive value of the parameter X. If (6) holds then

oo

(7) /#wm—mmﬁ<m,

a

and the differential equation (a) is non-oscillatory for A = X in [a, o0).
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Lemma 3. [4, Theorem 2.31] Let b(t) > 0, A'(t) be continuous in [a,o0). The
equation (a1) is oscillatory in [a,00) if and only if its adjoint equation

(b1) 2"+ 2A(8) + [A(t) — b(t)]z =0,
is oscillatory in [a, 00).

If we apply Lemma 3 we can formulate Theorem 2.51 [4] as follows.

Lemma 4. Let A(t) >0, A'(t)—b(t) <0, b(t) > 0 in [a,o0) and let [ b(t)dt = o,
then the differential equation (a1) is oscillatory in [a, 00).

Corollary 1. Let the suppositions of Lemma 4 be fulfilled and A'(t) < 0 in [a, 00).
Then the differential equation (a) for A= X > 0 is oscillatory in [a,c0).

Lemma 5. Let A(t) > 0 in [a,00) and let the differential equation (4) be discon-
jugated in [a,00). Let uy, ug be independent solutions of (4) and let ui(to) = 1,
uwi(to) = 0, ua(ty), ua(to) =1, a < tg < oo. Then there is us(t) > 0 for t > to.
And uq(t) has at most one zero to the right of tg.

Remark 2 [6, Lemma 2.23]. Let the suppositions of Lemma 5 be fulfilled. If u is
a solution of (4) and u(t) # 0 for ¢ > ¢1, then

O<(t+dvd) <1, t>t

where v(t) = %, d=—t1+1/v(t1).

Lemma 6. Let the suppositions of Lemma 5 be fulfilled and let b(t) > 0 for t €
[a,00) and A > 0. Let further y be a solution of (a) and let for X = X be y(to,\) =
0, y'(to, \) # 0, ¢y’ (to,\) # 0 for a <ty < co. Let, moreover y(t, \) # 0 fort > to.
Then

(1, ) = () [0

(8) —%X/Mﬂ

where w1, us form a fundamental set of solutions of (4) with the properties given
in Lemma 5.

wa(t) + 9/ (to, N (1)

) e

The proof of Lemma 6 is given in [4] at the beginning of Section 3, Chap. I, §3.
)

Corollary 2. If y(t,\) > 0 [y(t,A) < 0] for t > to in (8) then y'(to,\) >
0 [y (to,A) < 0], ua(t) > 0 and u(t) =y (to, \us(t) + Wug(t) >0 [u(t) < 0]
fort>tg.

Corollary 3. Let the suppositions of Lemma 6 be fulfilled then there exist con-

stants k1 = y'(to, A), k2 = y”(tTOX) such that |y(t, \)| < ua(t)|k1u (t) + kaua(t)| for
t > to, or y(t, A) = o(tua(t)[k1ui(t) + kaua(t)]) for t — oo.
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Adaptation of Oscillation theorem [4, Theorem 4.5] to (a) in our case yields the
following lemma.

Lemma 7. Suppose that A(t) > 0,A'(t) <0 and b(t) > k > 0 fort € [a,00). Let
A€ (0,00) and let y(t, \) be a nontrivial solution of (a) with y(a, \) = 0. Then for
any fized b > a, the number of zeros of y on |a,b] increases to infinity as A — oo
and the distance between any consecutive zeros of y converges to zero.

The continuous dependence of zeros of solutions of (a) upon the parameter A
is given in following lemma.

Lemma 8. [4, Lemma 4.2] Let A'(t), b(t) > 0 be continuous functions in [a,00).
Let y be a nontrivial solution of (a) on [a,00) such that y(a, A) =0, a < a < 00,
for all X € (0,00). Then the zeros of y on (a,00) (if they exist) are continuous
functions of the parameter A € (0,00).

With the help of results given in the preceding lemmas, remarks and corollaries
one can prove the following theorem regarding the singular eigenvalue problem

problem (a), (1), (3) or (a), (2), (3).
Theorem 1. Let A(t) >0, A'(t) <0, b(t) > 0 be continuous functions in [a, o)
and let A'(t)+b(t) > 0 fort € [a,00). Let [t3[b(t)—A'(t)]dt < oo and let the sec-

a
ond order differential equation (5) be disconjugate in [a,00). Let further a <b < c

be fized arbitrarily. Then there exists a natural number v and a sequence of pa-
o0

rameters )\{)\,,er} . (eigenvalues) such that \p+p < Avipy1, p=0,1,2,... and
p:

o0
lim A 4, = 0o and a corresponding sequence of functions {yyﬂ,} (eigenfunc-
p=0

p—00
tions) such that yu4p = y(t, A\utp) is a solution of (a) for A = A\yp, has a finite
number of zeros on (a,00) with the last zero at tg“j. This solution y, .y, fulfills
the boundary conditions (1), (3) or (2), (3) and has exactly v+ p zeros in (b, c).

Proof. We prove the case a < b < c¢. In the case a = b, i.e. (1), (3) the proof is
similar.

Let a < b < ¢ < oc0. Let y = y(t, A),A > 0, be a nontrivial solution of (a) such
that y(a, \) = y(b,A) = 0 for all A > 0. By Lemma 2 solution y is nonoscillatory
for each A = X > 0. Now, construct the differential equation

(A) YY" +2A@)Y" + [A'(t) + AB(t)]Y =0 on [a,00)

where
[ b(t) for telbd]
B(t) = { b(c) for t>c.
Let Y = Y (¢, A) be a solution of (A) on [a,c0) such that Y(a,A) = Y (b,\) =0
and Y (¢, \) = y(¢, ) for t € [a,c] and A € (0, 00).
By Lemma 4 and Corollary 1 the differential equation (A) is oscillatory on
[a, 00) for each A € (0,00) and therefore the solution Y is oscillatory on [a, co) for

each A > 0.
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Let A = X be fixed. Let Y (¢, \) have exactly v zeros in (b, c). Let t,(\) be v-th
zero of Y (t,\). Then there is t,(A) < ¢ < t,41(\). By Lemma 7 there exist \*
such that t,4+1(A*) < ¢ and by Lemma 8 (continuous dependence of zeros) there
exists \,, A <\, < A\* such that ¢,,1()\,) = c and y(t, \,) has exactly v zeros in
(b, ¢). But, we know that Y (¢,\,) = y(t,\,) on [a,c]. By Lemma 2 applied to A,
there exists t§ > ¢ such that y(¢,A,) has finite number of zeros to the right of ¢
and t§ is its last zero on [¢, 00). Then by Corollary 3, when to = tj, the inequality
(3) holds.

Continuing in the same manner we can find a sequence of values

Ay Autts < A, o
o0
and the corresponding sequence of functions {yuﬂ,} (eigenfunctions) with the
prescribed properties and the theorem is proved. [l
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