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Homology theory in the alternative set theory I.
Algebraic preliminaries

JAROSLAV GURICAN

Abstract. The notion of free group is defined, a relatively wide collection of groups which
enable infinite set summation (called commutative w-group), is introduced. Commu-
tative m-groups are studied from the set-theoretical point of view and from the point of
view of free groups. Commutativity of the operator which is a special kind of inverse limit
and factorization, is proved. Tensor product is defined, commutativity of direct product
(also a free group construction and tensor product) with the special kind of inverse limit
is proved. Some important examples of tensor product are computed.

Keywords: alternative set theory, commutative w-group, free group, inverse system of Sd-
classes and Sd-maps, prolongation, set-definable, tensor product, total homomorphism

Classification: 55N99, 20F99, 18G99

0. Introduction.

The main goal of this paper is to give the algebraic foundations for creating at
least first parts of homology theory in the Alternative set theory (AST), in spite
of the fact that this theory has been developed from the opposite side. First we
tried to create some algebraic topology in the AST. At the same time we believed
that our results would be good at least for Sd-groups of coefficients starting from
indiscernibility relation (i.e. m-equivalence with some additional properties). Each
step of the construction of a homology theory which was of interest from the al-
gebraic point of view was checked just from this point of view. At the same time
we were looking for the special properties of groups, homomorphisms, operators
of direct products, free group, tensor product etc. which have appeared in this
process. A certain meaningful part of homology with Sd-groups of coefficients has
been created. Then we tried to extend our results to the more general groups of
coefficients. In this paper, just this step has been made.

The homology theory in the AST based on these algebraic foundations will be
discussed in the next papers.

Throughout the paper we use usual principles and notations of the AST (see [V]).

1. Free groups, commutative m-groups.

By Z we denote the set-definable class of all integers, + is the usual addition
on Z (which is also an Sd operation). If it does not lead to any misunderstanding,
we can use the sign + also for operations in other groups.

By k,1,m, n (if necessary, with subscripts) we shall denote finite natural numbers,
by «, 3,7, 9, u, v (also if necessary with subscripts) we shall denote natural numbers
(or integers), possible infinite.

By [z1, %2, ...,x,] we shall denote an ordered n-tuple of elements 1, xa, ..., xn.
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Definition 1.1. Let X be a class. Then the class
F(X) = {f;Fnc (f) & dom (f) C X & rng (f) C Z — {0}}
with the following operation &:
dom (f ® g) = {z € dom (f) Udom (g); = € dom (f) Ndom (g) = f(z) # —g(x)}

and

f(x) +g(x) if € dom (f) Ndom (g)&f(x) # —g(x)
(fog)(z) =4 f(x) if x € dom (f)\ dom (g)
g(z) if x € dom(g)\ dom (f)

)

is a commutative group. We shall call it the commutative free group freely generated
by the (class) X. (Its zero element is the empty set 0).)

It is easy to see that if X is an Sd-class, then F(X) and also @ are Sd-classes.
Because in all our considerations we shall use only commutative groups, we shall
omit this attribute.

According to the fact that for every x € X the function g; = {[1,z]} € F(X)
there is the natural copy of X in F(X) and therefore we shall frequently consider
X to be a subclass of F(X).

In the common circumstances it is usual to do only finite sums of elements of
a given group. The serious problems appear if one wants to sum infinite sets (classes)
of elements of a given group. These problems could be solved by means of topology.
The first step is to show that we can speak about some kinds of infinite sums in the
AST. That is why we introduce a special kind of the inverse system and its limit.

Definition 1.2. An inverse system of Sd-classes and Sd-maps (Sd-IS in short) is
a codable system {Gy,H]*,m > n} which consists of a codable class of classes
{Gp; n € FN} in which each of Gy, is a set-definable class and a codable class of
set-definable maps H]' : G;,, — Gy, for every pair m > n such that

(a) each of HJ! is the identity on Gy,

(b) form>n >k H' =Hp o H : Gypy — Gy,

An inverse limit of an Sd-IS {G, H",m > n} is a class G such that there are

maps Hy, : G — Gy, such that

(1) for m >n Hy, = H» o Hy,

(2) for each sequence zg,21,... such that x, € Gy, and for every m > n a, =
H}"(zm) there is just one element x € G such that for each n z, = Hy(z),

(3) there is Sd-map H,n such that H,, = H/n | G for each n.

Notation:A group (G, +) is said to be an Sd-group iff the class G and also the
operation + are set-definable. If all classes G, are enriched by group operations
+n, such that (Gy, +y) are Sd-groups and moreover H)'* are homomorphisms, then
{Gn,H", m > n} is said to be an Sd-IS of groups. A group structure induced
from this Sd-IS of groups can be in a common way introduced on its inverse limit.
Therefore this inverse limit can be considered to be a group.
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Definition 1.3. A group (G, +) is said to be a commutative w-group, if it is an
inverse limit of some Sd-IS of commutative groups.

Example 1.4. Let + be an Sd-operation, G;, be such set-definable classes that
(G, +NG3) is a commutative Sd-group and Gy, 41 is a subgroup of Gy, for each n.
Let us put G = ({Gp; n € FN}. Then (G, + N G3) is a commutative m-group.

Indeed, all homomorphisms required by Definition 1.2 can be chosen as appro-
priate inclusions.

Example 1.5. Let X be a 7n-class. Then F(X) is a commutative m-group.

Indeed, because X is an intersection of a decreasing sequence X,, of set-definable
classes, then the sequence (F(Xy),®) and (F(X),®) can be considered to be the
case of Example 1.4.

Theorem 1.6. Let (G,+) be a commutative m-group, let u be a set. Let f :
u— Z and g : u — G be set maps. Then it is possible to define correctly
an expression X{f(x) - g(z); x € u} in such a way that it assigns the uniquely
determined element of G. Moreover, because v = rng (g) C G, we can consider
the inclusion ¢ : v — G. If we consider the function h : v.— Z given by
h={[a,2]; 2 € v&a=32{f(y); y € g~ {a}}}, then
B{f(2) - g(z); v € u} = Z{h(y) - e(y); y € v}.

PrROOF: Let (Gp,+n), HY', Hy, and H,n be such as it is required by 1.2 and the
above notation. First of all we prove that an expression « - g(z) can be correctly
defined for given o € Z and x € u. Let a > 0. A recursive prescription

M2 (0) = ep, (the zero element of (Gp,+n)),MZ(B+1) =MZL(8) +nx

can be written by a set formula. By means of the axiom of induction we can easily
prove that there is the Sd-function M"(—, —) : N x G,, — Gy, which fulfils this
prescription.

To be more precise, we shall write at least the relevant set formula (we shall omit
this step in the next similar proofs):

M" ={[z,a,z];2€ Gpr&kae N&z € Gp& (Th)(Fnc(h)&h:a+1— Gr &
&h(0)=e, & (VB ea)(h(B+1)=h(B) +nx)&2z=h(a))}.

By means of induction, it is also easy to prove that for every m > n it holds that
M"(a, H,, (g(2))) = Hy" (M™ (o, Hp, (8(2))))
and therefore there is just one element y € G such that
Hn(y) = Mn(av Hn(g(‘r)))

We put o - g(z) = y. Let o < 0. Then we put a- g(z) = —((—a) - g(2)).
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Now let u = {x1,x9,...,24} be a set ordering of the set u.
Denote M" = {[z, o, z]; [z, 0, ] € MV [—z, —av, ] € M™}. M" is the extension
of M"™ to Z x Gy,. A recursive prescription
S(0) = en, S™(B+1) = S™(B) +n M" (£(x41), H,, (8(p11)))

can be written by a set formula and therefore there is the set function s™ : a+1 —
G, which fulfils this prescription. Again it is easy to prove by means of induction
that for every m > n, 8 < « it holds that

Hy'(s™(0)) = s™(B)
and therefore there is just one element y € G such that for each n
Hy (y) = 5" ().

We put X{f(z) - g(z); z € u} = y.
The last thing we need to prove is that the above construction is indepen-
dent on the set ordering of the set u. Let us fix some ordering of u : u =

{w1,m2,...23,...2y,...,20}. We prove that if we change some two elements, i.e. if
we make some transposition, the sum will not change. So let u = {z1,22,...2,,...
rg,...,%a} be another ordering of u. Let s™ be the function which we get from the

first ordering, let s be the function which we get from the second one. By means
of induction it can be easily proved that

s(8) = s"(8) i 6< B,
§"(8) = 5™(8) +n M"(£(x5), Hy, (8(25))) —n MM(£(z+), Hy, (g(24))) if B <8 < v
s"™(0) = s™(0) if y<d§<a.

So s"(a) = s"™(«) is the special case of these formulas.

Finally, for every two set orderings of u there is a set sequence of transpositions
such that the second ordering is the composition of the original one with these
transpositions in a given order. Thus, the desired independence is proved.

The second assertion can be now proved by induction. O

Let us make an agreement for summation through the empty set. If u = (3, then
we put X{f(z) - g(z); x € u} = e (the zero element of (G, +)).

And another agreement: let u C G, i.e. we can use the inclusion ¢ : u — G.
Let f: u — Z be a function. We shall write

3{f(x) -x; x € u} instead of X{f(z)-(z); z € u}.
Definition 1.7. Let (A, +) and (B, ®) be commutative m-groups. Let H: A —
B be amap. H is said to be a total homomorphism iff for each element Z{f (z)-z; x €

dom (f)} in (A, +) (here f is a function f : dom (f) — Z with dom (f) C A) it
holds that

H(X{f(z) - z; € dom (f)}) = Z{f(z) - H(z); z € dom (f)}.

Clearly, if H is a homomorphism which is a restriction of some Sd-map H/, then
it is a total homomorphism.
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Theorem 1.8. Let (G,+) be a commutative w-group. Let X be a m-class and
F : X — G be such map which is a restriction of some Sd-map F to X. Then
there is a unique total homomorphism F : F(X) — G such that for each x € X
F' (g:) = F(2) (remember the note after 1.1).

ProoF: Let f € F(X), let u = dom (f), i.e. u C X. Then F | u is a set map,
Flu:u— G, f:u— Z Tt follows from 1.6 that the expression Z{f(z) -
(F [ u)(x); « € u} has a sense and it assigns a uniquely determined element y € G.
We put F,(f) = y. After a simple analysis of the proof of 1.6, we can see that this
map is a total homomorphism. Moreover, for each x € X it holds that

F (g:) =F ({[1,.2]}) = ={1-F(2); 2 € {z}} = F(x)
O

Remark: The homomorphism F’ is said to be a linear extension of the map F :
X — G to the free group freely generated by X.

We can prove a certain analogy of this theorem for an arbitrary class X, but in
this case we can not assert that F is a total homomorphism. This is because if X
is not a m-class, then (F(X), @) need not be a commutative m-group.

Let X be a 7m-class. Then (F(X),®) is a commutative m-group. Let f € F(X).
Then z € dom (f) = gz = {[1,2]} € F(X) and it is clear that for a« € Z - gz =
{[er, z]}. Then f = X{f(z) - g»; « € dom (f)}.

There are some theorems which can be important from the set-theoretical point
of view.

Theorem 1.9. Let (G,+) be a commutative w-group which is an inverse limit
of an Sd-IS {(Gn,+n),H)',m > n} of groups such that at least one of the Sd-

. / . . . . .
extensions H,, of one projection H,, can be chosen as an injection. Then G and +
are revealed classes.

PrOOF: First of all let us note that if H,, is an injection, then according to Hy, =
H" o Hyy, all Hy, for m > n are also injections. For our proof, it is enough to
prove the revealness of the operation +, then the revealness of G follows from the
equation z + e = x.

Let z1,z2,... be a sequence of pairwise distinct elements of the operation +,
ie. x; = [a;, b, a; + b;]. Then for each n the sequence

{z}' = [Hn(a;), Hn(b;), Hyp(a;) + Hy(b;)]; @ € FN}
is a sequence in +,. Because +,, is set-definable, there is its prolongation to {:cg,
B € an} such that for each 5 € ay, :vg = [yg, zg, ug] € +n, ie. ug = yg +n zg And
according to the fact that for ¢ € FIN,m > n, it holds:
(%) Hy (vi"), Hy' (207), Hy (0" +m 207)] = (o7 2" ui']

these equalities hold up to some infinite natural number. It means that there is
o € N-FN such that:

(1) for each n {x}}; B € o} is a set of elements of +,

(2) equations of type (*) hold for m > n and each ¢ € .
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Now let n be the number for which H;L is an injection. Then {xg, 8 € a}is
an infinite set and moreover, according to (1) and (2), H;@_l”{xg; B e€a}l C+.

But because H/n is an Sd-map, H;@_l” {xg, B € a} is a set which contains all
T1,%2,... . O

Let us note that we do not know whether such (G, +) has to be a 7-class or not.
(Because many of H,, need not be surjections.)

We can also notice that if we omit the assumption about injectivity of at least
one Hln, the proof could be repeated up to the assertion that some {arg, 8 € a}
is an infinite set. In this case we can only state that there is some element of G
which seems to be a natural continuator (limit) of the sequence x1,x3,... .This
theorem also suggests that the assumption that there is an injective Sd-extension
of at least one projection H,n yields that for infinitely many H,, their Sd-extension
can be chosen to be injective. This fact can be really proved.

Theorem 1.10. Let {Gy,H]",m > n} be such Sd-IS of groups that there is n
such that for m > n H]' are isomorphisms. Then an inverse limit of this Sd-IS of
groups can be chosen to be an Sd-group. Moreover, if (G,+) is an inverse limit of

this Sd-IS of groups and for infinitely many n H/n is injective, then (G,+) is an
Sd-group.

ProOF: Let zg,z1,... ,2; € G; be such a sequence that for every k > [ Hf(:z:k)
= x;. Then for n > i it holds that z; = H'(xy) and for i > n it holds that

z; = (H%) 7! (zp). It means that we can choose (G, +y) to be an inverse limit of
this Sd-IS of groups. To prove this, we put

Hy = (HE)™L, if k>0,
and
Hk = Z, if k<n.

Now let (G,+) be an inverse limit of this Sd-IS of groups and infinitely many
of H/n are injections. It follows from the above consideration that H,, secures
bijectivity between (G, +) and (G, +r). By Hy, = H, | G and the set-definability
of H), (without loss of generality, we can assume that H, is injective) we have
G = {x; H/n(a:) € G} and hence G is an Sd-class. It is clear that also + is an
Sd-class. O

Theorem 1.11. Let {(Gn,+n), H}*,m > n} be an Sd-IS of groups such that for
every m > n, HJ' are injective. Suppose that there is an Sd-group (G, +) which is
its inverse limit. Then there is n such that for m > n H] are isomorphisms.

ProOOF: Homomorphisms H,,, required by 1.2, are Sd-classes (a restriction of an
Sd-map to an Sd-class be an Sd-map) in this case.

First we prove that if one H,, is an isomorphism, then all H,, for m > n are
isomorphisms, too. Indeed, if Hy;, is not injective, then neither H,, = H}' o Hy,
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is, which is a contradiction. For next, suppose that H,, is not surjective, i.e.
there is * € Gy, such that for no y € G it holds that H;,(y) = z. But because
H,, is surjective, there is z € G such that H,(z) = H}(x). Then according to
H, = H" o H,;, it holds that H"(H;,(z)) = H*(z). But Hy,(2) # « and it is
a contradiction with the injectivity of HJ".

Now we shall prove that at least one of H,, is an isomorphism. We shall do it by
contradiction. There are three possibilities there:

(a) almost all of Hj, are not injective

(b) almost all of H;, are not surjective

(c) infinitely many of H,, are not injective, infinitely many of H,, are not sur-

jective

(“almost all” means that “there is m such that for every n > m?”).
The case (c) follows from each of (a) and (b), because if (G, +) is an inverse limit
of given Sd-IS. then it is an inverse limit of any of its cofinal “subsystem”.
(a) We can assume that all H,, are not injective. It means that for every n there
are Tp # yn € G such that Hy(z,) = Hyp(yn). If we prolong this statement, we
can see that there are elements 2,y € G, z # y (G is an Sd-class!) such that for
every n, Hy(z) = Hy(y). But this is a contradiction, because in this case for the
sequence zg = Ho(z),z1 = Hy(z),... there are two elements z,y € G such that
H,(z) = zp, = Hy(y) for each n.
(b) Let all H,, be not surjective. It means that for each n there exists an element
Tn € Gy, which is not in the image of Hy,. By means of this, we get the following
sequences:

Hi(zz), Hi(r2), H(x2)

Of course, as x;, is not in the image of Hy, none of the elements H'(xy) is in the
image of H; (this follows from injectivity of H}' and the equality H; = H}' o Hy,).
After prolongation of a given triangle up to some row (with superscripts) o € N-FN;
we obtain a row 3 € o-FN, in which (for g > x > v) it holds that

HY(H))(x5)) = H}(z5)

and none of HE (zg) is in the image of H, and each of Hﬁ (z3) is an element of G,.

But this means that for the sequence Hg(:vg),H?(:vg), .. ,Hg(:vg), ... there is
no element x € G such that for each n it holds that H,(z) = z,. And this is
a contradiction with 1.2. O

Theorem 1.12 (P. Zlatos). Let {(Gn,+n),H)',m > n} be an Sd-IS of groups
such that for every m > n HJ} are injective. Then its inverse limit (G, +) can be
chosen in such a way that G and + are m-classes.
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T

PROOF: Let us denote G = [|{H;” Gp,; n € FN}. It is clear that G is a 7-class
and moreover, it is a subgroup of Gg. Therefore + = (4+¢) N G3 is also a m-class
and (G, +) is a group. We state that this is an inverse limit of the given Sd-IS.
To prove this, it is enough to take H,, = (H2)~! (this is correct because each

¢ is an injection). It is clear from the definition of G and + that each H/n is

a homomorphism which maps G into G;, and also that all formulas required by 1.2
hold. O

Remark: As it was mentioned in the proof of the Theorem 1.11, sentences “for
all” and “for infinitely many” (naturally used in the right situation) have the same
consequences (see e.g the formulation of 1.10-1.12).

Also it is clear that 1.9-1.12 can be reformulated for all Sd-IS’s (without require-
ments on its algebraic structure). Perhaps they could throw a new insight to the
well-known facts about w-classes (each inclusion is an injection).

2. Homomorphisms of Sd-IS.

In this section we are going to develop the technique being later usefvul at least
for the comparison of our homology theory with some classical ones (Cech’s and
Vietoris’s).

Theorem 2.1. Let {Gy,H", m > n} be an Sd-IS of groups. Then there is its
inverse limit.

PRrROOF: We use usual construction of the inverse limit. According to the axiom
of prolongation, for each sequence xg,x1,... such that if m > n, then x, € Gy,
and zp, = H}*(zym), there is a function g : « — V (a € N) such that g(n) = z,.
According to the axiom of choice, we can consider a class G such that for every
sequence described above there is just one function of the kind described, and
conversely.

Now let f,g € G. Then the sequence f(0) +¢ g(0),f(1) +1 g(1),...,f(n) +n
g(n),... has all required properties and therefore there is just one h € G such that
h(n) € G such that h(n) = f(n) +, g(n). We put f +g = h. It is clear that (G, +)
is the group. For each n let H, = {[z,y];Fnc(y) &z = y(n)}. It is clear that
H,n is set-definable and that Hln | G is the homomorphism H,n IG: (G,+) —
(Gn,+n). Let g € G. As for H, = H,, | G it holds that H,(g) = g(n) and
H,,(g) = g(m) and for m > n H}*(g(m)) = g(n), we have H,, = H]' o Hy;,. O

Theorem 2.2. Let {Gy,H]',m > n} be an Sd-IS. Let for each n,Gy, be the
nonempty class. Then its inverse limit is nonempty.

PrOOF: We can prolong the Sd-IS {G,,H”",m > n} to {G,,Hy, u > v} where
(a) and (b) of 1.2 are fulfilled for all y, v,k € @ € N-FN and also for v € a« G, # ()
(for appropriate ). Let © € G,—1. The sequence

HY ' (2), HY Ha), BHY (), ..., HY L (2), ...

fulfils the condition (2) of 1.2 and therefore the inverse limit is nonempty. O

Agreement: Instead of the Sd-IS { Gy, H*, m > n}, we shall write the Sd-IS (G, H).
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Definition 2.3. Let (X,P),(Y,Q) be two Sd-IS. A map @ : (X,P) — (Y,Q)
consists of an order preserving function ¢ : FN — FN, and for each n, an Sd-map
¢n : Xy(n) — Yy such that for m > n the following diagram

o(m)

X ( »(n) X

w(n) (m)
lwn lwm
Y, ¥ vy,

is commutative. If both (X,P) and (Y,Q) are Sd-IS of groups, we require in
addition ¢, to be homomorphisms.

Let @ : (X,P) — (Y, Q) be a map between two Sd-IS. Let X, with the maps
{Pn; n € FN} and Yoo with the maps {Qy; n € FIN} be the inverse limits of these
Sd-IS. Then we can define a limit map of ®, in sign oo (or, if necessary, ®o) as
follows:

For € Xoo, put yn = @n(Py(n(2)). For m > n, it follows from the above
commutative diagram that

U = Pu(PE) 0 P (@) = QR (P (Pm) (1)) = Qi ().

Therefore for the sequence yg, y1, - . . there is just one y € Yo such that y, = Qn(y).
We put oo () = y.

Again it is clear that if (X, P) and (Y, Q) are two Sd-IS of groups, then the limit
Yoo Of the map @ : (X,P) — (Y, Q) is a homomorphism.

Let @ : (X,P) — (Y,Q) and ¥ : (Y, Q) — (Z, T) be two maps of the Sd-IS,
their composition ¥o® consists of the oy : FN — FN and the maps v, 0 Pu(n)-

Lemma 2.4. Let @ : (X,P) — (Y, Q) be a map of two Sd-IS, n € FN. Then
commutativity holds in the diagram

Py

Xo(n) Xoo

[#n [

Qn

Y, —— Y.

PRrROOF: This follows immediately from the definition. g

Lemma 2.5. Let @ : (X,P) — (Y,Q) and ¥ : (Y,Q) — (Z,T) be two maps
of the Sd-IS. Then (¥ o @)oo = Yoo © Poo-

PRrROOF: This follows readily from the fact that ¢oo(x) is defined by mapping the
“coordinates” (i.e. P,)(z)) of z by means of the coordinate functions ¢n and the

fact that the composition ¥ o & was defined by composing “coordinate” functions.
O
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Definition 2.6. An Sd-chain of groups is a codable class C = {G,,H,} where
(Gy,+v) are Sd-groups and H, : (G, +,) — (Gp—1,+,—1) are homomorphisms
which are Sd-maps. Here v runs over N.

If we omit the requirements of set-definability in the previous definition then we
talk about a chain of groups.

Definition 2.7. An inverse system of Sd-chains of groups (C,II) is a function
which attaches to each n € FN an Sd-chain of groups Cj, = {¥G,,*H,} and for
every k > | and Sd-homomorphism Hf : Cp — C; of these Sd-chains of groups
(it means that Hf = {”Hf; ”Hf kG, — G, &v € N} and all ”Hf are Sd-maps
and homomorphisms and 'H,, o ”Hf = ”_1Hf ) kH,,) such that

(a) for each k, Hi is the appropriate identity (i.e. each ¥ Hﬁ is identity),

(b) for k>1>m, Tk, =TI o Hf (again coordinatewise as in (a)).
Then, for any fixed v {"G,,"II",m > n} form an Sd-IS of groups. Its limit
group is denoted by *°G,. Again for fixed v, the homomorphism {"H,,n € FN}
together with the identity map of FN form a map H" : {"G,,"II",m > n} —
{"G,_1,""1I"™ m > n}. The limit of H is denoted by *H,, : *G, — *G,_1.
The chain of groups (which need not be Sd-groups) Coo = {*G,,*H,, v} so
obtained is called the inverse limit of the system (C,II).

Definition 2.8. A chain of groups {G,,H,} is said to be ezact iff for each v
Im H,41 =Ker Hy, .

Theorem 2.9. Let (C,II) be an inverse system of Sd-chains of groups such that
each Cy, is an exact chain of groups. Then C, is an exact chain of groups.

PROOF: The composition H"~! o H” (mapping {"G,, I, m > n} into {"G,_o,
V=2[I" m > n}) consists of the identity map of FN and the maps "H,_10o"H, = 0.
Hence the inverse limit of HY~1 o H” is zero. By 2.5, this is the composition
©H,_;0°°H,. SoIm *°H,;; C Ker °H,,.

Conversely, let g € *°G, and *°H,(g) = 0. Let {¥II,,,n € FN} be the projec-
tions “II,, : *G, — "G, and {”H/n, n € FNY} its Sd-extensions, as it is required
in 1.2. Let g, = ”H,n(g) be the “coordinate” of g in "G, . Since °H,(g) = 0, it
follows "H, (g ) = 0 for each n. Since C,, is exact, X, = "H;_‘l_l(gn) is a nonempty
Sd-class which is the subclass of "G, 11 . From the relation lH,,_H o V'HH;“ = VH;“ o
FH,, 1 it follows that V'HH;“ maps Xy, into X; (k > 1). Indeed, let € Xj. It means
that ¥H,_ 1 () = g;. Hence ‘H, 1 o ”+1H§“(:c) = ”Hf oFH,  1(x) = ”Hf(gk) =g,
so that ”+1H§“(:c) € X;. According to this fact it follows that (X,”*1I | X) is an

Sd-IS which has by 2.2 a nonempty inverse limit, say Xoo. It is easily seen that
Xoo € ®Gy41 and ©H, 41 maps X into {g}. O

Definition 2.10. Let (G,II) be Sd-IS of groups. Suppose that for each n, Hy,
is a subgroup of Gy, which is an Sd-group, and suppose that for each k > [, Hf
maps Hy, into H;. Let P} : Hy — H, be a map defined by IIf. Clearly (H, P)
is an Sd-IS of groups. It is called a system of Sd-subgroups of (G,II). For each n
define K,, = Gy, /H,,, and for each k > [, define Ef : K, — K to be the map
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induced by Hf. Then (K, X)) is Sd-IS of groups called the system of factor groups
of (G,II) by (H, P). The inclusion map ® : (H,P) — (G,II) and the natural
map ¥ : (G,II) — (K, %) are defined in the obvious way. According to the
definition, each element of the limit group He of (H, P) is an element of G, and
Yoo : Hoo — G is the inclusion.

Theorem 2.11. Let (G,II), (H, P) and (K,X) be Sd-IS of groups, subgroups and
factor groups, respectively. Then oo : Goo — K induces an isomorphism
Goo /Hoo 2 Koo .

PRrROOF: For each n, let adjoin an infinite class (indexed by N) of trivial groups and
maps to

H, £ G, % K,

so as to obtain an Sd-chain of groups Cy,

$n wn

.—>0—-H, —G, —K,, -0— ...

It is clear that C,, is an exact Sd-chain of groups. For each k£ > [, adjoin to Plk, Hf

and Ef, an infinite class of trivial maps so as to obtain a map le : Cp — Cy.
Then (C,T) is an inverse system of Sd-chains of groups which are all exact. It is
also clear that the limit chain of groups Co consists of

..—>0—>HOOSD—°°>GOOw—°°>KOO—>O—>...

By 2.9 C is an exact chain of groups. It follows that ®~, must be onto and its
kernel is Hyo . ]

Later, the following corollary will be essential for us.

Corollary 2.12. Let for each n, G,41 be a subgroup of Gy, let Hf G — Gy
be the inclusion restricted to Gy, (in this case it is a homomorphism) and let (G, II)
be Sd-IS of groups. Let (H, P) be a system of Sd-subgroups of (G, II) and let (K, X)
be a system of factor groups of (G,II) by (H, P). Then

(W Gn; n € EN}) / (({Hn; n € FN}) = Koo .

We state that ({Gn; n € FN} & Go and also (J{Hp; n € FN} = Hy.
For z € G, let {II,; n € FN} be the projections of G, into Gy. As Hf is
an inclusion and according to the definition we have II;(z) = Hf o I (x), hence
I (z) = I;(z) and, moreover, I, (z) is the element of ({Gp; n € FN}. Therefore
the map ¢ : Goo — [{Gn; n € FN} defined by the equality ¢(x) = Hp(z) is
a bijection and also a homomorphism. It is also the prof of ({Hy; n € FN} @ Hq, .
Now according to 2.11, we have

(W{Gni n € FN}) /([ ){Hn; n € FN}) = Goo Hoo = Koo -

The part of this paragraph beginning by 2.3 up to 2.11 is a relevant reformulation
of some definitions and results of [E-S; Chapter VIII].
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3. Tensor product.

This part is very important for our construction of a homology theory, because
it will allow us to concentrate our effort to Z as a group of coefficients and then to
transfer many results to some other groups of coeflicients.

Theorem 3.1. Let (A,+) and (B,®) be commutative w-groups. Then (A x B,
+ x @) (the operation + x @ on A x B is defined coordinatewise) is a commutative
T-group.

PrOOF: Let{(An,+n),H',m > n} and {(Bn,®n),HT,m > n} be two cor-
responding Sd-IS of groups, let Hn,H,n,ﬂ n,ﬂ,n be the corresponding projec-
tions. Take a codable class {(A, X By, +n X @n), H' x H'.m > n} where
H x HT . (Am X By, +m X &m) — (Ap X By, +5, X @y) are defined coor-
dinatewise, i.e.

Hy' x 27 ([a, 0]) = [Hy' (a), L7 (b)]-

All the classes Ay, X By, +n X ©n, H' x H'? are set-definable, hence our codable
class is an Sd-IS of groups.

The maps H, x H,, : A x B — A, x B, are homomorphisms and they are
the restrictions of the Sd-maps H/n x H In and, moreover, they satisfy all required
equations.

Let [ag, b, [a1, b1], . . . be such a sequence that [ay, by] € Ay x By, and for m > n,
[an, bn] = HY x HT([am, bm]). Hence ag, a1, ... and by, by, ... are such sequences
that for m > n, ap, = H"(aym,) and b, = H''(by,). Therefore there is just one
a € A and just one b € B such that H,(a) = ay, and H,(b) = b,. So that
H!" x H"([a,b]) = [an, by] and there is no other pair [a’, b’] with this property.

So A x B is an inverse limit of {(Ay,, X By, +n X @n), HJ' x H7'm >n}. O

Remark: If some of the pairs (HJ', H7') and (H/n,ﬁ/n) are the pairs of injective
maps, then H? x H™ and H,, x H ', would be so, too.

Definition 3.2. Let (A, +) be a commutative m-group such that there is an Sd-
IS of groups {(An,+), H*,m > n} such that (A,+) is its inverse limit and all
H), are injective. Then we shall call (A, +) a commutative w-group with injective
projections (a commutative m-group with i.p. in short) and {(Ay,+),H}',m > n}

its injective representation, H,n injective Sd-projections.
Theorem 3.3. Let (A,+) be a commutative w-group with i.p. Then F(A) is

a commutative w-group with i.p.

PrROOF: For (A,+) take an Sd-IS as in 3.1. Take a codable class {(F(Ay),Dn),
P, m > n} where P} is defined for m > n as follows:
Let f € F(Ap,), ie. £ = X{f(z) - gz; v € dom (f)}. Then we put

PI(f) = S{E(0) - graye(a); @ € dom ().

Because H)' | dom (f) : dom (f) — A, is a set function, P}*(f) is a well defined
element of F(A,), P} is a homomorphism and because F(A,,) and F(A,) are
Sd-groups, P! is an Sd-map.
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An easy computation yields to the fact that for m > k& > n it holds P} =
Pfl o P}". Hence our system is an Sd-IS of groups.

The maps P/n are defined in a similar way as Pj":
Let X = dom (H,),u C X and f : u — Z — {0}. Then

P,n(f) =X{f(x) "BH (2)) T € dom (f)}.

It is clear that P, is an injective Sd-map and P, | F(A) : F(A) — F(A,) is
a homomorphism.

Now let fy, f1,... be such a sequence that f,, € F(Ay,) and, for m > n, P (f,)
=f,. Let z € dom (f,). According to the definition of P]}?, for m > n there must be
at least one element y € dom (f,) such that H]'(y) = x. We state that there is just
one such element. On the contrary, let 3’ be a second element with these properties.
Now for k > m there are elements z, andz}, such that HY, (z;) = y, HE (2}) =/ in
dom (f},) and therefore the sequences H'(y), H*(y), ..., %, ..., ¥, Tm41, Tm42, - - -
and H'(v'), H'(v'), .- 2, ..,y @), 115 %) 495 - - - are distinct and therefore there
are the distinct elements a,b € A which correspond to these two sequences by the
projections H,.

These considerations yield the function

f=3{fy(x) - 8H/ () ¥ € dom (fy)} € F(A).

We have P;l (f) = f5,. So F(A) is an inverse limit of Sd-IS of groups {(F(Ay), ®n),
P m > n}. O

If (G, ®) is a commutative m-group with i.p., then according to 1.8, G and & are
revealed classes. Combining 3.1 and 3.3 yields

Corollary 3.4. Let (A,+) and (B,®) be commutative w-groups with i.p. Then
F(A x B) is a commutative w-group with i.p. which is an inverse limit of
{F(An x Bp), P x P 'm > n}.

(P is defined similarly as P} in the proof of 3.3, but in terms of H')" instead of
HY')

Definition 3.5. Let (A, +) and (B,H) be commutative groups. Let a € A,b €
B,a=aj +as,b=">b; Hbs. Let R(A,B) be the minimal symmetric relation on
F(A x B) such that it holds that

[a,b] R(A,B) ([a1,b] & [az,b]) and [a,b] R(A,B)([a, b1] & [a, b2]).
Now we put
xR(A,B)y = (3 a e N) (3 f)(Fnc(f)& dom (f) = a+1& rng (f) CF(A xB)&
&f(0) =x&f(a) =y&(V B € a)(f(B)R(A,B)(5+1))).

The relation R(A,B) is an equivalence relation on F(A,B). If A,B are set-
definable groups, then also R(A, B) is a set-definable relation. Now we put

A®B=F(A,B)/R(A,B)
and we call A ® B the tensor product of A and B.
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Theorem 3.6. Let A and B be commutative w-groups with i.p. Let a,b €
F(A x B),a = %{f(aj,a;)[aj,a;l;j € J},b = E{g(bg, by) bk, bi]; k € K}. We
put

aD(A,B)b =(V j € J)(V k € K)(3 al,a,a;, a5, 0], b5, b, b%)

! I
(ang&Fnc(aj)&aj ra; — Z—{0}& ... &b CB&

&Fnc(bjz)&bjli:Qi—)Z—{O}&aj:E{af(x)-x; z€ajt&
& ... &by =%t (2) = 2eb3) &
& S{2{f(aj,a;) - o] W)[w,y); [w,9] € 0 x a}; j € T} =

= ={{g(br. by,) - bL(@) - b} )l yl; [w.y] € b x b3} k € K})-

(The meaning of this formula is similar to that one in the classical definition of the
tensor product. The unique difference is that we use an operation of the infinite set
summation in F(A x B) instead of a binary operation in this formula.)

If aD(A,B)b, then aR(A,B)b.

PROOF: According to 3.4 F(A x B) is a commutative 7-group with i.p. Let Fé) be
its 0-th injective Sd-projection. Let x C A x B and let f : x — Z — {0}. Then
according to the proof of 1.6 we can see that

S{f(y) - y; y € x} = Fo {(S{f(y) - Fo(y); y € x})

because F;) is an injection. Hence the infinite summation in F(A x B) described
in 1.6 is the restriction of an Sd-operation. The rest of the proof can be made by
means of induction. O

Example 3.7. ZRZ =Z.

PRrOOF: Let f € F(Z x Z). Then f = X{f(vy)[ay, 3,]; ¥ € a} for an appropriate
a € N. Then fR(Z,Z) 3{[1,£f(7) - oy - B4]; 7 € a}.

Now we shall define H : Z ® Z — Z as follows. Let f be as above. Then put
H([f]) = Z{f(v) - oy - By; v € a}. (Here [f] assigns the equivalence class in R(Z, Z)
relevant to f.)

Obviously this map is surjective and it preserves the operation. Also it is clear
that it is correctly defined, injective and it is a homomorphism. 0

Next, let (A, +) and (B, ®) be commutative m-groups with i.p. Let {(Ay, +n),
H',m > n} and {(By, ®n), H'},m > n} respectively be their injective represen-
tation and let H,n and H /n respectively be injective Sd-projections.

Take a codable class {A,, ® By, Q',m > n} where Q) are defined for m > n

as follows:
Let f € F(Ay X Byy). Then

Q' ([fIR(Am, Bm)) = [Py’ x P ()] R(An, Bn).
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As F(A«By), P, P R(Ay, By are set-definable classes, then Q)" are Sd-classes,
too.

It is clear that QI are correctly defined maps and homomorphisms. Also it is
clear that for m > k > n Q)" = Q’fL o Qp'. Hence {A;, ® By, Qp',m > n} is an
Sd-IS of groups.

Let us consider the following map Q/n:

Q,(f) = [P, x P\, ()| R(A,, By).

Each of Q/n is an Sd-map and Q, = Q/n I F(A x B) are homorphisms satisfying
Q, = QoQyy, and stable under R(A,B) (i.e. if f R(A, B)g, then Q,(f) = Qn(g)).
Instead of R(Ay,B;,) and R(A,B) we shall write R, and R, respectively.

Let [fo]Ro,, [f1]R1,... be such a sequence that QI ([f]Rm) = [fn]Rn. First of
all we prove that there is f € F(A x B) such that Q,(f) = [f,]Ry.

For we can prolong the sequence fy, f1,... to fy,f1,...,fs, € N-FN which is
a set. For each n it holds that

[fO]RO = Qg([fn]Rn)v [fl]Rl = Q?([fn]Rn)a ) [fn—l]Rn—l =
= Qn—l([fn]Rn)a [fn]Rn = QZ([fn]Rn)-

We can also prolong all the countable codable systems which could be prolonged—
({Ap; n € FN}, {By; n € FN}, {H; m>n, myn € FN}, {H7; m > n, m,n €
FN}, {H;n € FN}, {H;n € FN}—and at the same time also {P™; m >
n}, {P7;m > n}, {Q;m > n}, {P;n € FN}, {P,;n € FN},{Q,;n €
FN}) to the appropriate Sd* systems which fulfil all required properties—appropriate
maps are identities, appropriate are injections, they fulfil equations of the kind (b)
of 1.2, etc.—up to some infinite a. By this procedure, we can obtain an infinite
[ € a such that

[fo]Ro = Q) ([f5R )., [f2] Ry = Q1 ([£5]R ). .., [f5]R s = QS ([£5]R ).

We have fg € F(Ag x Bg). The sequence Pg X B%(fﬁ),P? X Bﬁl(fﬁ), ... is such
that P x P7(Ph, x P.(£5)) = Ph x P5(f3) and hence there is £ € F(A x B)
which corresponds to this sequence by projections. So we have

P, x P, (f) =P x Eén(fﬁ) and hence

!

Q,.(f) = Q2 ([f5]Rp) = [fm]Ry  (for every m).

In this moment, we can represent this result, as {Qy,, n € FN} is a “map” onto the
Sd-IS {A,, @ By, Q). m > n} and that it is a “homomorphism”. Later, we shall
give its more precise and correct representation.

Moreover, this “map” is injective in the following sense:

not (f R g) = (I n e FN) (Q,(f) # Qn(g).
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For let f,g € F(A x B) be such that (V n)(Q;L( f) = Q;L(g)) Let h, : ap +
1 — F(A, x By) be a function which satisfies h,(0) = P,, x P, (£),h, (o) =
P, x P,(g) and (V 8 € an)(hp(8)Rnhn(3 +1)). Let us prolong this sequence
and all what is necessary. We get v € N-FN such that h, : o, +1 — F(Ay x B,)
is a function which fulfils h,(0) = P, x P’ (f),hy(ay) = P, x P’ (g) and (V 3 €
ay)(hy(8) Ry by (6 4 1)).

Now we can proceed in a similar way as in previous considerations. Put a =
{z;(3 B € ay + 1)(z € dom (h,(53)), or x is necessary to secure some of the
relations hy(8)Ryhy (8 4+ 1)}. This a is a set, because Ry is an Sd* class. Let

z € a. Then h = (H;) X ;—IB)_I,(HX x H})(z) € A x B is uniquely determined,
because of injectivity of H,, x H,, for each n. Next, putting

a= (H;) X Q,O)_l”Hg X ﬂ%"a, we obtain that
=(H, xH,)""H) x H}a for each n.
Therefore there is v € y-FN such that
a=(H,xH,) “H}xH)'a
and hence the function h,, : &y +1 — F(A, x B,) defined by
b, (8) =P x B, (hy(B))

fulfils ﬁu(o) = P;/ X Ely(f)vﬁu(a’y) = P;/ X E,u(g) and (V (VS O‘V)(QV(B)RV

h,(B8+1)). But as we can invert the set H;) x H7a to a, we can invert the all

function b, and also all what is necessary to secure the relations b, (5)Ryh,(6+1).
By means of this, we obtain h : o, +1 — F(A x B) such that h(0) = f,h(a,) =g
and (V 3 € ay)(h(8)Rh(8 + 1)). This function h secures that f R g.

According to the axiom of choice, we can choose a selector from the relation R
on the class F(A x B) (i.e. we choose one function from each class of the equiv-
alence R). Denote this selector by G. The class G can be enriched by the group
structure induced from F(A x B) and R. (this means that in fact G is (isomorphic
to) F(A x B)/R or that G = A ® B.)

The above considerations yield

Theorem 3.8. Let (A, +) and (B, ®) be commutative m-groups with i.p. Then G
is an inverse limit of the Sd-IS of groups {A, ® By, Q)",m > n} and hence it is
a commutative T-group.

ProOF: The required projections and their extensions are induced by Q. and an
from the above considerations. g

Example 3.9. Let G be a commutative m-group with i.p. Then Z ® G = G.

ProoOF: This fact is a special case of the next example. g
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Example 3.10. Let G be a commutative m-group with i.p., let X be a m-class.
Put
GX = {Fnc (f) & dom (f) =u C X & f : u — G-{0}}

together with the operation induced from the group G in the same way as it is done
in 1.1. Then F(X) ® G = GX.

PROOF: According to the assumptions, the group F(F(X) x G) is a commutative
m-group. Therefore, if f € F(F(X) x G), then there are Iy € F(X),gy € G
such that f = 3{f(v) - [ly,9,]; 7 € €}. The universal class V can be enumerated
by an Sd-bijection by N,V = {zg,z1,...}. Because [, € F(X), we can write
Iy = E{ﬁg -x5; 0 € vy }. Here vy is an appropriate subset of N.

Instead of R(F(X), G) we shall write =. Then we have

f=S{f(7)- [E{6] -25; 0 € vo},05]; v €€} =
=S{f(7) - (Z{B) - [x5,97); 0 € vy}); v €€} =
=%{ (x5, 2{f(7) - B - 8y; v € c}]; 6 € U{vqy; vy € €}}.

The last relation is fulfilled, if the element

F = S{[z5, 2{f(7) - B} - 9y; v € €}]; 6 € U{vy; v € €}}

is correct, i.e. if it is an element of F(F(X) x G). For this, it is enough to show
that {[zs, S{f(y) - B - g4; 7 € €}]; 6 € U{vy; v € €}} is a set. (Indeed, we have
h : u — Z, the constant function h(z) = 1, so that if the domain of h is a set,
then h is also a set, hence the assumptions of 1.6 are fulfilled.)
So we must prove that {[zg5, S{f(7) - 8] - g1; 7 € €}]; 6 € U{v; 7 € £}} is a set.
Let H/n be the injective Sd-extension of the projection of H,, : G — Gy,. Then

S{E(Y) - B) - gys v € €} = H,, " H(S{E(7) - B - H,,(g+); 7 € €}) and therefore

{la5, S{E(y) - B) - gys v€e}; 6 € U{vy; v €} =
= {[os, H,, H(S{E(y) - 6] - Hy(g9); v € €})]; § € U{vy; 7y € €1}

is an Sd-class, its domain is a set. Hence this class is a set as well.
Now we can define a map H : F(X)®G —s GX as follows: (Sign [f] has a similar
meaning as in 3.7)

H([f]) = {[Z{f(7)- 6] - gy; v € e} agh d e W{vys v ect &
&X{f(y) B - gyi v €€} #0}.

According to the assumption that G is a commutative m-group with i.p., all pro-
jections H,, can be extended by some injective Sd-map H,n As we have seen, the
(infinite set) summation in G can be made by means of this Sd-map. Therefore
H([f]) is really an element of GX. The surjectivity of H is trivial and we can also see
that the relation = is chosen just in such a way that this map is a homomorphism,
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correctly defined (i.e. this definition is independent on the choice of an element
of [f]), and injective. O

Now let us consider H™! (the inverse of H from the above proof). This is an
effective selector from the relation = on the class F(F(X) x G), which is a restriction
of some Sd-class. This means that H™! (and also H) is a total homomorphism.

From this moment, we shall mean by F(X) ® G the class H~1”GX (for a 7-
class X and a commutative w-group with i.p. G, of course).

Theorem 3.11. Let (A, 0%, (B,0%),(C,0°) and (D,0% be commutative m-
groups with i.p. with the injective representations {(Xy, O%),*H"",m > n} and the
injective Sd-projections wH,n forx € {a,b,c,d}. Let F: A— Cand G: B — D
be homomorphisms which are restrictions of some Sd-maps F and G’ to the class
A and B respectively. Then there are total homomorphisms

FxG:AxB—CxD
Prpyg : F(A xB) — F(C x D) and finally
FRG:A®B—C®D

which are induced by F and G.

PROOF: The first homomorphism is described in the proof of 3.1. As F and G
are total homomorphisms then F x G is so, too. We can define the second one
as follows: let f € F(A x B), ie. f = X{f([a,b]) - g[q4); [a,0] € dom (f)}. Then
we put Ppyg(f) = Z{f([a,b]) - EF ()G’ (b)) [a,b] € dom (f)}. Again it is clear
that it is a total homomorphism. For the last one let f € F(A x B). Then
Pryc(f) is an element of F(C x D) and it is clear that hR(A,B)h’ implies
Pryxg(h)R(C,D)Pp,g(h’). Hence we can put F @ G([f|R(A,B)) = [Ppxg(f)]
R(C,D) and it is a total homomorphism. (In the second and the third statement,
we use the assumption of injectivity of the Sd-projections under which F(A x B)
is a commutative m-group.) O

Theorem 3.12. Under the assumptions similar to those in 3.9, we have
(a) FG)o(K®L)=(FoK)® (GoL),
(b) F+F)G=F®G+F®G and FR(G+G)=FG+F®G.

PROOF: The meaning and the proof of these statements are clear. g

In the construction of homology theory we shall use groups of the kind F(X)
for certain m-classes X which are the commutative m-groups with i.p. (see 1.5). By
results of this paragraph, we can use the commutative m-groups with i.p. as the
groups of coefficients.
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