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ON SOME NONLINEAR ALTERNATIVES OF
LERAY-SCHAUDER TYPE AND FUNCTIONAL INTEGRAL
EQUATIONS

B. C. DHAGE

ABSTRACT. In this paper, some new fixed point theorems concerning the
nonlinear alternative of Leray-Schauder type are proved in a Banach algebra.
Applications are given to nonlinear functional integral equations in Banach
algebras for proving the existence results. Our results of this paper comple-
ment the results that appear in Granas et. al. [12] and Dhage and Regan [10].

1. INTRODUCTION

Nonlinear functional integral equations have been discussed in the literature
extensively, for a long time. See for example, Subramanyam and Sundersanam [15],
Ntouyas and Tsamatos [14], Dhage and Regan [10] and the references therein,
Recently, the present author, in a series of papers [4, 6] initiated the study of
nonlinear integral equations in a Banach algebra via fixed point techniques. In
this papers we study a new class of nonlinear functional integral equations for
the existence theory via a new nonlinear alternative of Leray-Schauder-type to
be developed in this paper. In particular, given a closed and bounded interval
J =[0,1] C R, R denotes the set of all real numbers, we study the existence of
the nonlinear functional integral equation (in short FIE)

o(t)
(L) at) = k(ta(u(®) + [ (L)) (at) + / 9(s,2(n(s))) ds)

fort € J, whereq: J — R, f,g,h:J xR — Rand p,v,o,n:J — J.

The FIE (1.1) is general in the sense that it includes the integral equations
that have been studied in Dhage and Jahagirdar [9] and Dhage and Regan [10].
The special cases of the FIE (1.1) occur in some physical and biological processes,
queing theory etc. For the details of such problems one is referred to Deimling [3],
Chandrasekhar [2]. The rest of the paper is organized as follows. In section 2 and
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12 B. C. DHAGE

3 we shall develop a new fixed point theory and in section 4 we shall prove the
existence results for the FIE (1.1) under Carathéodory condition.

2. FIXED POINT THEORY

It is known since long time that the fixed point theory has some nice applica-
tions to nonlinear differential and integral equations for proving the existence and
uniqueness theorems. An interesting topological fixed point result that has been
widely used while dealing with the nonlinear equations is the following variant of
nonlinear alternative due to Laray and Schauder [16].

Theorem 2.1. Let U and U denote respectively the open and closed subset of a
convex set K of a normed linear space X such that 0 € U and let N : U — K be
a compact and continuous operator. Then either
(i) the equation x = Nz has a solution in U, or
(i) there exists a point w € OU such that w = ANu for some A € (0, 1), where
U s a boundary of U.

Another important fixed point theorem that has been commonly used in the
theory of non-linear differential and integral equations is the following generaliza-
tion of Banach contraction mapping principle proved in Browder [1].

Theorem 2.2. Let S be a closed convex and bounded subset of a Banach Space
X and let T : S — S be a nonlinear contraction. Then T has a unique fixed point
x* and the sequence {T™x}, x € X, of successive iterations converges to x*.

Most recently the present author in [4] proved a fixed point theorem involving
three operators in a Banach algebra by blending the Banach fixed point theorem
with that of Schauder’s fixed point principle.

Theorem 2.3 (Dhage [4]). Let S be a closed, convex and bounded subset of a
Banach algebra X and let A, B,C : S — S be three operators such that
(a) A and C are Lipschitzians with the Lipschitz constants « and 3 respec-
tively,
(b) (%)_1 exists on B(S), I being the identity operator on X, and the
operator % : X — X is defined by (%) T = ‘”;gm,
(¢) B is completely continuous, and
(d) AzBy+Cxe€ S Vuz,yeS.

Then the operator equation
(2.1) AzBx+Cr =2
has a solution, whenever aM + 3 < 1, where M = ||B(S)|| = sup{||Bz|| : z € S}.

It is shown in Dhage [4] that the above Theorem 2.3 is useful in the existence
theory of certain nonlinear integral equations in Banach algebras. Now we shall
obtain the nonlinear-alternative versions of Theorem 2.3 and a fixed point theorem
established is Nashed and Wong [13] under suitable conditions, Before going to
the main results, we give some preliminary definitions needed in sequel.
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Definition 2.1. A mapping T : X — X is called D-Lipschitzian if there exists
a continuous and nondecreasing function ¢r : R™ — R™T satisfying

(2.2) [Tz =Tyl < ér(llz -yl

for all z,y € X with ¢7(0) = 0. Sometimes we call the function ¢ a D-function
of T on X. If ¢7(r) = ar for some constant @ > 0, then T is called a Lipschitzian
with a Lipschitz constant a and further if o < 1, then T is called a contraction
with the contraction constant «. Again if ¢p satisfies ¢r(r) < r, r > 0, then T is
called a nonlinear D-contraction on X.

Remark 2.1. It is clear that every D-contraction implies nonlinear contraction
and nonlinear contraction implies D-Lipschitzian but the reverse implications may
not hold.

Definition 2.2. An operator 7' : X — X is called compact if T'(X) is a compact
subset of X, and it is called completely continuous if it is continuous and for
any bounded subset S of X, T'(S) is a compact subset of X.

It is clear that every compact operator is totally bounded but the converse may
not be true. However the two notions are equivalent on a bounded subset of X.

Theorem 2.4. Let U and U denote respectively the open bounded and closed
bounded subset of a Banach algebra X, and let A,C : X — X and B:U — X be
three operators satisfying

(a) A and C are with the D-functions ¢pa and ¢ respectively,

(b) (%)71 exists, I being the identity operator on X, and the operator % :

X — X is defined by (%)x =1,

(¢) B is completely continuous, and

(d) Mpa(r)+¢c(r) <r forr >0, where M = ||B(U)|.
Then either

(i) the operator equation AvBx + Cx = x has a solution in U, or
(ii) there exists an u € OU such that

AA(%)Bu + AC(%) —

for some A € (0,1), where QU in the boundary of U.

Proof. Now the desired conclusion of the theorem follows by an application of

Theorem 2.1, where the operator IV is defined by

I-c\!
2.3 N=—— B.
(2.3 (%)

From hypothesis (d), it follows that ¢¢(r) < r for r > 0, and so by Theorem 2.2

(I—C)~! exists on X. Again the operator (%) ! exists in view of hypothesis (b).
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Therefore the operator (TC) ( A) ! exists on U. We show that
the operator N given by (2.3) is well de ned We claim that

(%)71B:U—>X.

It is enough to prove that
B(U) C (%)(X).

Let y € U be fixed point. Define a mapping A, : X — X by

(2.4) Ay(z) = AzBy + Cz.

Let x1,22 € X. Then by (a),

[Ay(z1) = Ay(2)|| < [|Az1 By — Aza Byl + [|Cy — Caa|

< [Azy — Azs||| By + |Czy — Cas|
<IBO)gallzr — a2]) + de (a1 — a2])
S Moa([lzr — w2l)) + de (|21 — z2])
= ¢([lz1 — z2l])

where ¥(r) = Mpa(r) + ¢c(r) < rif r > 0.
Hence by an application of Theorem B yields that there is a unique point * € X
such tat

Az*By + Cx* = z*

or
Az*By = (I — C)x”
ie.,
I1-C\N
By = ( 1 )x .
Hence (%)ﬂB defines a mapping

(%)_1B:U—>X.

Next we show that (%)71 is a continuous mapping on B(U). Let {z,} be
any sequence in B(U) such that z,, — z.
Let
I-C\"!

and
I—-C\—1
(T) (r)=y=>zAy+cy=y.
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Now
[yn — yll = [[£nAyn + Cyn — Ay — Cy||
< [l@nAyn — 2 Ay + |Cyn — Cy||
< [|znAyn — zp Ay|| + 20 Ay — zAy| + [|Cyn — Cy||
< lznlllAyn — Ayl + | Ay[[llzn — [l + [[Cyn — Cyl|
< Moallyn — yl) + 1 Ayllllzn — 2|l + dc(lyn —yll) -
Therefore

limsup [|yn — yl| < M¢a(limsup ||yn — yl|) + ¢ (limsup [y, —y|) .
n n n

If lim sup ||y, —y|| # 0, then we get a contradiction to the hypothesis (d). Hence
n

(555) @ - (555) " @] = im e -l =o0.

This shows that the operator (£5)~! is continuous on B(U). Since N is a

composite of a continuous and a completely continuous mappings, it is completely
continuous operator on U. Now an application of Theorem 2.1 yields that either

the operator equation (%)7IB£C = z has a solution in U or there exists a point

u € OU such that A(%)_lBu = u for some A € (0,1). This further implies that
either the operator equation AzBz + Cx = z has a solution in U or there exists
an u € OU such that AA(%)Bu + AC(%) = u for some A € (0,1), that is, either
conclusion (i) or (ii) hold. This completes the proof. O

lim
n

Remark 2.2. We note that in a Banach algebra X, the operator (%)_1 exists if

% is well defined and one-to-one.

An interesting special case of Theorem 2.4 in the applicable form is

Corollary 2.1. Let B(0,r) and B[0, r] respectively denote the open and closed balls
centered at origin of radius v > 0 in a Banach algebra X and let A,B,C : X — X
be three operators such that

(a) L is well defined and one-to-one,

(b) A and C are Lipschitzians with the Lipschitz constants a and 3 respec-
tively,

(¢) B is completely continuous, and
(d) aM + 8 < 1, where M = ||B(B[0,r])||.
Then either
(i) the operator equation AzBx + Cx = x has a solution in B[0,r], or

(ii) there ewists an u € X with ||u|| = r such that NA(%)Bu+ AC (%) = u
for some A € (0,1).

When C = 0, we obtain
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Theorem 2.5. Let U and U denote respectively the open bounded and closed
bounded subset of a Banach algebra X, and let A : X — X and B : U — X be
three operators satisfying

(a) A is D-Lipschitzian with the D-function ¢a,

(b) (%)71 exists, I being the identity operator on X, and the operator % :

X — X is defined by (%)x =1,

(¢) B is completely continuous, and

(d) M¢a(r) <r forr >0, where M = ||B(U)]||.
Then either

(i) the operator equation AxBx = x has a solution in U, or

(i) there exists an u € OU such that

u
)\A(X)Bu =u
for some A € (0,1), where OU in the boundary of U.

Corollary 2.2 (Dhage and Regan [10]). Let B(0,r) and B[0,r] denote respectively
the open and closed balls centered at origin of radius r > 0 in a Banach algebra X
and let A, B : X — X be three operators such that

(a) 4 is well defined and one-to-one,
(b) A is Lipschitzian with the Lipschitz constants a,

(¢) B is completely continuous, and

(d) aM < 1, where M = || B(B[0,7])||-
Then either

(i) the operator equation AxzBx = x has a solution in B[0,r], or

(ii) there exists a uw € X with |lul| = r such that NA(%)Bu = u
for some A € (0,1).

3. ANOTHER DIRECTION

In this section, we obtain some nonlinear alternatives of Leray-Schauder type
involving the two operators in a Banach space X. A slight generalization of a
nonlinear alternative established in Dhage and Regan [10] is

Theorem 3.1. Let U and U denote respectively the open and closed subsets of a
Banach space X such that 0 € U, and let A,B: X — X and B : U — X satisfy

(a) A is nonlinear D-contraction, and

(a) B is compact and continuous.
Then either

(i) the operator equation Ax + Bx = x has a solution in U, or

(ii) there exists an u € OU such that NA(Y) + ABu = u for A € (0,1),

where U is the boundary of U.
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Proof. The desired conclusion of the theorem follows by a direct application of

Theorem 2.1 to the mapping N = (I — A)"!B. Since A is nonlinear contrac-
tion, by Theorem 2.2, the sequence {A™z}, © € X, of successive iteration of A
at o converges to the unique fixed point of A, Therefore (I — A)~! exists and is
continuous on X. Now the map (I — A)~!B which is a composite of a continu-
ous and completely continuous operator, is completely continuous on X, and in
particular on U. Hence by an application of Theorem 2.1 yields that either the
operator equation (I — A)~!Bx = z has a solution in U, or the operator equation
AMI — A)~'Bx = z has a solution on the boundary dU of U for some X € (0,1).
This further implies that either (i) the operator equation Az 4+ Bz = x has a solu-
tion in U, or (ii) there exists an u € OU such that AA(%)+ ABu = u for A € (0,1).
This completes the proof. ([

An interesting corollary to Theorem 3.1 is

Corollary 3.1. (Dhage and Regan [10]) Let B(0,r) and B0, ] respectively denote
the open and closed ball in a Banach space X and let A, B : X — X satisfy

(a) A is contraction, and

(b) B is completely continuous.
Then either

(i) the operator equation Ax + Bx = x has a solution in B0,r], or

(ii) there exists an element u € X with ||ul| = r such that NA(%) + ABu = u

for some A € (0,1).

Theorem 3.2. Let U and U respectively denote the open and closed ball in a Ba-
nach space X such that 0 € U. Let A,B: X — X and B : U — X satisfy

(a) A is linear and bounded,

ere exists a positive integer p suc a is a nonlinear D-contraction,
b) th st itive int h that AP 4 li D tracti
and

(¢) B is compact and continuous.
Then either the conclusion (i) or (ii) of Theorem 3.1 holds.

Proof. The desired conclusion of the theorem follows by a direct application of
Theorem 2.1 to the mapping N : U — X defined by
N=(I-A)"'B.

Now
(I—A)~L = (I — AP)~! (; AJ’) :

By hypothesis (b), AP is a nonlinear contraction, so by Theorem 2.2, the map-
ping (I — AP)~?! exists on X and consequently the mapping (I — A)~! exists on X.
Moreover from hypothesis (a) it follows that (I — A)~! is continuous on X. The
rest of the proof is similar to Theorem 3.1. We omit the details. (]
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A special case to Theorem 3.2 in its applicable form is

Corollary 3.2. Let B(0,7) and B[0,r] denote respectively the open and closed ball,
in a Banach space X centered at origin and of radius r > 0. Let A,B : X — X
satisfy

(a) A is linear and bounded,
(b) there exists a positive integer p such that AP is a contraction, and
(¢) B is completely continuous.

Then either conclusion (i) or (ii) of Theorem 3.2 holds.

Finally we give an important remark which is useful in the applications to the
theory of nonlinear differential equations.

Remark 3.1. Note that in Theorems 2.4 and 2.5, the sets U and U are assumed
to be the open and closed subsets in a Banach space X respectively, however, it
is enough to assume that U and U are subsets of some closed convex subset K of
the Banach algebra X. The same argument is also valid for Theorems 3.1 and 3.2.

4. EXISTENCE THEORY

We shall seek the solution of the FIE (1.1) in the space BM (J, R) of all bounded

and measurable real-valued functions on J. Define a norm || - || in BM (J,R) by
(4.1) ] = max (1)

Clearly BM(J,R) becomes a Banach algebra with this supremum norm. We
need the following definition in the sequel.

Definition 4.1. A mapping 3 : J x R — R is said to satisfy L'-Carathéodory
condition or simply is called L'-Carathéodory if

(a) t — B(t,z) is measurable for each = € R,

(b) x — B(t, x) is almost everywhere continuous for ¢ € J, and

(¢) for each real number r > 0, there exists a function h,. € L'(J,R) such that

B(t,z)| < h.(t) ae ted
for all x € R with |z| < 7.
We consider the following assumptions:

(Ho) The functions u,v,o,n: J — J are continuous.

(H1) The function k : J x R — R is continuous and there exists a bounded
function ~ : J — R with bound ||y|| such that

|k(t,x) — k(t,y)| <v{t)|lzr —y| ae ted
for all z,y € R.

T T
Hs) The function x — ——— is well defined for all t € J and ——— =
(o) 7t,7) 760)

=z =yforalltel.

Y
fty)
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(H3) The function f : J x R — R\{0} is continuous and there exists a bounded
function « : J — R with bound ||«|| such that

Ft.2) = f(ty) < alt)le—y| ae. tel.

(Hy) q:J — R is continuous.

(Hs) g is L'-Carathéodory.

(Hg) There exists a continuous and nondecreasing function ¢ : [0, 00) — [0, 00)
and a function p € L'(J,R), p(t) > 0 a.e. t € J such that

lg(t,z)| < p)(|z]) ae teJ
for all z € R.

Theorem 4.1. Suppose that the assumptions (Ho)—(Hg) hold. Further if there
exists a real number r > 0 such that

el (@ + lIpll o (r) + vl < 1,

s KHF@Epl 1 v(r)
T=Tal(@+Tpl 1 60+ 1T

where Q = sup,c;lq(t)], K = sup,c;|k(t,0)| and F = sup,c;|f(t,0)|, then the
FIE (1.1) has a solution on J.

(4.2)

Proof. Define an open ball B(0,7) centered at origin of radius r > 0, where r

satisfies the inequalities in (4.2). Now consider the mapping A, B, C on BM (J,R)
defined by

Ax(t) = f(t,z(v(t)), teJ,

o(t)
(4.3) Bzx(t) = q(t) +/O g(s,z(n(s)))ds, teJ, and

Cx(t) = k(t,z(u(t)), teJ.
Then the problem FIE (1.1) is equivalent to the operator equation,
Az(t)Bz(t) + Cz(t) = x(t), teJ.

We shall show that the mappings A, B and C satisfy all the conditions of
Corollary 2.1 on BM(J,R). Clearly A, B and C define the mappings A, B,C :
BM(J,R) — BM(J,R). As f(t,z) # 0 for all (t,z) € J x R, the operator %
is well defined on BM(J,R). Further in view of hypotheis (Hs) it follows that
the operator £ is one-to-one on BM(J,R). We shall show that A and C are

a
Lipschitzians on BM (J,R). Let z,y € BM(J,R). Then by (H;) and (Hs),

[Ax(t) — Ay(t)] = |f (t, =(v(2))) — f(ty((1)]
< a()z(v(t)) —y(v®)|

< llafllz =yl
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[Az — Ay < [[af/l|lz -y,
and
|Ca(t) — Cy(t)] = [k(t, 2(u(t)) — k(t,y(u(t)))]
<)z () —y(p®)]
< vz =yl

[Cx = Cyl| < 7l flz = yll-

Thus A and B are Lipschitzians with the Lipschitz constants ||«|| and [|v]]
respectively. Now we shall show that B is completely continuous mapping on
B[0,r]. Since o and 75 are continuous and g is Carathéodory, it follows from
dominated convergence theorem that B is continuous on B0, r]. See Granas et.
al. [12]. Let {x,} be a sequence in B[0, 7], then ||z, || < r for all n € N; so by (Hs),

o(t)
| Baall < sup l(8)] + sup / 19 (5, 20 (n(s))) | ds
tedJ teJ Jo

<Q+/01hr(s)ds

=Q+ [|hrllL,

which shows that {Bz,} is a uniformly bounded sequence in BM (J,R). Next we
show that {Bx,} is a equi-continuous set. Let t,7 € J. Then we have

o(t)
[Ba(t) - Ban(r)] < laft) ~ a(r)| +| [ . 9l aln(s)) ds

<lq(®) = q(7)[ + [m(t) —m(7)],
o(t)

where m(t) = / hy(s)ds.

0
Since g and m are uniformly continuous functions on J, we conclude that { Bx,, }
is a equi-continuous set. Hence B is a completely continuous mapping from B0, 7]
into BM(J,R) by Arzela-Ascoli theorem. Again by (Hs),

M = [|B(B[0, r])
= sup{||Bz| : € B[O, r]}

= sup { sup |Bx(t)|}

zeB[0,r] N ted

o(t)
< swp {supla(o)] +sup [ lg(s,a(n(s)) | ds)
zeBl0,r] b ted teJ Jo
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< s {@+ [ peputieas)

2€B[0,r]
<Q+IpllLr(r)
and so
lal| M+ Iyl = el (@ + [Pl 19o(r)) + Iy < 1
in view of first inequality in condition (4.2).
Thus all the conditions of Corollary 2.1 are satisfied and hence an application

of it yields that either the conclusion (i) or (ii) holds. Now we shall show that the
conclusion (ii) is not possible. Indeed if u is a solution of the operator equation

AA(%)BU + AC(%) =u
with [Ju]] = r for some A € (0,1), then u is also a solution of the FIE
(44 u(t) = Ak(t 3u(u(e)| +A[7 (4 5u0))] (a0 + /0 " g uln(s)) ds)

for some A € (0, 1).
But for any solution u of (4.4) with |ju|| = r and A € (0,1) one has

u(t)] < [N (£, 5 ((6))) = Ak(t, )] + Alk(z,0)
+ (‘)\f(t, %u(y(t))) - )\f(t,O)‘ n )\|f(t,0)|)

a(t)
< (a1 + [ lats.uta)ds)
< A(O)lu(u(t))] + [k(2,0)]
+ (la@®)l[u(®] + £ 0)) (la(t)] + / (s () ds)
< Il + K + (el + F)Q + ol (lul)) .
lull < [l (@ + lpllawlul)) + 1] lull + F(Q + lpll s (llull)) + K -

Letting |lu|| = r in the above inequality yields

p < K+ F@+lpllr(r))

= 1= {llel(@ + llpllLr(r)) + IV’

which is the contradiction to the second inequality in (4.2). Therefore the conclu-
sion (i) holds, and consequently the FIE (1.1) has a solution « on J with |lul < 7.
This completes the proof. (Il

As an application, we consider the following nonlinear functional differential
equation (in short FDE)

w(t) —k(ta(u®)\" _
(4.5) ( @) ) =g(t,z(n(s)) ae teJ
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satisfying the initial condition
(4.6) z(0) =€ eR,

where k,g: J xR = R, f:J xR — R\{0} and p,v,n: J — J are continuous
with v(t) =0 = u(0).

By a solution of the FDE (4.5)—(4.6) we mean an absolutely continuous function
x : J — R that satisfies the equations (4.5)—(4.6) on J.

Let C(J,R) denote the space of all continuous functions on J. Clearly C(J,R) C
BM (J,R). The existence result for the FDE (4.5)-(4.6) is

Theorem 4.2. Suppose that the assumptions (Hq1)-(Hs) and (Hs)—(Hs) hold.
Further if there exists a real number r > 0 such that the inequalities in (4.2) hold

with Q = 5;?0(25’)5) , then the FDE (4.5)—(4.6) has a solution on J.

Proof. The FDE (4.5)—(4.6) is equivalent to the integral equation.

t
@) o) = hleatue) + [Feal )] (Sgg + [ o) @)
fort € J.

Now the desired conclusion of the theorem follows by a direct application of

Theorem 4.1 with ¢(t) = E}é"o(og’f) for all t € J, o(t) =t and the space BM(J,R)

replaced with C(J,R). The proof is complete. O

Further in an analogous way to Theorem 4.1, we can obtain the existence results
for the functional integral equations,

p(t) a(t)
£(t) = q(t) + / £ (5, 2((5)) ds + / o(s, 2(n(s)) ds

and

t o(t)
z(t) = q(t) —|—/0 k(t, s)x(u(s)) ds +/0 g(s, x(n(s)) ds

by the application of Corollaries 3.1 and 3.2, respectively. Some of the results in
this direction may be found in Dhage [7] and Dhage and Ntouyas [8].

Remark 4.1. Finally while concluding this paper, we remark if k(¢,z) = 0 on
J X R, then Theorem 4.1 reduces to the existence results proved in Dhage and
Regan [10] for the functional integral equation

o(t)
o) = [(tatw®)] (a0 + [ ols.ata(s))as).
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