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115 (1990) ČASOPIS PRO PĚSTOVÁNÍ MATEMATIKY No. 2, 147-164 

INVARIANCE OF THE FREDHOLM RADIUS 
OF THE NEUMANN OPERATOR 

DAGMAR MEDKOVÁ, Praha 

(Received February 3, 1988) 

Summary. One of the classical methods of solving the Dirichlet problem and the Neumann 
problem in Rm is the method of integral equations. If we wish to use the Fredholm-Radon theory 
to solve the problem, we need to know the Fredholm radius of the Neumann operator. It is 
shown in the paper that the Fredholm radius of the Neumann operator does not change under 
a deformation of the domain investigated by a diffeomorphism which is conformal (i.e. preserves 
angles) on a precisely specified part of the boundary. 

Keywords: Neumann operator, interior normal in Federer's sense, reduced boundary, Fredholm 
radius, perimeter, Lipschitz mapping, diffeomorphism, Hausdorff measure. 

AMS classification: 31B20. 

The present paper follows the paper [Do], which proves that the Fredholm radius 
of the Neumann operator is invariant with respect to conformal deformations of 
the Jordan domain investigated. We have attempted to generalize this result, first 
to prove a similar theorem for dimensions of higher order. 

If H cz Rm (m ^ 2) is an open set whith a compact boundary, we denote by %>(dH) 
the space of all bounded continuous functions on dH and by %>'(dH) the space of all 
finite signed measures on dH. For a given function h harmonic on H we define the 
weak normal derivative NHh as a distribution 

(cp, NHW) = ]# grad (p . grad h dxm 

for cp e 9) ( = the space of all compactly supported infinitely difTerentiable functions 
in Rm). We formulate the Neumann problem for the Laplace equation with a boundary 
condition /( e ^'(dH) as follows: determine a harmonic function h on H for which 
NHh = ix. We wish to find the function h in the form of the single layer potential 

* v(x) = \Rm hx(y) dv(y) , 

where v e <&'(dH), 

hx(y) = (m - 2 ) - 1 A ~ 1 | x - y\2~m for m > 2 , 

A~l log |x - y\~l for m = 2 , 

A is the area of the unit sphere in Rm. The operator NH(JU is a bounded linear operator 
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on %>'(dH) if and only if VH < oo (see the definition in §2). Under the assumption 
VH < oo we look for a solution of the Dirichlet problem for the Laplace equation 
on the set Rm — cl H with the boundary condition g (where cl H is the closure of 
the set H) in the form u(x) = <fNHhx}9 where fe^(dH). A solution / of the 
problem satisfies 

Wf(x)=<f,NHhx>=g(x). 

Let io be the distance of the Neumann operator N = 2W — I (where I is the identity 
operator) from the space of all linear compact operators on %>(dH). If a> ( = 2VH — see 
the definition in Section 2) is less then 1 then the Riesz-Schauder theory permits 
to apply the Fredholm theorems to the dual equations 

. [J + ( 2 W - / ) ] / = 2 0 , 

[7 + (2iVH4ir - J)] v = 2n . 

Notice that l/co is the so-called Fredholm radius. As is proved in [KW], [AKK2], 
even in the case V" > 1/2 we may in several cases utilize the Riesz-Schauder theory 
if we replace the maximum norm on ^(dH) by the norm 

l / I , = sup{|/(jc)|/p(x); xedH}, 

where v is a positive lower semicontinuous function on dH, and then prove that 
VH

V < 1/2 (see the definition in Section 2). 

1. PERIMETER 

Some auxiliary propositions concerning mappings of sets with a finite perimeter 
are proved in this part of the paper. It is possible to omit this section and to prove 
the propositions via the results of [DG1], [DG2]. 

We shall denote by <3 the class of all infinitely differentiable functions with compact 
support in Rm (m = 2). Further, we denote by xk the outer k-dimensional Hausdorff 
measure, by U(y; r) = {x; \x — y\ < r} the open ball of radius r and center y, 
by A -T- B = (A u B) — (A n B) the symmetric difference of sets A and B. 

Definition 1. For any Borel set H c Rm put 

P(H) = sup{JHdivvvdKm; w =- (wu ..., vvm); Wje^V/ = l , . . . , m ; 
m 

5>? = i}. 
1=1 

This quantity P(H) is called the perimeter of H. 

The aim of this section is to deduce the following result, which we shall use in the 
sequel. 
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Theorem 1. Let D cz Rm be an open set, \j/: D -• Rm a homeomorphism. Let H 
be a bounded Borel set whose closure cl H lies in D. If the mapping i/> is Lipschitz 
in a neighbourhood of OH with the Lipschitz constant L then 

P(il/(H)) = L"1'1 P(H). 

Before proving this theorem we state several well-known auxiliary propositions. 

Definition 2. Let H cz Rm be an open set. We call H an open polyhedral set if its 
boundary dH is locally a hypersurface (i.e. every point of dH has a neighbourhood 
in dH which is homeomorphic to Km_1) and dH is formed by a finite number of 
(m — 1)- dimensional bounded polyhedrons. 

Lemma 1. Let H be a bounded open set. Then P(H) <z Km-1(dH). If H is an 
open polyhedral set then P(H) = xm-x(dH). 

Proof. See [0], Theorem 1.6, Theorem 2.5, Theorem 2.6, Theorem 1.3. 

Lemma 2. Let H9 Hl9 Hl9 ...be Borel sets such that xm(H + Hk) -• OfOr fc —> oo. 
Then 

liminf P(Hk) = P(H). 

Proof. See [0], Theorem 1.5. 

Lemma 3. Let H be a nonempty Borel set with a finite perimeter. Then there 
exists a sequence {I7fe} Of open polyhedral sets such that dHk cz {x; dist (x, dH) < 
< ljk}for each fc, xm(H + Hk) -> 0, P(Tlk) -> P(H)for fc -» co, where dist (x, dH) = 
= i n f { | x - y\; yedH}. 

Proof. See [0], Theorem 1.7. 

Proof of Theorem 1. It suffices to suppose that P(H) < oo. According to 
Lemma 3 there exists a sequence {F/fc} of open polyhedral sets such that dnk cz 
cz {x; dist (x, dH) < 1/fc} for each fc, P(F/k) - P(H) and xm(llk - H) -+ 0 for 
fc -> oo. Further, there is fc0 such that \]/ is a Lipschitz mapping on {x; dist (x, dH) = 

<; l/fc0} cz D with a Lipschitz constant L. We prove that there is kt > fc0 such that 
IIk cz {x; dist (x, cl H) < l/fc0} and H — Ttk cz {x; dist (x, dH) < l/fc0} for each 
fc = kv Denote M = {x; dist (x, cl H) = l/(2fc0)}. Since cl H is compact, there 
is R > 0 such that cl H cz U(0; R). Denote by {<£,} the components of 
U(0; £ + 2) - M. Since U(0; R + 1) - {x; dist (x, cl H) < l/fc0} cz U(0; R + 2) -
- M = (J {Q/J}, there exists a finite set Ql9 ...9<Pn such that cl U(0; R + 1) -
- {x; dist (x, cl H) < l/fc0} cz {<£,-; j = 1 , . . . , n}. Since xm(nk + H) -> 0, there is 
kx > 2fc0 such that 
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(1) Xm(Hk * H) < min xm(<t>i), 
i = l , . . . , n 

(2) *m(I7V ±H)< (2k0)~
m xm(U(0; 1)) 

for each fc = fc1# If there were fc = fci such that I7fc - {x; dist (x, cl H) < l/fc0} 4= 0 
then there would exist y e nkn(cl\J(0; R + 1) - {x; dist (x, cl H) < l/fc0}) be
cause dI7fc c {x; dist (x, 3H) < l/fc} c U(0; # + 1). Thus there would exist j e 
e { 1 , . . . , n} for which Hk n <Pj 4= 0. Since the set $>j is connected and dHk n 0,. c 
c M n <Pj = 0, we have # . c Hk. Hence 

xm(I7fc - fl) = xm(0j), 

which contradicts (l). 
Now suppose that there are fc = fcx and xeH — Hk such that dist (x, dH) ^ 

= l/fc0. If yedffk then dist (>>, dH) < l/fcL and thus dist (x, y) > l/(2fc0). Since 
dist (x, dnk) = l/(2fc0) we have U(x; l/(2fc0)) c H - J7k. Hence 

*m(Hfc - H) ^ *m(U(x; l/(2fc0))), 

which contradicts (2). 
Let fc = fcj. Then ^(I-Y) is a Borel set and 

*n,-i(#(tf*)) = ^ - i W ^ ) ) -g Lr-'x^dn,), 

because |i//(x) — ^(y)| ;= L|x — >>| for each x, y e G77k. According to Lemma 1 

Pty(nk)) ^ ^ - i (#( IT f c ) ) = L - 1 ^ . ^ ^ ) = L - 1 P(Hk) < oo . 

Since Hk c {x; dist (x, c/ H) < l/fc0} we have Hk - H c {x; dist (x, dH) < l/fc0}. 
Since H - Hk<=. {x; dist (x, dH) < l/fc0} we have |^(x) - \j/(y)\ = L|x - >>| for 
each x, y e I7k -f- H. Hence 

xm(iA(I7fc) -s- <A(H)) = LX(H k - H ) - > 0 for fc-oo. 

According to Lemma 3 

P(<A(H)) -̂  liminf P(iA(I7fc)) ^ liminf Lm_1 P(Hk) = Lm~l P(H). 
fc->00 fc-*C30 

2. INVARIANCE OF THE FREDHOLM RADIUS 

N o t a t i o n . Let H c Rm be a Borel set with a compact boundary dH, let a be 
a lower semicontinuous function on dH such that 0 < inf g ^ sup# < oo. For 
x e Rm, r > 0 we denote 

v"9(
x) = SUP { JH grad hx(y) . grad (?(>>) dxm(>>); cp e 0 , | ? | = sup a , 

H -S g on dH, spt (?? c U(x; r) - {x}}/g(x) , 

where #(x) = sup g for xeRm - dH, 
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V«g = sup {t* (x); xedH}, 

V0
H

g = lim V* . 
r - 0 + " ' 

For g = 1 we write vH(x\ VH, VH. Instead of vH(x) and VH we write v"(x) and VH, 
respectively. 

It is easily seen that vH(x)K~l
 = v^(x) ^ K vf(x), where K = sup g/inf g and 

thus K* f < o o o ^ < o o , C = O o V0
H = 0. 

Lemma 4. Let H <=. Rm be a Borel set with a compact boundary. If VH < oo then 
P(H) < oo. 

Proof. (See [K2] pp. 596-7 and the proof of Theorem 2A2 in [Kl]) . Since 
VH = V0

M, P(H) = P(M) forM = Rm-H it suffices to suppose that H is a bounded 
set. Since V0

f < oo there is r > 0 for which VH < oo. Since cl H is compact, there 
n 

are x 1 , . . . , xn e cl H such that c l / Y c |J U(x'; r/2). Further, there exist a1? . . . , an 
» = 1 n 

such that 0 <̂  a, ^ 1, spt a ; <-= U(x'*; r/2) for i = 1, . . . , n and J] a; == 1 in a neigh
bourhood of cl H. Since I = 1 

m n m 

P(H) = sup { £ X Jfl 3X«|fcy) d ^ ; hl9...9hme99 I h? < 1} 
/ = i i = i i = i 

it suffices to prove 

SUP {JHnUO';r/2) dj(*i<P) &*m\ <P £ ®, M = l } < <» for I = 1, . . . , W . 

Let us fix i. If the points of U(x'; r/2) n dH are situated in a single hyperplane then 
P(H n U(x1'; r/2)) < oo. Therefore 

S U p { J H n U ( x x ; r / 2 ) ^ ( a ^ ) d x m ; ^ ^ , \(p\ = l} ^ 

= P(H n U(xf; r/2)) < oo . 

Now suppose that there are points y1,..., ym+i e OH n U(x'; r/2) which are not 
situated in a single hyperplane. Denote by Lk the hyperplane containing {j;s; s =f= fc}. 

m+l 
Then U (Rm - £*) = Km and'there exist ak e 9 such that 0 = ak = l , sp ta f c n Lfc = 0 

fc=i 
m + l 

and £ afc = 1 in a neighbourhood of cl H. Now <peS satisfies 
fc = i 

m+l 

jffnU(**;r/2) fyOw) d ^« = Z JH dj(*i<Pak) d*m 
fc=l 

and thus it suffices to prove 
SUP {JH 3 / a ^ ^ ) dxm; (? e ^ , |<p| = 1} < oo for fc = 1, . . . , m + 1 . 

Let us fix fc. The vectors x — j 1 , . . . , x — yfc_1, x — yk+1
9 . . . , x — j / " * 1 are linearly 

independent for each x e Rm — Lk. There are infinitely differentiable functions bs 
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on Rm - Lk such that 
ys - x 

(Slj9S2j9...9Smj) = Ybs(x) 

where 

:;i \y - x\ 

_ l for r = s 
" " 0 for r Ф s 

is the Kronecker delta. For cp e QJ9 \cp\ _ 1 we háve 

Jfl3I(a.-«^) d*m = 

<) = 
(• m + 1 v s — X 

Z fcs(*) Ts £ • 8 rad M*) fl*(*) <K*)) d*m(*) 

m + l | . . _ ^ 

= Z n — i m • g r a d (a'(x) a*(x) ?(*) b°(x)) dx^x) 
'I,1 JH K ~~ X 
s + fc 
m + 1 í* Vs — X 

- Z a iW -*(*) <P(X) r - V • grad ž>s(x) dx„,(x) g 
J - I J H \y ~x\ 

š Y A sup |fcs(x)| !>?(/) + 
s = l xesptak 
s*k 
m + 1 

+ I f |a,<x) ak(x)\ \y° - x\l~m |grad bs(x)\ dxm(x), 

because grád hj,(x) = (y — x)j(A\y — x\m). Thus 

sup { f d^afltfp) dxm; <pe®, \<p\ ^ l i = £ A sup |fcs(x)| Vr
H 

I J H J S = 1 xespt ak 
s=f=fc 

i + l r 

Z KM fl*(*)| \x - y\l~m |grad &s(*)| *xJx) < °° • 
i,1 JH 

m+í 

+ 
s*k 

The set H has a finite perimeter. 

Lemma 5. Let H <zz Rm be a Borel set with a compact boundary dH. Then for 
every z e Rm — dH we have 

vH(z) _ A'1 P(H) [dist (z, dH)Y~m . 

Proof. See [Kl], Proposition 2.11, Remark 2.3. 

Lemma 6. Let H <=. Rm be a Borel set with a compact boundary. Then VH < cc 
if and only if VH < oo. 
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Proof. It suffices to prove that VH < oo implies VH < oo. If VH < oo then there 
is r > 0 for which VH < oo. Let xedH. Then there are infinitely differentiable 
functions a1? a2 such that ax + a2 = 1 in Rm, 0 fg a,- S 1 for / = 1, 2, spt a! cz 
cz U(x; r), spt a2 cz Rm - cl U(x; r/2). If <p e 0 , \cp\ g 1, spt <p cz Rm - (x), then 

\n grad (?(y). grad hx(y) dxm(y) = 

= JH grad (ax(y) q>(y)). grad hx(y) dxm(y) + 

+ JH grad (a2(y) cp(y)). grad hx(y) dxm(y) S v?(x) + v"-u^'2)(x). 

By Lemma 5 we have 

v"(x) g v?(x) + i j ' - u w r / 2 ) (x) ^ 

g yr"(x) + A~XP(H - U(x; r/2)) (r/2)1 "m . 

Thus by Lemma 4 we conclude 

V ^ VH
r + A-12m-V1-'"[P(//) + P(U(0; r/2))] < oo . 

N o t a t i o n . For a Borel set H <=. Rm, z e Rm we denote by 

da{z) = iim g-_Pfr )̂ ^ «) 
r-o+ xm(U(z;r)) 

the m-dimensional density of H at the point z (if it exists). 

Definition 3. Let H cz Rm be a Borel set, j e Rm. A unit vector 6) is termed the 
interior normal of H at 3; in Federers sense, if the symmetric difference of H and 
the half-space {x e Rm; (x — y)-0 > 0] has m-dimensional density zero at y. If 
there is such a vector 6>, then it is unique and we shall denote it by nH(y)\ if there is 
no interior normal of H at y in this sense, we denote by nH(y) the zero vector in Rm. 
The set {y e Rm; \nH(y)\ > 0} is called the reduced boundary of H and will be denoted 
by drH. 

N o t a t i o n . Let D cz JRm be an open set, \j/: D -» Rk a mapping. If the differential 
of \j/ at z G D exists, we denote it by Di^(z). 

In the rest of the paper we will consider an open set D cz Rm, a homeomorphism 
\jj: D —> Rm and a bounded Borel set H such that cl H cz D and the mapping ^ is 
a diffeomorphism of class C l in a neighbourhood of cH. Further, we will suppose 
that g is a lower-semicontinuous function on dH such that 0 < inf g ^ sup g < 00. 

Lemma 7. dr\j/(H) = \\j(drH), and n*(H)(il/(x)) is normal vector to the surface 
\J/({z e D; (z - x) • nH(x) = 0} Ot t/t(x) for eac/t x 6 drH. 

Proof. Let xedrH. Since \j/ belongs to the class C l in a neighbourhood of x, 
the surface ij/({z e D; (z — x) • nH(x) = 0}) has a unit normal n at \J/(x). We choose 
the normal n oriented to the set ij/({z e D; (z — x) • nH(x) > 0}). We prove that 
n*mty(x)) = n. 
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Denote Y = {z e D; (z - x) • nH(x) < 0}, Z = {z e Rm; (z - i]/(x)) • n < 0}. Then 

(4) </(Z + *iy»(*(*)) = ° • 

Now we prove 

(5) -W> + ««)0Kx)) = ° • 
There are positive constants L _ 1, Q such that i/r is a Lipschitz mapping on U(x; Q) 
with the constant L and t/^-1 is a Lipschitz mapping on U(il/(x); Q) with the constant L. 
If 0 < r < Q then i>- ,(U(i>(x); r)) - U(x; rL) and thus 

x,„(U(^(x); r) n (•/,(#) -s- «KY))MU(«Hx); r)) <. 

<. xm(^(U(x; rL) n (Jf •*- Y)))/xm(U(x; r ) ) . 

-V(H)+«y>GK*)) - -? 'dH*y(*) = 0 

Therefore 

and thus 

dz + «H)GK*)) - dZ**mW.X)) + - W ) + « H M * ) ) = 0 

and n*(H)(i^(x)) = «, i>(„) e djftH). Hence t/<3rtf) c 8rxl/(H). Similarly, 
»l/~\dr\l)(H)) c 8rH and thus 3ri>(H) = iA(5rH). 

Lemma 8. If ye drH, u e Rm then 

n*<H)(t(y)) • Thfty) u = (u • nH(y)) (n*^(y)) • D^(y) nH(y)) . 

Proof. By virtue of the linearity of the operator Dij/(y) it suffices to suppose 
u 4= (u • nH(y)) nH(y). Since \p belongs to the class C1 in a neighbourhood of y , there 
are positive constants L, r such that |^(x) — \l/(y)\ __ L\x — >>| for each x e U(y; r). 
Since nH(y) [u — (w • nH(y)) wH(y)] = 0, nHH)(\l/(y)) is a normal vector of the surface 
ij/({z e D;(z - >>) • /iH(y) = 0}) at \j/(y) by Lemma 7, and 

0 = lim n*<HU(y)) • ^ + '[» ~ (" • n ' 0 0 ) nH(y)]) - »fl» _ 
.->„• m W \</,(y + .[« - (« • „ - » ) «"(,>)]) - *(y)\ 

= lim n*WMv)) • ̂  + f [ " ~ <" • " H ^ ) ) nH(>?) ]) " ^ = KVKy" Lt\u-(u-nH(y))nH(y)\ 

_ n*™(+(y)) • D+(y) [ « - ( « • n'QQ) n'QO] 

L\u-(u-nH(y))nH(y)\ 

The linearity of D (̂)>) implies 

n«aX4,(y)) • D^(y) « = n*(H>(-AW) • D ^ ) [(« • nH(y)) nH(y)] . 

Lemma 9. Let x e Rm, let B a Rm be a Borel set, C a positive constant such that 
*-.-_(# n U(x; r)) __ Crm~x for each positive r. Then for every a > 0, r e (0, 1) 
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we have 
C2n 

f | j c - ; ' | - + 1 - " d x _ . 1 ( y ) á 
J BnV(x;r) 

Г 
1-2" 

An elementary Proof. Since r < 1 there is a natural number i such that 2""' < r ^ 
5̂  2~ , + 1 . Calculation yields 

J - n U ( , ; , ) | - - . v | " + 1 - " d x m - 1 ( j ' ) g 

< f ( 2 t + 1 - , m . 1 ( B n ( U ( x ; 2 - ' + 1 ) - U(„; 2 "•'))) < 

< cy(2- j ' ) j + i - m (2- j , + i r i < — r*. 
~ 7=1 " 1 - 2 " a 

Lemma 10. Let B a Rm be a Borel set with a compact boundary, z e Rm, r > 0. 

Then 

xm-x(U(z\ r) n drB) ^ Am(m + 2)" ( i + VB) rm~l . 

Proof. See [ K l ] , Corollary 2.17 and Remark 2.3. 

In the rest of the paper we will suppose that \J/ is a diffeomorphism of class C 1 +* 
in a neighbourhood of dH, where a e ( 0 , 1). 

Lemma 11. Let VH < oo. Then there are positive numbers r0, C l 9 C2, Lsuch that 
for every x e D, r e (0, r 0) 

Proof. There are r x e (0, l) and a positive constant Lsuch that for every x, y e 
€ {z; dist (z, dH) ^ r-.} we have |i^(x) - xl/(y)\ ̂  L|x - y\9 ||D^(x)|| rg L, ||D^(x) -
— D^(j;)|| ^ L\x — y|a and for every x, y e {z; dist (z, \l/(dH)) ^ rj} we have 
l ^ - 1 ^ ) — ̂ ""^y)! ___ L|x — y|, where ||D^(x)|| denotes the norm of the operator 
D(/>(x). Since VH < oo, we have P(H) < oo by virtue of Lemma 4. Theorem 1 
implies P(^(H)) < oo. According to [ K l ] , Lemma 2.15, Proposition 2.5, Definition 
2.2, Remark 2.3 we have for every x e dH, z e dij/(H) and r > 0 

vH
g(

x) = kHnu(x;r) |" H (y ) ' grad hx(y)| g(y) dxm^t(y)lg(x) , 

« - - W = Jw(H)nu(,;,, K ^ y ) • g^d hz(y)| g^'Hy)). 

Now let j G drH, * G -9 ™ {y}> |* — y| < ri/-k- We wish to estimate [grad hHx)(il/(y)). 
, n+w(il/(y))\ in terms of |grad hx(y) • nH(jO|: 

| g r a d A , ( ^ 

= A-x ţҚ*) - ^KУ) . *( Я ) l 

ty(x) - ý(y)\m Ш) 
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_g LmA~l\x - y\~m \n*iH\^(y)) J1 Dij,(y + t(x - y)) (x - y) dt\ < 

__; l?A-l\x - y\~m \n*(H)(\li(y)) Di]/(y) (x - y)\ + 

+ LTA-^x - y\~m J0 \D^(y + t(x - y)) (x - y) - DyV(.v) (x - y)\ dr. 

Lemma 8 yields 

|gradh , w (^)) -n*< H ) (^)) |_^ 

rg LmA~l\x - y\~m \n*™ty(y)) • Dij,(y) nH(y)\ \nH(y) (x - y)\ + 

+ WA-^x - y\-m J.L|x - y\ \t(x - y)\*dt _g 

g Lm+1|grad hx(y) • nH(y)\ + W+^-^x - y\%+l~m . 

Thus if x e D, y e drH — {x}, \x — y\ < r1/L then 

(6) \gradhHx)(Hy))n^H\il,(y))\< 

_g Lm+1|grad hx(y) • nH(y)\ + _»+ 1„ _ I |x - y\%+1-m. 

Put r0 = ry\L
2. Let xe D,r e (0, r0). From Lemma 7 and (6) we obtain 

«*»-(*(*)) = 
= U«H)nu(Wx);o |n«H)(z) • grad hnx)(z)\ _#- '(_)) dx„,__(z)/_j(x) < 

- W_nU(:,.,_» [--" + ' K(* " '(")) " -""i ^GT'(--))| + 

+ L"+1.4-»|x - ^-1(z)|1+0t-m]^-1(z))dx,„_1(z)/5(x) __ 

_ -L"""1 JflrH„u(,.,_) [ L m + 1 | n » • grad hx(y)\ + 

Lm+1A-1|x - y|1 + - m ] g(y)dxm.1(y)jg(x) _S L 2 m ( £ » + 

+ L2m+Xm(m + 2)m(l/2 + VH)2m_1(l - 2-*)_1 r*/inf g 

by virtue of Lemma 10 and Lemma 9. 

Theorem 2. V*(H) < oo o VH < oo. 

Proof. Let VH < oo. We may assume that a __; 1. Lemma 11 yields 

VfH> _g QVf < oo . 

Thus V*(H) < co by Lenima 6. Since xj/-1 has the same character as the function 
V>, V*(H) < oo implies VH < oo. 

Theorem 3. / / VH = 0 .hen V<f(H) = 0. 

Proof. Since VH = 0 we have VH < co by Lemma 6. Lemma 11 implies 0 _. 
= y*lB) = CiyH = Q 
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Lemma 12. Let B <= Rm be a Borel set with a compact boundary. Then for every 
zeRm 

vB(z) = VB + 1/2. 

Proof. See [ K l ] , Theorem 2A6, Remark 2.3. 

Lemma 13. Let B a Rm be a Borel set. If z1, ..., zm+i e Rm are not situated in 
a single hyper plane and 

m+l 

5>V)<*>. 
1=i 

.then P(B) < oo. 

Proof. See [K1], Theorem 2.12, Remark 2.3. 

N o t a t i o n . Let B a Rm be a Borel set with a compact boundary. We denote 

TB = {z e cB; 3O > 0: lim {sup vB(y); y e U(z; O) n dB} = 0} . 
r - 0 + 

Lemma 14. THH) = \JJ(TU). 

Proof. We may suppose a ^ 1. Let z e TH. Then there is O > 0 such that 

(7) K = sup {vH
Q(y); y e U(z; 5O) n OTI} < co , 

(8) lim sup {vH(y); y e U(z; 5O) n 5H} = 0 . 
r - 0 + 

We prove VHnXJ(z;Q) < oo. If dH n U(z; O) lies in a single hyperplane then VHnV(z;Q) < 
< cc. Suppose that £H n U(z; O) does not lie in a single hyperplane. If x e dH n 
n cl U(z; 3O) then 
^ ^ n U C x ; , ) ^ = ^H ( x ) + VV(**)(X) ^ K + 1 , 

(10) v^^-^x) = K + 1 . 

Since dH n U(z; O) does not lie in a single hyperplane, the set H n U(z; O) has 
a finite perimeter. If x e f?U(z; O) n int H then 

/ n U ( 2 : e ) ( . v ) ^ 1 + vU(z;e)-H(x). 

Let <p e £$, |<p| = 1. Then the function 

y I - Ju(z;„-H grad <P . grad hy dxm 

is continuous in Rm and harmonic in U(z; 3O) n int H. If y e dU(z; 3O) then Lemma 5 
.yields 

| W . e , - H g ^ <p . grad /., dxm| g ""<*»>-»(,) g 

S A-^PiUiz; Q)) + P(H n U(z; <?))] (2<?)1-" . 
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If yedHr\ U(z; 3Q) then [Kl ] , Proposition 2.5, Remark 2.3 and (10) imply 

If«(-»)-» grad <p . grad h,dxm| ^ 1 + „«<"»>-"(,) g X + 2 . 

Since xe'mtHn U(z, 3O), we have 

| Ju(z;o,-H grad <p. grad hx dxm\ = 

^ max (2 + K, A-^P^z; O)) + P(H n U(z; O))] (2O)1-") 

due to the maximum principle. Hence 

»HnU(i;r t(x) = 1 + ^ z ; e ) " H ( x ) = 

= 1 + max (2 + K, A~x[P(U(z; O)) + P(H n U(z; O)) (2O)1-m) . 

This inequality and the relation (9) yield 

FHnuCz;(?) = i + m a x (2 + K, A_1[P(U(z; O)) + 

+ P(HnU(z;O))](2O)1-)< GO. 

According to Lemma 11 there are numbers r0,CuC2, Lsuch that for every x e dHr 

r e (0, r0) we have 

vtiHnV<z''0))(ils(x)) = Crfr^Xx) + C2r*. 

Since ^ is a homeomorphism, there is R e (0, min(r0, O/(2L))) such that U(^(z); 2R) cr 
c i^(U(z; O/2)). If y e U(i/^(x); K) n \\j(dH) then there is xedHn U(z; O/2) such 
that j = i/t(x). If r e (0, K) then 

v*W(y) = ^ " ^ ' " " ( ^ ( j c ) ) = C,vl(x) + C2r* . 

Therefore 

lim sup {vt(H)(y); y e dxjj(H) n U(^(z); R)} = 
r - 0 + 

= lim [Ci sup {v^x) ; x e dH n U(z; O)} + C2r7] = 0 . 
r-+0 + 

Thus i/>(z) e T^(H). Therefore I^(TH) C T^ (H). Since i/^-1 has the same character as \j/> 

we have ^~1(T^{H)) C T„. Hence ^ ( T H ) = T^ (H). 

Lemma 15. Let B cz Rm be a Borel set with a compact boundary. Then 

V* = 0 <-> TB = dB . 

Proof. If V<? = 0 then 

lim sup {vf(y); yedB} = 0 
r - 0 + 

and thus TB = <9B. Now let TB = dB. Let e > 0. Then for every z e dB there are 
positive numbers O(z), r(z) such that i?*2)(y) < e for each y e dB n U(z; O(z)).. 
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Since dB is compact there exists a finite set {z l , . . . , z"} of points of dB such that for 
every y e dB there is i e { l , . . . , n} for which |_f — v| < O(z'). If r e (0, min {r(z'); 
i = 1, . . . , n}) then vr(y) < e for each y e dB. Hence V<f = 0. 

Definition 4. Let B cz Km, z e B. A mapping cp: B-+Rm is called conformal 
at the point z if there is S > 0 such that U(z; S) cz B, cp e r6yl(U(z; O)) and the angle 
of the curves {cp(z + tOj); 0 _*<<$} (j = 1, 2) at the point cp(z) is the same as the 
angle of the curves {z + tOf; 0 = t < S} (j = 1, 2) at the point z for all pairs of 
unit vectors &j, Q2. 

Lemma 16. Let B cz Rm
9 to cp: B -+ Rm be an injective mapping which is con-

formal at the point z e B. Then cp~l is conformal at the point cp(z). 

Proof, cp is conformal at the point z if and only if there is S > 0 such that 
U(z, S) c B, cp e ^l(\J(z; S)) and for every two vectors u, v #= 0 we have Dcp(z) u 4= 
4= 0, Dcp(z) v 4= 0 and 

, . D(p(z) w D<p(z) v _ w v 

|Dp(-)«|'|Dp(z)t>| ~ H ' H ' 

Thus J<p(z) 4= 0, where Jcp(z) is the Jacobian of the mapping cp at the point z. Since 
the mapping f(x, y) = y — <p(x) is a mapping of class C l in U(z; S) x Km and 
f(x, >') = 0 if and only if y e cp(B), x = ^?_1(^), the implicit function theorem implies 
that cp'1 is a mapping of class C1 in a neighbourhood of cp(z). The mapping 
D^_ 1(^(z)) is the inverse mapping to the mapping Dcp(z). Thus we obtain from (11) 
a similar relation for Dcp~1(cp(z)). Hence the mapping cp~x is conformal at the 
point cp(z). 

Lemma 17. Let K be a positive constant. For a positive r put Br = {x e dH; 
vr,g(x) > K}> e( r) = SUP {dist(x, dH — TH); x e Br} when both sets Br, dH — xu 

are nonempty. In the opposite case put O(r) = 0. Then O(r) \ 0 for r -> 0 + . 

Proof. The function O(r) is nondecreasing on the interval (0, co). If the limit 
of O(r) at the origin were different from zero, there would exist a positive e such that 
O(r) > e for each r. Thus there would exist a sequence x,, e Bl/n such that 
dist (x„, dH — TH) > E. Since dH is compact there exists a subsequence {x^} of the 
sequence {x,,} and a point x e dH such that xj, -> x for n -> co. Now let S > 0. 
For every r > 0 there is a natural number n such that x̂ , e U(x; O") n dH and 
ijn < r. Then 

sup {v^y); y e U(x; S) n 5H} _ v ^ ) _ v^(x;) (min a)/(sup g) _ 

_K ( inf«) / ( supa ) . 

Thus for every S > 0 
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lim sup (v?(y); y e U(x; 8) n dH} = K(inf g)/(sup g) > 0 
r->0 + 

and hence x G Of/ — zH. Therefore dist (x'n, dH — TH) -> 0 for H -> oo, a contra

diction. 

N o t e 1. Let C cz Km be an open set, let (p: C -• Km be a diffeomorphism of class 

C 1 , let B be a compact subset of C. Then there is a constant K such that ||D<p~" l(x)\\ g 

^ K for each x e (p(B), because (p(B) is compact. Since 

Dcp-1(cp(x))D(P(x)=I, 

where I is the identity operator, we have |u| = K|D<p(x) u\ for each vector M e Rm. 

Thus ||D<p(x)|| = l/K for each x e B. 

Lemma 18. Let K, L be positive constants. For r positive put Br = {x e dH; 
vr[g(x) > K). Let O(r) be the function from Lemma 17, <p(r) = [r + O(Lr)]a for 
r > 0. Then there are positive constants r 0, C such that for every r e (0, r 0 ), x 6 BLr 

there exists z e (dH - TH) n U(x; Q(Lr)) such that for every y e drH, 0 < |x - v| < 
< r we have 

| g r a d / i , ( . x ) ( ^ ) ) - „ « H ^ ( y ) ) | < 

^\&adhJ(y)-nB(y)\UD^z)l 

+ C(P(r)\ + C\x - y\1+*-m. 

Dф(z) x - y 

\*-y 
(\ + C (p(r))m + 

Proof. By the assumption there are positive constants r 1 ? M such that \j/ is a dif

feomorphism of class C 1 + a on {x; dist (x, dH) < 2r x) c D, i/T1 is a diffeomorphism 

of class C 1 + a on {x; dist (x, 4/(dH)) < 2rt} c i^(D), for every x, ye{z; dist (z, 

*A(3H)) = rx} we have ^ " ^ x ) - ^ _ 1 ( y ) | = M\x " y|> f o r e v e r y *, y e {z; dist (z, 

dH) S rx) we have |D^(x) - Dil/(y)\ = M\x - y\. First, let dH = rH. Then V<? 

= 0 due to Lemma 15 and thus V0

H

g = 0. There is R > 0 for which sup {vfR,g(x); 

xedH} < K and thus BLr = 0 for r G (0, K). Now let us assume OH - TH 4= 0. Let 

r G (0, r j , x G BLr. Since dH — xH is compact there exists z G O*H — T H for which 

|* ~ z\ = e(Lr). If j G arH, 0 < |x - y\ < r then 

i^(H^(y)). grad K(My))\=^ y«xm) • [ ^ J ^ l ^ 

= A-'l^x) - iA(y)|- K(H)(<My)) • D<A(y) (x - y)| + 

+ A-^(x)-^y)\--\n^\^(y)). 

. J 0 (D<//(y) - Difty + ,(x - y)) (x - >>) dt| = 

= A-^(x) - * ( j , ) | - | n ^ ) (x - y)| \n«*>My)) • DiKy) "H(y)\ + 

+ A'1Mm+i\x - y\-m\x - y\i+* 

160 



by Lemma 8. Therefore 

(12) | g r a d h , w ( ^ ) ) - n ^ ' ( ^ ) ) | = 

= |grad hx(y) • nH(y)\ \x - y\m |*(x) - ^(y)\-m(\\Dij,(y) - D^(z)|| + 

+ ||D^(z)|) + A-1Mm+1|x - y\l+*-»>. 

Now we estimate the expressions in (12): 

(13) \x - y\m \*{x) - i/t(y)|-m | | D ^ ) - D</t(z)|| g M*+ 1 |z - y\« g 

^ Mm+1(r + Q(rL))x . 

Further, 

\x-y\m\ilf(x)-^(y)\-m\\D^(z)\\< 

i j nm 

I (» - .v)||J \\ij,(x) - *(y)\ |D^(z)l 

+ |^(x) - ^ l " 1 |D*(z)(x - y)\~l IJ1 D*(z)(x - y)dt -

According to Note 1 we have 

(14) |x - y\m |iA(x) - ^ ) | - m |Dtfr(-)|| £ 

= | D * ( - ) | D^(z) x - j 

* - л 
[1 + M 2 (r + e(rL))"]'" . 

Puting C = max (M 2 , M M + 1 ) we obtain from (12), (13), (14) 

\gn&hfMMy))-n*™(*(v'\\\< 

= |grad hx(y) • nH(y)\ | | D ^ ( z ) | 

+ c<p(r)i + c|x 

D«A(z) x - У 

x-У 
(1 + C<p(r))m + 

11 + a — m 

Theorem 4. If ^ is conformal on dH — T7/ f/zen Voj^ = VH

r where f = g o \J/ *. 

Proof. We may assume that a _ 1. Since by Lemma 14 and Lemma 16 xj/"1 has 
the same character as \j/9 it suffices to prove V%{H)

 = VH

g. If VH

t9 = 0 then Vo = 0 
and VfH) = 0 by Theorem 2 and thus Vg^ = 0. Hence it suffices to suppose 
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0 < VH
g < co. Then V0 < oo and VH < co according to Lemma 6. Lemma 11 

implies that there are positive numbers r0, C1? C2, L such that for every x e D . 
r e ( 0 , r o ) 

(15) C ( l K x ) ) g Ctvljx) + C2r«. 

For r > 0 we denote Br = {xedH; vH
g(x) > V^C"1}. If x G dH - BLr, where 

r e (0, r0), then (15) yields 

(16) vf^(x)) ^ Vlg + C2r\ 

Now we estimate vf^H)(\j/(x)) on the set BLr. By the assumption there are positive 
constants rx e (0, r0), K such that i/> is a diffeomorphism of class C1 + a on {x; dist (x, 
dH) < 2rt) c I), xj/'1 is a diffeomorphism ofclassC1 + a on {x; dist (x; \p(dH)) < 2rt} c 
c i/̂ (D), .for every x, 3/ £ {z; dist (z, 5H) ?g rt} we have |^(x) — ^(y)\ ^ K|x — j | , 
||Di/r(x)|| ^ K, ||DiA(x) - Di/y(y)|| ^ K|x - j | a and for all x,y G {Z; dist (z^(dH) ^ 
^ *•-.} we have \il/~l(x) ~ V>~AC-V)| ^ ^ | * - y|, I D ^ " 1 ^ ) ! ^ K. By Lemma 18 
there are positive constants r2 G (0, r^K ) , C3 such that for every r e (0, r2), x G BLKr 

there exists z G (dH — T7/) n U(x; Q(LKr)) such that for every y G 3rH,0 < |x — y\ < 
< rK we have 

(17) Igradh^W^-n^X^))^ 

< |grad hx(y) • n"(y)\ U^(z)\\ 

C3<p(Kr)\ + C3\x - y\-+*-m 

Dф(z).t (1 + C3ę(Kr)f + 

where <p(r) is the function defined in Lemma 18. Now let r3 = min (r2, 1/K), 
r e ( 0 , r 3 ), x e BrL a BrLK. Then there exists z e (5ff — T H ) n U(x; e(LKr)) for 
which (17) holds for each y e drff, 0 < |x - y\ < rK. If v, w e U(x; Kr) then 

\4,(v) - tfw)\ = \Dij,(z)(v - w)\ + 

+ \ll
0 [D^(v + t(w - v)) - Di/r(z)] (v - w) dt\ = 

<L\v-w\ [||Dtfr(z)l + X(rK + e(L&))«] • 

Note 1 yields 

(18) |*(t>) - tfw)\ = \v - w\ \\DiP(z)\\ [I + K2cp(Kr)-}. 

According to ( [Kl] , Lemma 2.15, Proposition 2.5, Definition 2.2, Remark 2.3), 
Lemma 7 and (17) 

<Ptt(x)) = fiw>nu(«„.,, \nnH\y) • grad fc,(x)(,)| *(*" 'GO) 

d ^ - t O O M * ) ^ k ^ v o ^ H {jgrad h^-'O')) • nH(^-'(y))\ 
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[ |D^2 )]^^(â |"" I|D^(Z)I1 (1 + C^Kr))m + CMKr)] + 
+ C3\x - ^-^^^-"j^-H^dx...^)/^). 

Using the Lipschitz condition (see (18)) we estimate this integral by the expression 

flD^z)!-1 [I + K2<p(Kr)Y /._,__,-._,, ||grad hx(y) • n"(y)\. 

• f l D ^ H | D * ( Z ) £ - = - - H ""(I + C3cp(Kr))m + C3<p(Kr)~\ + 

+ C3|x - >f+"-4 g(y)dxm.1(y)lg(x) . 

Since z edH — TH and therefore i/> is conformal at z, we have |Di//(z) U\ = ||Di//(z)|| |u| 
for each u e Rm. Hence 

C V W ) = [1 + KWKr)-}"-1 knn^Kry grád A ^ ) • nB(y)\ 

[(l + C3p(/_r))» + C3 ||D^(z)||«-> <p(Krj\ g(y)dxm^(y)jg(x) + 

+ C3[l + K2q>(Kr)]m-1 K ^ l s u p g) . 

• Jé>rHnU(*;Kr) |* ~ J>|1 + a-m dx__1(j;)/^(x) . 

Lemma 10 and Lemma 9 imply 

(19) v«Pfy(x)) = (1 + K2q>{Kr)Y-* [(1 + Ca^-Kr))" + 

+ .K""1C3¥)(Kr)] i£fi(x) + C4(l + K2cp(Kr)y-' r«, 

where C4 = C3K
m"1+aAm(m + 2) (1/2 + VH) 2m"1(l - 2"a)~1 (sup a)/(inf g). 

Since 8ij/(H) = i/r(dH), we conclude that Vg<f > = Vo>řr 
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S o u h r n 

INVARIANCE F R E D H O L M O V A P O L O M Ě R U N E U M A N N O V A O P E R Á T O R U 

DAGMAR MEDKOVÁ 

Jednou z klasických metod řešení Dirichletovy a Neumannovy úlohy v Rm je metoda integrál
ních rovnic. Jestliže chceme použít při řešení úlohy Fredholm-Radonovu teorii, musíme znát 
Fredholmův poloměr Neumannova operátoru. V č lánkuje ukázáno, že při deformaci zkoumané 
oblasti difeomorfním zobrazením, které je konformní ( t j . zachovává úhly) na přesně specifiko
vané části hranice, se nemění Fredholmův poloměr Neumannova operátoru. 

Р е з ю м е 

И Н В А Р И А Н Т Н О С Т Ь РАДИУСА ФРЕДГОЛЬМА ОПЕРАТОРА Н Е Й М А Н А 

DAGMAR MEDKOVÁ 

Одним из классических методов решения задачи Дирихле и Неймана в Rm является метод 

интегральных уравнений. Для того, чтобы при решении задачи можно было воспользоваться 

теорией Фредгольма и Радона, необходимо знать радиус Фредгольма оператора Неймана. 

В статье показано, что при деформации исследуемой области диффеоморфизмом, который 

является конформным (т.е. сохраняет углы) на точно определенной части границы, радиус 

Фредгольма оператора Неймана не меняется. 

Authoťs address: Matematický ústav ČSAV, Žitná 25, 115 67 Praha 1. 
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