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ON THE STABILITY OF THE SOLUTIONS OF CERTAIN FIFTH
ORDER NON-AUTONOMOUS DIFFERENTIAL EQUATIONS

A. 1. SADEK

ABSTRACT. Our aim in this paper is to present sufficient conditions under which
all solutions of (1.1) tend to zero as t — oo.

1. INTRODUCTION
The equation studied here is of the form
(1.1) 2@ 4 f(t,d, &, 7 )a™ + @(t,3,°F) + (¢, &) + g(t, &) + e(t)h(z) = 0,

where f,¢,1,g,e and h are continuous functions which depend only on the dis-

played arguments, ¢(t,0,0) = ¥(¢,0) = g(¢,0) = h(0) = 0 . The dots indicate

differentiation with respect to ¢ and all solutions considered are assumed real.
Chukwu [3] discussed the stability of the solutions of the differential equation

2® +az™ + f(8) + i + fa(@) + f5(z) = 0.
In [1], sufficient conditions for the uniform global asymptotic stability of the zero
solution of the differential equation

2O 4 1022 + fo(3) + f3(i) + fa(®) + f5(x) =0

were investigated.
Tiryaki & Tunc [6] and Tunc [7] studied the stability of the solutions of the
differential equations

2O + ¢, i, @, 5 a®)a® +bE + (i, &) + gla, ) + flz) =0,
2O + ¢z, @, @, 5, ™)@ + (&, ) + h(E) + g(@) + flz) =0.

We shall present here sufficient conditions, which ensure that all solutions of (1.1)
tend to zero as t — oco. Many results have been obtained on asymptotic properties
of non-autonomous equations of third order in Swich [5], Hara [4] and Yamamoto
[8]-
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2. ASSUMPTIONS AND THEOREMS

We shall state the assumptions on the functions f, ¢,,g,e and h appeared in
the equation (1.1).
Assumptions:

(1)
(2)

h(z) is a continuously differentiable function in ', and e(t) is a continu-
ously differentiable function in R = [0, 00).
The function g(t,y) is continuous in R x R!, and for the function g(t,y)
there exist non-negative functions d(t), go(y) and ¢1(y) which satisfy the
inequalities

d(t)go(y) < g(t,y) < d(t)g1(y)
for all (¢t,y) € R x RL. The function d(t) is continuously differentiable in
RT. Let )
9(y) = 5190(y) + 91(y)},
g(y) and ¢’(y) are continuous in R*.
The function (¢, 2) is continuous in R+ x N1, For the function (¢, z)
there exist non-negative functions ¢(t), 1o(z) and 17 (z) which satisfy the
inequalities

(t)bol2) < bt 2) < e(t)ibi(2)
for all (¢,2) € R x RL. The function c(t) is continuously differentiable in
RT. Let

9:) = 3 {olz) + ()}

¥(z) is continuous in RL.

The function ¢(¢, z, w) is continuous in R x R2. For the function ¢(¢, 2, w)
there exist non-negative functions b(t), ¢o(z, w) and ¢1(z, w) which satisfy
the inequalities

b(t)do(z,w) < @(t, 2, w) < b(t)er (2, w)
for all (¢,2,w) € RT x R2. The function b(t) is continuously differentiable
in RT. Let

1
¢('Z7 ’LU) = §{¢)0(Z, w) + ¢1(Za w)} )
&(z,w) and Od(z, w)/dz are continuous in R2.
The function f(t,y,z, w) is continuous in R x N3, and for the function

f(t,y, z,w) there exist functions a(t), fo(y,z,w) and f1(y,z,w) which
satisfy the inequality

a(t)fo(y, 2 w) < f(t7 Y, =, ’UJ) < a’(t)fl (y7 2, U})
for all (t,y,z,w) € RT x R3. Further the function a(t) is continuously
differentiable in T, and let

Fly.2,w) = 5ol w) + faly, 20}

f(y, z,w) is continuous in R3.
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Theorem 1. Further to the basic assumptions (1)—(5), suppose the following
(e,€1,... ,€5 are small positive constants):

() A>alt)>ap>1, B>b{t)>by>1,C>c(t)>co>1,
D>d(t)>dy>1, E>e(t) >eg>1, fort € RT.

(ii) aa,...,as are some constants satisfying

a1 >0, arag —ag >0, (vraz — as)as — (@raq — as)a; >0,
(21) dp: = (Oé40£3 — a2a5)(a1ag — Oég) — (Oé10Z4 — a5)2 >0, as >0;

(Oé40£3 — a2a5)(a1ag — Oég)
104 — Q5

(2.2) A= —{a1d(t)d' (y) — a5} > 2eaq,

for ally and all t € RT;

(23) AQ - Qypx3 — (a5 . (041044 — 045)’yd(t) B i S 0’
aroy — s as(aiog — as) ay

for all y and all t € R*, where

_:{ﬂww7y#0
. g9'(0), y=0.

) €0 < fy,z,w) —aq <€ for all z and w.

) QZ(0,0) =0,0< Qz(Z,W)/w —ag<e (w#0), %g(z,w) <0.
(v) 9(0)=0,0<¢(z)/z—az<es (2#0).

) 9(0)=0,3(y)/y > B+ (y#0), las — g (y)| < eq for all y and

~

9'(y) = 9(y)/y < asdo/Daj(araz — as) (y #0).
(vii) h((i’) =0, h(z) sgn x > 0(x # 0), H(z) = foz h(§)d§ — oo as |z] — oo

0<as—h(z)<es foral z.

vill) [ Bo(t)dt < oo, €'(t) — 0 as t — oo, where
0

Bo(t) : = b () + . () + |d' ()] + |€' ()],
b (t) : = max{V'(t),0} and  (t):=max{c(t),0}.
(ix) |A(f1 = fo) + B(é1 — ¢o) + C(¢1 — tho) + D(g1 — 90|

< A(y? 4 224+ w? 4+ u?)V2,

where A is a non-negative constant.
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Then every solution of (1.1) satisfies
z(t) = 0,&(t) — 0, #t)—0, T(t)—0, z®t)—=0 as t— 0.
Next, considering the equation
(2.5) a®) +a(t)f (&, &, )2 + b(t) (&, &) + c()(E) + d(t)g(d) + e(t)h(z) =0,

we can take the function g(y) in place of go(y) and g¢1(y); the function ¢(y, z) in
place of ¢g(y, z) and ¢1(y, z); the function ¢(z) in place of 1g(z) and ¢;(z), and
the function f(y, z,w) in place of fo(y,z,w) and fi(y,z,w) in the Assumptions

(2) —(5). Thus in this case the functions g(y), ¢(y, 2), ¥ (2), f(y, z,w) coincide with
g(x,y), d(y, 2),¥(2), f(y, z,w) respectively. Thus from Theorem 1, we have

Theorem 2. Suppose that the functions a(t), b(t), c(t), d(t) and e(t) are continu-
ously differentiable in R*, and the functions h(z), g(z,y), ¢(y, ), ¥(2), f(y, z,w),
g (), h(x), % (y,2) and that these functions satisfy the following conditions:

(i) A>at)>ay>1,B>b(t)>by>1,C>c(t)>co>1,
D>d(t)>dy>1, E>e(t) > e >1 fort e Rt.

(ii) au,...,as are some constants satisfying

a1 >0, ajas—ag3 >0, (vias—as)asg— (rag —as)ag >0,
50 = (044043 — ()[20[5)(0&10[2 — O[g) — (0410[4 — 045)2 >0, a5>0;

(a4a3 — a2a5)(a1a2 — a3)
104 — Q5

A= —{ad(t) ¢'(y) — a5} > 2eas,

for ally and all t € RT;

a3 — Qo oy — as)yd(t €
Ay : = 2493 257(14 5)7()7_>0’
Q104 — Oy a4(a1a2—a3) (65}

for all y and all t € R*, where

L { 9y, y#o0
. g/(O), y:()

(iil) € < f(y,z,w) —aq < €1, forall z andw.

(iv) ¢(0,0) =0, 0 < ¢(z,w)/w—as <ex (w#0), %gb(z,w) <0.

(v) ¥(0)=0,0<4(2)/z—as<es (2#0).

(vi) 9(0) =0, g(y)/y > E= (y#0), las —g'(y)| <ea for all y and

9'(y) —9W)/y < aséo/Daj(aras —as)  (y#0).
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(vii) h((i’) =0, h(z) sgnz >0 (z#0), H(z) = fox h(§)d§ — oo as |x] — oo
0<as—h(zr)<e foral =x.
(viii) fooo Bo(t)dt < oo, €(t) — 0 as t — oo, where
Bo(t) = =V (t) + < (t) + |d'(t)] + [ (1)),
Uy (t) : = max{t'(t),0} and ¢ (t):=max{c(t),0}.

Then every solution of (2.5) satisfies

z(t), &(t), i(t), T (), 2P (t) - 0 as t— oc0.

3. THE LYAPUNOV FUNCTION Vy(t,2,y, 2, w, u)

We consider, in place of (1.1), the equivalent system

T=y, y=2, z=w, Ww=u,
(31) U= 7f(ta Y, Z,’LU)’U, - d)(t? 2, w) - w(t7 Z) - g(ta y) - e(t)h(z) .

The proof of the theorem is based on some fundamental properties of a continu-
ously differentiable function Vo = Vo (¢, 2, y, 2, w, u) defined by

2 — wo_
2Vo = u? + 20quw + Muz + 25yu + 2b(t) / d(z,w) dw
Q104 — Q5 0

gy a1t — O3 Q104 (012 — Q3
+{a%—(—)}w2+2{a3+ ( ) —(5}wz
104 — Qs a1y — Q5

+ 2016wy + 2d(t)wg(y) + 2e(t)wh(x) + 2a1¢(t) /Oz $(C) d¢

+ {a2a4(a1ag —as) — g — a16}22 + 20a0yz + 201d(t)2g(y) — 2a5y2
104 — Q5

2 - v_
+ 2aqe(t)zh(x) + 2aa(araz — a3) d(t) / g(n) dn + (Sas — ayos)y?
10y — Q5 0

(3.2)  + we(t)yh(x) + 20e(t) /Om h(€) de |

104 — Q5
where
(3.3) §:=as(aras —as)/(arag — as) + €.

The properties of the function Vy = Vy (¢, z, y, 2z, w, u) are summarized in Lemma 1

and Lemma 2.
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Lemma 1. Subject to the hypotheses (i)—(vii) of the theorem, there are positive
constants D7 and Dg such that

(3.4) D7{H(z)+ 13>+ 22+ w? +u?} < Vo < Dg{H(z) +v* + 2> + w? + u?}.

Proof. We observe that 2Vj in (3.2) can be rearranged as

ag(aiog — ag)
104 — Q5

2
2V0:{u+a1w+ z—i—éy}

044(0410[4 — 045) {041012 — Q3
e(t)h(x
(arag — ag)yd(t) Lagay — as (t)h(2)
+ wyd@y + ﬂ*yd(t)z
10y — Q5 Qg
1 2 5 2
+ —Vd(t)w} + % (z + %y) + Ao (w + g 2)?
oy (@104 — as) Qy
4
Qg3 — Qg0
3.5 +2e(7) 2+ 308,
(3.5) vror—as )Y ;

where

Sy 1 = 26e(t) /0 ’ h(€) de — (2‘140(2‘1_0‘25)5‘;()0 E(t)h(z),

Sy = ag(aroe — ag)d(t) {2 /Oy 3(n) dn — yg(y)}

Q104 — Q5

a6
+ {5043 — a5 — 5—02 — 52}3/2,
as(ogoy — as)

Sy = Su? 1 2(1) / B2 w) dw — agw?
0

aq

Sy = 2alc(t)/ V() dC — aras2?.
0

It can be seen from the estimates arising in the course of the proof of [2; Lemma 1]
that

(3.6) 205 /w h(&)dé — h?(z) >0,
0
S 2¢ h(&) d€ .
12 60/0 (&) d¢

Since

yily) = /O "Gy dn + /0 " () dn.



NON-AUTONONOUS DIFFERENTIAL EQUATIONS OF FIFTH-ORDER 99

we have
os(aias — ag)d(t v -
5, = Calonoz — as)d( ){2/ g(n)dn—yg(y)}
a1y — Q5 0
2 _
+ [ @5% - e{e + —a5(a1a2 ) - OZSHZ/Q
a4 a0y — as) 10y — Qp
2ai50 ag(arag —ag)d(t) [, g(n)
[ — {g (n) — —}
0 044 10y — 045) a1y — Qs n
2 —_
26{6 4 2os(anaz — ag) aandn
Q104 — U5

Z/Oy[ asdo )Qe{ﬁwag}]ndn,

a4 a1y — Qs 10y — Q5
by (vi) and (i)

Qs 50 2

)

- 40[4(0[10[4 — OZ5)

provided that

(3.7) as—%zﬁ{e+w_a3},

40[4(0[10[4 — 045) 104 — Q5

which we now assume. From (i), (iv) and (v) we find

ng—w + 2b(t / q/)zwdw—agw

aq
Ziw2+2/ {M*QQ}deZiw27
(&3] 0 w ]

Sa = 20q¢(t) /Z (Q)d¢ — arazz? > 20y /Z {%C) - a3}CdC >0.
0 0

On gathering all of these estimates into (3.5) we deduce

as(ogar — o 2 40 o 2
2V02{u+a1w+mz+5y} —&—%(z—&-jy)

104 — Q5 (041044 — Q5 2 (6%}
* a0 €
+A2(w+a12)2+2660/ h(ﬁ)dﬁ—&— $y2+—w2
0 4oy (o — a) a1
n 26<Oé4043 - 042045) 2
Q104 — Q5

by (ii) and (vi). It is clear that there exist sufficiently small positive constants
D1, ..., D5 such that

2V > Dy H(z) + 2Day? + 2D32* + Dyw® + Dsu® + +26(w)yz.

a1y — Q5
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Let

Q03 — Q205

Sy 1= D2y2+2e< )yz+D3z2.

104 — Q5

By using the inequality |yz| < 1(y* 4 2?), we obtain

a3 — Q205

S5 > Doy? 4+ D322 — e( )(y2 + 22) > Dg,(y2 + 22) ,

a1y — Qs
for some Dg > 0, Dg = 1 min{Dy, D3}, if
(3.8) € < (ag — as)/(2(csas — azas)) min{ Dy, D3},
which we also assume. Then
2V > D1H(x) + (D2 + Dg)y® + (D3 + Dg)z* + Daw® + Dsu®.
Consequently there exists a positive constant D7 such that
Vo > D7{H(x) +y* + 22 + w? + u?},

provided e is so small that (3.7) and (3.8) hold. From (i), (iv), (v),(vi) and (3.6)
we can verify that there exists a positive constant Dg satisfying

Vo < De{H(x) + y* + 22 + w? + u?}.

Thus (3.4) follows. O

Lemma 2. Assume that all conditions of the theorem hold. Then there exist
positive constants D; (i = 11,12) such that

(3.9) Vo < —Di2(y® + 22 + w? +u?) + D11BoVp -
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Proof. From (3.2) and (3.1) it follows that (for y, z,w # 0)
d 2
—Vo < —u*{a(t)f(y, 2, w) — au}

dt
Cw? [041 b(t)d)liz,w) B { aag(nas —ag) 6}}

104 — U5

as +

e O g, ity7) -
2 ~au(aran — ag) ,
—y {5d PO e(t)h (m)}

+ wh(t )/0 %qﬁ(z w) dw— alwua(t){f(y,Aw)—oq}—uzc(t){@— Oég}

_ a0 2 %) Ly 2 w) — an)
a1y — Q5

B ay(arag — ag)wzb(t){g(z, w) a2}

104 — Q5 w

— wzd(t){as —§' ()} — dyua(®){f (Y, z,w) — ar} — ywe(t){as — I ()}

_ 5ywb(t){@ — 042} —aryze(t){as — h'(z)} — 5yzc(t){@ _ Oég}
 fotun + SRS 1 —at0)

042044(&1042 — QB)
+{ 00 — o wz+50&2yw}{17b(t)}+(Oéguz+5o[3yz){]_7€(t)}

—aqwz{l —d(t)} — (asyw + arasyz){1 — e(t)}
§ LAy~ fo) + BO(G1 — bo) + 1)y o) + dE) (g1 — g0)

ag(aiog —as) oVy
.1 _ 0 —
(3 0) {u+a1w+ 104 — Q5 at y} * ot

By (i) and (iii), a(t)f(y, z,w) — a1 > €o. From (i), (iv) and (3.3) we have (for
w # 0)

a b(t)p(z, w) B {ag n aag(aion —ag) 5}

w Q104 — Oy

> €.

. al{g(zw)

a1a4(a1a2 — ag)}
10y — a5

—a2}+{a1a2—a3+6—

By using (i), (v), (3.3) and (2.2) we obtain (for z # 0)

ag(ajog — ag)c(t) {/;(Z)
Q104 — Q5 z

Qa3 — a2a5)(a1a2 — a3)

( ~
> _ ] o > .
= Q104 — Qs {ond(t)g'(y) — as}t — eaz > ean

—{daz + aud(t)g' (y) — s}
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From (i), (vi) and (vii) we find (for y # 0)

gy 22— N0 = ) 1)

OL4E(011042 — O[g)

>easFE + {as — W (x)} > easE.

Q104 — Q5

Therefore, the first four terms involving u?, w?, 2% and y? in (3.10) are majorizable
by
—(egu® + ew? + eanz® + ey Ey?) .

Let R(t,x,y,z,w,u) denote the sum of the remaining terms in (3.10). By using
hypotheses (i), (iii)—(vii) and the inequalities

—_

1 1
uw] < S+ w?),  Jual < S 42%), fuyl < S +y?),

[ ]

1 1
wz] < S +27), Jwyl < S +y), yal < 507 +2);
it follows that

|R(t, z,y, z,w,u)| < Dg(e1 + €2 + €5 + €4 + 65)(2/2 + 22+ 0w+ u2)

+ %{a(t)(fl — fo) +b(t)(¢1— o) +c(t) (1 —10) +d(t) (91— g0) }

ovh
ot ’

044(041042 - 043)

{u + ajw +
Q104 — Qs

z+ 5y} +
for some Dg > 0. Thus, after substituting in (3.10), one obtains

Vo < —(equ?+ew? +eanz® +eas By?)+ Do(ey + eat+es+eqtes)(y?+ 22 +w? +u?)

+ [t (2 — fo) + B(E) (@1 — do) + e(t) W1 — o) + dt) 01 — g0)}

ovh
ot

044(041042 - 043)

{u + ajw +
Q104 — Qs

z+ 5y}‘ +
1
< ~3 min{eg, €, eaa, cag B} (y? + 2% + w? + u?)

+ S el — o) + BO(G1 — o) + elt) Wby o) + (D) (gr — g0}

Oé4(0é10£2 — a3)
a10yg — A5

oV
(3.11) {u+a1w+ z—&—éy}‘ +3—to’
provided that

1
(312) D9(61 + e+ €3+ €4+ 65) < 5 min{eo, €, €EQ2, 60[4E} .
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Now we assume that Dg and €, ..., €5 are so small that (3.12) holds. The case
Y, 2, w = 0 is trivially dealt with. From (3.2) we find

8V0: /q&zwdw—i—aw /w ¢)d¢

v @ {uity >+a1zg<y>+M/y~< )dn)

Q104 — Q5
+ e’(t){wh(z) + arzh(z) + calawas = ag) )+ 25/
Q104 — Oy

From (iv), (v), (vi), (3.6) and (3.4) we can find a positive constant D10 which

satisfies
oV

(%0 < Dio{l (t) + ¢ (1) + | (t)| + |/ (OHH () +y* + 2% + w?}

(3.13) < D11foVe

where D11 = @ Let

aq(arag — 043)’5}

1
D13 = -~ min{eg, €, ean, ey E}, and Dj;3 = max {17 i,
4 104 — Q5

then from (3.11), (3.13) and (ix) we obtain the estimate
Vo < —2D1a(y? + 22 + w? + u?) + 2D13A (2 + 22 + w? + u?) + D11 6oV -

Let A be fixed, in what follows, to satisfy A = D 5=. With this limitation on A
we find

(3.14) Vo < —Dia(y? + 22 + w? + u?) + D11 GoVp -

Now (3.9) is verified and the lemma is proved.

4. COMPLETION OF THE PROOF OF THEOREM 1

Define the function V (¢, z,y, z,w, u) as follows

(4.1) V(t,z,y, z,w,u) =e” Io D“*H“(T)C”Vo(t7 X, Y, Z, W, u) .
Then one can verify that there exist two functions U; and U satisfying
(42) U([[zl]) < V(2. y,2,w,u) < Us(]|2]])

for all z = (z,y,2,w,u) € R°> and t € RT; where U; is a continuous increasing
positive definite function, Uy (r) — oo as r — oo and Us is a continuous increasing
function.

Along any solution (x,y,z,w,u) of (3.1) we have

V= e Bty - 5(t)Vo}
< —Dygefo Dufo(mdr (2 4 52 4w 4 4?).
Thus we can find a positive constant D14 such that
(4.3) V < —Dis(y? + 22 +w? +u?).

From the inequalities (4.2) and (4.3), we obtain the uniform boundedness of all
solutions (z,y, z,w,u) of (3.1) [9; Theorem 10.2].
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AUXILIARY LEMMA

Consider a system of differential equations
(4.4) r=F(,71),

where F(t,Z) is continuous on R x R", F(¢,0) = 0.
The following lemma is well-known [9].

Lemma 3. Suppose that there exists a non-negative continuously differentiabla
scalar function V(t,z) on RT x R™ such that 17(4_4) < =U(|z|l), where U(||Z||)
is positive definite with respect to a closed set Q of R™. Moreover, suppose that
F(t,%) of system (4.4) is bounded for all t when T belongs to an arbitrary compact
set in R™ and that F(t,Z) satisfies the following two conditions with respect to §):

(1) F(t,Z) tends to a function H(Z) for T € Q ast — oo, and on any compact
set in  this convergence is uniform.

(2) corresponding to each € > 0 and each § € Q, there exist a §,5 = d(e,g) and
T,T =T(e,4) such that if t > T and ||T — 7| < I, we have ||F(t,Z) — F(t,9)| <e.

Then every bounded solution of (4.4) approaches the largest semi-invariant set
of the system T = H(Z) contained in  as t — oo.

From the system (3.1) we set

F(t,7) =

7

2 g n w

_f(tv Y,z ’LU)U - (b(tv 2, w) - "/}(taz) - g(tv y) - e(t)h(x)

It is clear that F satisfies the conditions of Lemma 3. Let U(||Z||) = D1a(y*+ 2%+
w? + u?), then

(4.5) Vt,x,y,z,w,u) < =U(||Z|)

and U(||Z]|) is positive definite with respect to the closed set 2 := {(z,y, z, w, u) |
xe€R, y=0,2=0, w=0, u=0}. It follows that in

(4.6) F(t,z) =

oS O © O

|
(g
—~
~~
~—
>
—
5
~
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According to condition (viii) of the theorem and the boundedness of e, we have
e(t) — eoo as t — 00, where 1 < eg < eoo < E. If we set

o O O O

| —exch(z) ]

then the conditions on H(Z) of Lemma 3 are satisfied. Since all solutions of (3.1)
are bounded, it follows from Lemma 3 that every solution of (3.1) approaches the
largest semi-invariant set of the system z = H(Z) contained in £ as ¢t — co. From
(4.7); £ = H(Z) is the system

t=0,9y=0, 2=0, w=0 and &= —exh(x),
which has the solutions
x=ky, y=ka, z2=ks, w=ky, and u=ks—exh(k)(t—1to).
In order to remain in €, the above solutions must satisfy
ka=0, ks =0, k4 =0 and ks —exch(ki)(t—ty) =0 forallt > g,

which implies k5 = 0, h(k1) = 0, and thus k; = k5 = 0.

Therefore the only solution of Z = H(Z) remaining in 2 is # = 0, that is, the
largest semi-invariant set of Z = H(Z) contained in Q is the point (0,0,0,0,0).
Consequently we obtain

x(t), &(t), #(t), @' (), 2P () - 0 as t— 0.
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