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113 (1988) ČASOPIS PRO PĚSTOVÁNÍ MATEMATIKY No. 4, 369—386 

ON ORTHOGONALITY IN NETS 

JAROSLAV LETTRICH, JÁN PERENČAJ, Žilina 

(Received September 25, 1985) 

Summary. The orthogonality of (ordinary) lines in the Desargues net satisfying the quadrangle 
closure condition is investigated; the order and the degree of the net are infinite cardinals. An 
algebraic equivalent of the net with the quadrangle closure condition satisfied is derived. 

Orthogonality of lines in a net is understood as that characterized by the so-called trivial 
axioms of orthogonality. As a closure condition for the orthogonality of lines, the Reidemeister 
theorem on orthologic quadrangles is used. 

The main result is an algebraic equivalent of the net in which the quadrangle closure condition 
and the orthologic quadrangles theorem hold simultaneously. 

Keywords: Desargues net, coordinate algebra, closure condition, orbit of a (nonzero) element, 
orthogonality of lines, orthological quandrangles. 

Classification AMS: 51A15. 

I N T R O D U C T I O N 

Papers [6] and [7] deal with closure conditions for the orthogonality of lines in 
an affine plane and with the corresponding properties of the coordinate algebra of 
the affine plane with orthogonal lines. The present paper follows up with [6] and [7]. 
It deals with the orthogonality of lines in a net — more precisely in a projective net 
•AT = (P, ££, (Vi)iei) m which all singular points lie on the singular line. The defini
tion of such a net can be found, e.g., in [2] and therefore it will be not repeated 
here. Also, [2] contains the definitions of other notions to be dealt with: ordinary 
and singular points of the net, ordinary lines and the singular line of the net, joinable 
and non-joinable points of the net, the degree and the order of the net, the frame 
of the net, etc. Our notation follows [2]. 

As the coordinate algebra of JT (with respect to a given frame) we shall use an 
admissible algebra 21 = (S, 0, (ct)lej9 (+L)l£j). The definition of an admissible 
algebra as well as the construction of the coordinate algebra 2l(./V*) (with respect 
to a given frame) for the given net JT and the construction of the net ./V*(2l) for the 
given admissible algebra 21, can be found in [2] or [3]. 

By orthogonality of lines in net N we understand a binary relation "_L" in the 
set of all ordinary lines. The relation " ± " is required to satisfy only the so-called 
trivial axioms of orthogonality. The case when at least one ordinary line of Jf is 
isotropic (a line g is isotropic if g _L g) will be excluded from our considerations. 
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When studying the orthogonality of lines in a net we shall employ the Reidemeister 
theorem on orthological quadrangles (as a closure condition for the orthogonality 
of lines in the net). The validity of the orthologic quadrangles theorem assumes the 
validity of another, the so-called quadrangle closure condition in the net in question. 
The nets satisfying the quadrangle closure conditions are studied in [1]. In Section 2 
of the present paper we point out the relationship between the validity of the quad
rangle closure condition in the net and the validity of the minor (affine) and the major 
(affine) Desargues conditions in the net. (For these conditions see Section 1.) This 
yields an algebraic equivalent of a net satisfying the quadrangle closure condition. 

In Section 3 we define the notion of an orbit of a nonzero element of the support S 
of the coordinate algebra 2I(./V) of Jr. Theorem 9 describes the relationship between 
an arbitrary orbit (enlarged by the zero element 0 and equipped with two binary 
operations " + " and " • " ) and the skewfield (J\ + 0 , o) of indexes of SI&(JV). 

Using the diagonal, the generalized diagonal and the Reidemeister closure con
dition (see Section 1) in JV with the orthogonality of lines, in Section 4 we derive 
some properties of the mapping / -> /, x i-> (x) p, where OV(x)p JL OVx and O is an 
ordinary point. These properties are then exploited to determine an algebraic equi
valent of JV in which the quadrangle closure condition and the orthologic quadrangles 
theorem hold. 

1. CLOSURE CONDITIONS IN A NET 

When studying the orthogonality of lines in a net Jr we shall often use some known 
closure conditions and the corresponding properties of the coordinate algebra $l(jf) 
of this net. We have in mind the minor (affine) Desargues condition, the major (affine) 
Desargues condition, the diagonal and the generalized diagonal conditions, and the 
Reidemeister condition. These conditions are defined and studied in [2], [4] and [5]. 

Throughout the paper we shall assume that the net Jf = (P, S£9 (Vt)ie/) satisfies 
the following conditions: 
1. The degree k of J^ is an infinite cardinal number; 
2. JV has the following property: 

(rs) Jf possesses a frame (O; a, /?, y) and a coordinate algebra 3I(^V) = 
= (S, 0, (a t) f 6 / , (+t)lej) with respect to this frame; 

3. N is a Desargues net, i.e.,,-..4'" has the following properties: 
(mD) Jr satisfies (universally) the minor (affine) Desargues condition; 
(VD) oV satisfies the major (affine) Desargues condition. 
If Jr has the properties (rs) and (mD) then the following theorem holds for 2l(*/V) 

(cf. [2]). 

Theorem 1. Let Jf he a net such that (rs) holds. Then for each index LEJ we have 
+ t = + y = : + , (S, + ) is an abelian group and <sL is an automorphism of (S, + ) 

for each index i ej provided Jr has the property (mD). 
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Let J\T = (P, S£, (V.),e/) be a net which possesses the property (rs). Define: 

(l)J':=Ju{P}; 
(2) <r„: S -> S, XH» (x) <r„ = 0; 
( 3 )E ' : = { < i , | . e j ' } ; 

(4) for each two elements ax, crA e £ ' define their sum "JJ." by 

(x) (ax + crA) = (x) ox + (x) crA Vx e S; 

(5) for each two elements x,XeJf define their sum " + 0 " by 

* + o ^ = Qo** + <*x = °e • 

In the Desargues net c/V* which has an infinite degree k and possesses the property 
(rs), the diagonal and the generalized diagonal conditions (defined and investigated 
in [4]) are special cases of the major (affine) Desargues condition. Hence, by the 
results obtained in [4], the following holds: 

Theorem 2. Let JV be a Desargues net with an infinite degree k which possesses 
the property (rs). Then (£', + ) is an(abelian) group with <sp as its neutral element. 

Since the mapping £ ' -• J', cr̂  i-» £, is an isomorphism of the groupp (£', + ) onto 
(J', + 0 ) , Theorem 2 yields the following 

Corollary. Let JT be a Desargues net with an infinite degree k which has the 
property (rs). Then (J\ + 0 ) is an (abelian) group with ft as its neutral element. 

Remark 1. a) In (J', + 0 ) , the inverse element to £ is denoted by — 0 £. 
b) In (£', +)> the inverse element to a% is denoted by — ° CF̂  and we have — ° cr̂  = 

If JT = (P, ££, (Vt)t6/) has the property (rs) then define: 

(6) £ : = S ' s {«.,}; 

(7) for each two elements ax, crA e E define their product — composition by 

(x) (CFX<FA) = ((x) GX) crA VxeS; 

(8) for each two elements x, I ej define their product "©" by 

x o A = Q o crxcrA = GQ . 

In a Desargues net JV* the degree k of which is an infinite cardinal, the validity 
of the so-called major Reidemeister condition (for the definition, see [5]) follows 
from (VD). The special Case of the major Reidemeister condition from [5] is the 
Reidemeister condition defined in [4], Thus, according to the results of [4], the 
following holds: 
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Theorem 3. Let N be a Desargues net with an infinite degree k which possesses 
the property (rs). Then the set £ together with the operation of the composition of 
maps is a group (£, ) with ay as its neutral element. 

From the fact that the mapping £ -> J, a^ \-> £ is an isomorphism of the group 
(£, ) onto (J, o) we get the following corollary to Theorem 3. 

Corollary. Let N be a Desargues net with an infinite degree k which possesses 
the property (rs). Then (J, o) is a group with y as its neutral element. 

Remark 2. a) In (J, o), the inverse element to £ is the element £~l defined by 

aASg-i = a^-ia^ = ay. 

b) In (£, ), the inverse element to a% is the element <T7l = a*-i. 
The above two Corollaries (of Theorem 2 and Theorem 3) yield 

Theorem 4. Let JV* be a Desargues net with an infinite degree k which possesses 
the property (rs). Then (]', + 0 , o) is a skewfield. 

Proof. For each permutation at, IEJ, of the coordinate algebra $t(^V), the zero 
element 0 e S is a fixed point. From this and from (2), (7) and (8) we get ft o i = 
= i o p = ft for each index i ej. Consequently, it suffices to prove the distributivity 
laws 

X o(X + 0 fl) = X o X +0X o p., 

(x +0 X) o p = > C o j U + 0 . 4 o / Z 

for each three indexes x, X, \i ej'. 
Let x e S \ { 0 } be an arbitrary element. According to (4), (5), (7), (8) and to the 

above two Corollaries we have 

(*) <W+o/«> = (*) (?*°x+ov) = ((x) <**) K + O = 
= (x) (<*xax) + (x) (wj = (x) axoX + (x) axQfl = 

= (x) (<*X°X + <5xo^ = (x) o>A + 0xO/. 

and also 

(*) a(,+oA)oM = (x) K + 0 A O = ((x) ax+oX) a„ = 

= ((x) K + O ) aM = ((x) <** + (x) ax) a^ = 

= ((x) O S + ((x) ax) *„ = (x) (axa„) + (x) (axaj = 

= (x) o>M + (x) ffA0/i = (x) (ax0fl + aXOfl) = 

~ (x) Gx°n +0A°/i > 

where we also used the fact that, by Theorem 1, cr̂  is an automorphism of the group 

(«,+)• -
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2. QUADRANGLE CLOSURE CONDITION 

According to [1], in ^V = (P, ££, (Vt)t6/) the quadrangle closure condition holds 
if Jr has the property 
(Q) For each quadruple of points A ^ e P w , / e {1, 2, 3, 4}, no three of which lie 

on one line, the following holds: whenever any five of the six lines A-Afc joining 
the points A,- and Afc exist (/, k e {1, 2, 3, 4}), then the sixth joining line exists, 
too. 

For instance if " A ^ V , " A "A tA3Vx" A " A ^ V , " A " A ^ V , / ' A "A2A4Vff" 
holds, then there exists an index r e / such that "A3A4VT,, also holds if „V has the 
property (Q). The index T G / is then uniquely determined by the indexes i, x, A, ft, Q e 
el. 

Theorem 5. Assume that J^ has the property (rs). The/? in JT the quadrangle 
closure condition (Q) holds if' Jr is a Desargues net (with an infinite degree k). 

Proof, a) Let Jf satisfy the quadrangle closure condition (Q). By Corollary 1 
and Corollary 2 of Theorem 5 in [1], Jr is a Desargues net. 

b) Let ^V be a Desargues net with an infinite degree k which possesses the property 
(rs). By Theorem 4, (J\ + 0 , o) is a skewfield. Further, let Au A2. A3, A4 e P \ v be 
arbitrary four points no three of which lie on the same line, and such that "A1A2V/' A 
A "A1A3VX" A " A - A ^ " A "AjAaV/' A "A2A4V/\ We shall prove that there 
exists a uniquely determined index x el such that "A3A4Vr". The proof will be 
carried out only in the case when the indexes i, x, A, ft, g e I \ [a, /?] are mutually 
distinct. In all other cases the proof can be carried out analogously; in some ca
ses it might be even simpler. 

Assume that the points A-, / e {1, 2, 3, ..., 4} are Ax = (au a2), A2 = (bu b2), 
A3 — (eu c2), A4 = (du d2). From the assumption that "A1A2V t" holds and that JT 
has the property (mD) it follows that b2 — a2 = (bx — ax) GL. Similarly, 

<tA1A3Vx" implies c2 -a2 = (c1 - ai)<sy, 

"A1A4VA" implies d2 — a2 = (dt — at) <x; , 

"A2A3V/i" implies c2 — b2 = (c1 — bt) a^ and 

"A2A4Ve" implies d2 — b2 = (dt — bx) <sQ. 

Transforming both sides of the fourth equality we have 

c2- b2 = (c2 - a2) - (h2 ~ ai) = (ci ~ ai) *„ - (bi - # 1) <*t , 
or 

(ci ~ bi) <** = [(ci ~ ai) ~ (bi ~ ai)] <*» = (ci ~ ai) «v - (bi ~ ai) <** • 

The fourth equality now has the form 

(ci ~ ai)<*x-ofi = (bi ~ tfiK-o*; 
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we have used Theorem 2, its Corollary, and the relations (4), (5). Since x 4= 1i, there 
exists (x — 0 fi)~

l ej and hence we have 

Cl - fll = (&1 - ^ l ) < F ( l - 0 M ) o ( x - 0 M ) - i . 

Analogously, from the fifth equality we get 

di - ax = (bt - fli)ff(t-off)o(A-off)-i . 

Now it can be easily shown that we have 

d2-c2 = (dY - c i ) < r t , i.e., "A3A4V t". 
Indeed, put 

"f = [(* - 0 e ) o ( A - o O ) " 1 - 0 ( i - 0 / i ) o ( x - O J U ) " 1 ] " ^ 

° [ (* -OQ)°(* - o ^ ) " 1 o l - 0 ( t - O j u ) o ( x - o / i ) " 1 ox] . 

Since the indexes i9 x9 A, JU, g ej are mutually distinct and (J'9 + 0 , o) is a skewfield 
the index T is uniquely determined. Hence we have 

(di - ct) <rT = [(di - at) - (ci - ai)] <rT = 

= [ ( b ! - « l ) ^ ( t - o e ) 0 ( A - o e ) - l - ( b l - 0l)<*(i-oA!)o(*-oM)--] ^t = 

= ( b i - « l ) ^[(t-oe)0(A-oe)-1-o(«-o/i)°(x-oM)-1]0T = 

= (^1 — al)<*(l-oQ)0(X-oQ)-io*-o{i-oli)0(x-oli)-lox = 

= ((&1 - ^ l ) a(t-off)°(A-Off)-0 ^ - ((&i - « l ) ff(i-oM)°(x-oM)-0 <** = 

= (di - fli) ^A - ( c i - fli) <** = (d2 - fl2) - (c2 - a2) = d2 - c2- • 

Theorem 5 yields 

Corollary. The algebraic equivalent of the net Jf = (P, S£9 (Vt)t6-) satisfying 
the quadrangle closure condition (Q) fs fhe geometry over an admissible algebra 
%(^) = (S, 0, (fff)tej, (+ t ) £ e j) as fhe coordinate algebra of «/V\ wifh respect to 
some frame (O; a, j5, y). Further, for tyL(jV) the following holds: 

(i) For each index vej we have + , = + y = : + , ( $ , + ) (s an abelian group, 
and for each i ej at is an automorphism of the group (S, + ) . 

(ii) (J\ + 0 , o) is a skewfield, where J' is determined by (l), and the operations 
" + 0" and "o" are determined by (5) and (8), respectively. 

3. THE ORBITS OF ELEMENTS OF THE SET S 

Definition 1. Let N be a net which has the property (rs). Let a e S\{0} be an 
arbitrary element. The set 

Sa:={xeS\x = (a)«s,ZeJ} 

is called the orbit of the element a (with respect to the set S of permutations ot)-

374 



Lemma 6. Let JV be a Desargues net with an infinite degree k which possesses 
the property (rs). Then for each two elements a, b e S\ {0} we have 

beSaoSa= Sb. 

Proof, a) If Sa = Sb then b = (b) <sy e Sb. Thus b e Sa. 
b) Let beSa. According to Definition 1 there exists an index xej such that 

b = (a) <sx. 

If y e Sb is an arbitrary element then y = (b) <sn for some n e J. By Theorem 3 and 
the Corollary following Theorem 3 we have 

y = (b) <sn = ((a) <sx) <sn = (a) (<sx<sn) = (a) <sx«n. 

Hence y e Sa and Sb c Sa. 
If x e Sa is an arbitrary element then x = (a) <s^ % ej. According to Theorem 3 

and its Corollary we have a = (b) a"1 , and hence 

x = (a) <s^ = ((&) O <r5 = (6) fa\) = (b) **--•« . 

Thus x e Sb and Sa _= Sb. Consequently, Sa = Sb. u 

It follows from Lemma 6 that the support S of the coordinate algebra 9l(^V) of 
a Desargues net JT which has an infinite degree k and possesses the property (rs) 
can be partitioned (decomposed) into mutually disjoint orbits of elements of S. 

Let Sa be the orbit of an element a e S \ {0}. Denote 

(9) So = Sau{0} = {xeS\x^(a)ai,^J'}. 

Lemma 7. Let JT be a Desargues net with an infinite degree k which possesses 
the property (rs). Then for each element a e S \ {0}, (Sa, + ) is an (abelian) group. 

Proof. According to Theorem 1, (S, + ) is an abelian group and for each element 
a e S \ {0} we have Sa cz Sa. By Theorem 2 and its Corollary, for each two elements 
x, y e Sa, x = (a) <s%9 y = (a) <sn we have 

x + y = (a)<Ss + (a) <*« = (a) (<rc + O = (a) <s^+Qrj e Sa 

and also 
- x = -(a) <*s = (a) ( - \ ) = (a) <r_0̂  e Sa . 

Hence (Sa, + ) is a subgroup of the group (S, + ) . The neutral element of (Sa, + ) is 
the element (a) <sp = 0. H 

In the set Sa, a e S\ {0} we define another binary operation " • " — product — as 
follows: 
(10) For each two elements x, y e Sa, x = (a) <s^ y = (a) <sv put 

xm y = (a) <s^% (a) <sn = (a) <spn. 

Lemma 8. Let *AT be a Desargues net which has an infinite degree k and possesses 
the property (rs). Then for each element < Z G S \ { 0 } , (Sa ,^) is a group and for 
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each three elements x, y,z e Sa the distributive laws hold: 

(x + y) • z = x • z + y • z , 

^ • ( y + z) = x©<y + x © z . 

Proof. According to Theorem 3 and its Corollary, (J, o) is a group and for each 
two elements x, y e Sa, x = (a) <F̂ , J; = (a) an we have 

* * y = (<0<W 
The mapping Sa-+ J, x = (a) <F5I-> <j; is therefore an isomorphism of (Sfl,©) onto 
(J, o), so (Sa,m) is also a group. 

To prove the distributive laws in Sa we shall use Theorem 4 and the relation (10). 
Let z e Sa, z = (a) <FC. Then we have 

(x + j,) # z = ((a) <j; + (a) <F„) • (a) <FC = (a) a(C+0,)oC = 

= (a ) <F̂ or + of/or = (a ) <F̂ or + (a) <F„o; = 

= x ^ z + >>• z 

and also 

x • (y + z) = (a) < F ^ ((fl) <F„ + (a) <FC) = (a) <*4o(n+o0 = 

= (a) V n + o w = (*) <̂ o„ + (*) fffor = 

= x ^ y + x© z . 

If either x = 0 or y = 0 then 

x«j> = 0 ^ y = (a) o^,. = (a) <F̂  = 0 or 

x • y = x • 0 = (a) <r̂ 0/? = (a) <sp = 0 , respectively . u 

Theorem 9. Let JV* be a Desargues net with an infinite degree k which possesses 
the property (rs). Then for each element a e S \{0} , (Sa, + , • ) is a skewfield. The 
skewfiled (Sa, + , • ) is isomorphic with the skewfiled (J\ + 0 , o). 

Proof. The first assertion follows from Lemma 7 and Lemma 8. The elements 
0 = (a) <Jp and a = (a) <Fy are the zero and the unit element, respectively, in the 
skewfield (Sf

a9 + , • ) . 
To prove the second assertion it suffices to realize that the mapping 

<P-Sa~+J', x = (a) <F5 h-> £ 

is an isomorphism of the skewfield (Sa, + , • ) onto the skewfield (J\ + 0 , o). For, 
it is a one-to-one mapping and we have 

x + y = (a) a^+on h-> I +0 .7 , 

xm y = (a) < F ^ h-> £ o r\. m 
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Corollary. The group Aut(S^, + , • ) of all automorphisms of each skewfield 
(S'oi +>•)> a e S \ { 0 } , is isomorphic to the group Aut(J', + 0t o) of all automorphisms 
of the skewfield (J\ + 0, o). 

Proof. For each automorphism \|/ of the skewfield (J\ + 0 , o) under the iso
morphism <p we have the corresponding automorphism cpvj/q)"1 of the skewfield 
(S'a, + , • ) . Conversely, for each automorphism cpfl of the skewfield (S'a, + , • ) under 
the isomorphism <p we have the corresponding automorphism cp^q^cp of the 
skewfield (J', + 0 ,o ) . u 

4. THE THEOREM ON ORTHOLOGIC QUADRANGLES IN NETS 

By an orthogonality of lines in a net Jf = (P, -£?, (V.)te/) we understand a binary 
relation " 1 " in the set 5£ \{v} of all ordinary lines of JV satisfying the following 
axioms: 

(01) For each two lines g, h e j ^ \ { v } we have 

g l h=> h 1 g . 

(02) For each three lines g, h , k G ^ \ { v } we have 

g 1 h A h J k => g 1 k . 

(03) For each line %e££\{v} and each point B e g there is one and only one line 
h e S£ \ {v, g} such that B e h and h 1 g. 

Remark 3. a) If for two lines g , h e i f \ {v} we have g l h then the two lines 
are said to be mutually orthogonal (which is made possible by (ol)). We also say that 
g is perpendicular to h and vice versa. 

b) The axioms (o2) and (o3) and the axioms of a net imply that through each 
point B e P w there goes exactly one line h perpendicular to a given line g 6 « ^ \ { v } . 

c) According to the axioms (o3) and (o2) no line gei*f \{v} of a net JT with 
an orthogonality of lines is isotropic (i.e., we never have g 1 g). 

d) In a net Jf with an orthogonality of lines, for each three distinct lines g, h, k e 
Gc27\{v} we have 

g l h A g l k = > h | | k . 

In the usual Euclidean plane geometry the Reidemeister closure theorem on 
rectangles holds true. It deals with two mutually orthogonal rectangles and contains 
11 parameters. This theorem serves in [6] as a starting point to build up a rectangle 
affine plane geometry. In the present paper we shall use it as a closure condition 
for the orthogonality of lines in a net. We shall call it "the theorem on orthologic 
quandrangles"; it will be denoted by (OQ). It reads: 
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(OQ) Let Jr = (P, J27, (V\),e/) be a net which possesses the property (Q) and has 
the set ££ \{v} of all ordinary lines equipped with a relation "-L". Let Ah 

/ e {1, 2, 3, 4} and AJ, i e {1, 2, 3, 4}, A,-, A't e P \ v be the vertices of two 
nondegenerate quadrangles. If any five of the six relations 

A A 1 A ; A ; , i<k9 i , k e { l , 2 , 3 , 4 ) 

hold true then the remaining sixth relation holds as well. 
In our investigations of properties of the coordinate algebra $l(jr) of the net Jr 

with orthogonality of lines in which the theorem (OQ) on orthologic quadrangles 
holds, we shall use the orthogonal frame of this net. Instead of the property (rs) 
of Jr we shall assume that Jr has the following property: 

(ors) Jr has an orthogonal frame (O; a, ft, y), i.e., OVa ± OV^, and a coordinate 
algebra ^i(Jr) with respect to this frame. 

The singular (improper) point of the perpendicular to a line g = BVX, where 
B e P \ v, x e /, will be denoted by V(x)p. Then 

(11) BV(x)p±BV„ V x e / , V B e P w . 

Lemma 10. Let Jr be a net which possesses the property (ors) and has the set 
<£\{v) equipped with a relation " 1 _ " . Then the mapping I -> /, x h-> (x) p, de
termined by condition (11), has the following properties: 

(a) it is a one-to-one mapping of I onto itself; 
(b) it is an involutory mapping, i.e., ((tf)p)p = x Vtt e /; 
(c) (a)p = /?, (/?)p = a. 

Proof. Properties (a), (b) and (c) follow from axioms (ol), (o2), (o3), property 
(ors) and condition (11). m 

In the sequel we derive some additional nontrivial properties of the mapping 
x i-> (x) p. 

Lemma 11. Let Jr be a net having the properties (ors), (Q), (OQ) and let the set 
££\{v} be equipped with a relation "_L". Then for each two indexes x,XeJ we 
have 

a) (~o*0 P= - O M P , 

b)(^4-0A)p = ((Mp)-1
+ 0((A)p)-r i , 

c) (x"') p = (y) p o ((x) p)" x o (y) p, 

d) (x o X) p = (X) p o ((y) p ) " 1 o (x) p. 

Proof. According to Theorem 5, (ors) and (Q) imply that Jr is a Desargues net 
(with an infinite degree k), such that we have OVa _L OVfi. Now, according to Theo
rem 4, (}', +o, o) is a skewfield with the unit element y and the zero element p. 
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a) Since (J\ + 0) is a (abelian) group, for each element xej' \{/}} = J there exists 
its (uniquely determined) inverse element —0xeJ. It follows from [4] that in «/V 
the diagonal condition of the type (a, fj) with the restriction A = O, B + A (cf. [4]) 
holds true. 

Assume that points A, B, C, D e P \ v satisfy this closure condition, i.e., we have 

"ABV/' A "CDV," A "ADVa" A "BCVa" A "ACV.," , 

where A = O, B + A (see Fig. 1). Then we have also "BDVA", where k = -0x. 

Fig. 1 

Assume that points A \ B \ C \ D ' e P \ v satisfy "A'B'Va" A "C'D'Va" A 
A "A'D'V/ ' A "B'C'V," A "A'C'V(„)p", where A' = O, B' * O. Since JT satisfies 
the diagonal condition, we have also "B'D'V^", \i ej and \i = — 0(x) p. 

The quandrangles ABCD and A'B'C'D' satisfy the assumptions of Theorem (OQ) 
and hence BD ± B'D' holds. This implies \i = (A) p and hence we have ( — 0x) p = 

= -OMP-
b) Since {J\ + 0 ) is an (abelian) group, for each two elements x,XeJ there exists 

exactly one element QGJ, Q = X +0A. According to [4], this means that the net JT 
satisfies the generalized diagonal condition of the type (a, /?) with the restrictions 
A = O, B * A (cf. [4]). 

Assume that points A, B, C, D e P \ v satisfy this closure condition, i.e., we have 

"ABV/' A "BCVa" A "ADVa" A " A C V X " A "BDVA", 

where A = O, B * A (see Fig. 2). Then we also have "CDVe", where Q == x + 0 L 
Assume that points A' = O, B' + A\ C\ D' e P \ v satisfy "A'B'Va" A A'D'V/' A 

A " B ' C ' V A "A'C'V (x)p" A "B'D'Va ) p". 
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Fig. 2 

It follows from (Q) that also "C'D'V t" holds true. We are going to express the 
index T in terms of the indexes (x) p and (X) p. Since B' e OVa is arbitrary, put B' = 
= (0, b'), where V e S \ {0}. Then C = ((&') o~*p9 b'), D' = (-(bf) *^p9 0) and 
we have 

*' = ((*') <£)-) «r + « A 0 = ( - (6 ' ) -.f.L,) a, + q. 

Expressing q from the second equality, substituting it in to the first one and using 

Theorem 1 and Theorem 3 we get 

(fc')ff,-1 = (&')«("«)-+ (*')«(U-
Further, we obtain 

(6 ')»T- = (*')«((»)-)-'+.(Wrt-« W / e S \ { 0 } 

so that T " 1 = ( (x )p ) - 1 + 0 ( (A)p) - 1 , i.e. 

T = ( ( (x)p)- 1 + 0 ( (A) P rr i . 
The quadrangles ABCD and A'B'CD' satisfy the assumptions of (OQ), and hence 

CD 1 C D ' holds. Consequently, (o)p = x and 

( x + 0 A ) p = ( ( ( x ) p ) - 1 + o ( ( l ) p ) - 1 ) - 1 . 

c) Since (J, o) is a group, for each element xej there exists exactly one inverse 
element X = x'1 ej. According to [4] this means that .yV satisfies the Reidemeister 
condition of the type (a, /?, y9 x, X, y) with the restriction R = O (cf. [4]). 

Assume that points A, B, C, D e P \ v satisfy the assumptions of this closure 
condition, i.e., the following holds: 

"ABV/' A "CDV/ ' A "ADVa" A "BCVa" A "OBDVy" A " O A V X " 

(see Fig. 3). Then also "OCVA" holds, where I = x'1. 
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Assume that points A', B', C . D ' e P w satisfy "A'B'Va" A "C'D'V," A 
A "A'D'V," A "B'C'V/* A "OB'D'VWp" A "OA'V (x)p". 

Fig. 3 

The property (Q) of Jf implies that we have also "OC'V,,". Now we express Q 
in terms of (y) p and (x) p. Since the point A' e OV(x)p is arbitrary but distinct from O 
a n d V(x)p, put A' = (a'9(a')aix)p)9 where a'eS\{0}. Then B' = (a\ (a') <r(y)p), 
D ' = ((>') »(x)P <*(~7)P> (*') °(*>P).

 C = ((*') °(*)P <\~V)P> (fl0 °I*>P)
 a n d w e h a v e 

(«') °(y)p = (*') *(**<*(">•)><. Vfl' G S \ {0} . 

Hence <y(y)p = aix)paiy)paQ9 and also 

°Q = ^ P ^ O O W / * > ie-> e = (?) P o ((*) p ) _ 1 o ( y ) p . 

The quadrangles, ABCD and A'B'C'D' satisfy the assumptions of (OQ), andhence 
OC _L O C , i.e., (X) p = Q. Substituting into this equality we have 

(x~%)v = ( ^ p o ^ p ^ ^ W p . 

d) Since (J9 o) is a group, for each two indexes x9XeJ there exists exactly one 
index Q ej such that Q = x o X. According to [4] this means that JT satisfies the 
Reidemeister closure condition of the type (a, /?, y) with the restriction R = O 

(cf- [4]). 
Assume that points A, B, C, D e P \ v satisfy the assumptions of this closure 

condition, i.e., we have 
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"ABV," A "CDV," A "ADVa" A "BCVa" A " O A V X " A 

A "OBVy" A "OCVA" 

(cf. Fig, 4). Then we also have "ODVe", where Q = x o L 
Assume that points A', B', C , D' e P \ v satisfy 

"A'B'Va" A "C'D'V." A "A'D'V/' A "B'C'V," A 

A "OA'V(x)p" A "OB'V(y)p" A "OCV(A)p" . 

Then (Q) applied to the quadrangles OBCA, OB'CA' and OA'C'D' yields the existence 
of the joining lines AC, A 'C and OD', respectively. 

Fig. 4 

If we assume "ACV^", then the property (OQ) of JT implies "A'C'V(|l)p". Further, 
assume "OD'VT", x ej. We express the index T in terms of (y) p, (x) p, (X) p. Since 
the point A' e OV(x)p is distinct from O and V(x)p but otherwise arbitrary, we can 
denote A' = (a', (a') <F(X)P), where ( J ' G S \ { 0 } . Then B' = (a\ (a') cr(y)p), C' = 
= (0*0 °(y)p*(A)p> (*') °(y)P)

 a n d D ' = ((fl0 V ( ' i ( a 0 <*(X)P)>
 w here 

(*0 °(x)p = W) Cr(y)p<y(_A)>r Vfl' 6 S \ {0} . 

Thus CF(X)P = cF(y)p<F(̂ )
1
pat, and hence <rT = tf^po^p)--<>(**• Consequently, T == 

= W p o ( ( y ) p ) " 1 o ( x ) p . 
Since the quadrangles OACD and OA'C'D' satisfy the assumptions of (OQ), 

we have OD 1 OD'. Thus (Q) p = T and, after substituting, 

(x o l ) p = (X) p o ((y) p)" 1 o (x) p . . 
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Using Lemma 10 and Lemma 11, we are going to determine the algebraic equi
valent of a net Jf having the properties (ors), (Q) and (OQ). In doing so, choose an 
element e e S \ {0} and put 

( 0 , e ) = E , (0, - e ) = D , (e, 0) = C , B = OV, VI EV(y)p , 

where "CDVy" and EV(y)p 1 CD (see Fig. 5). 

Fig. 5 

It is easy to verify that we have B = (-(e) c r ^ , 0). Further, put X = OV^ |~1 D v V 
£ej and Y = OVa VI BV(0p. Then according to ( l l ) we have BV(0p 1 DV .̂ If 
X = (x, 0) and Y = (0, y) then a straightforward calculation shows that 

x = (e)^\ y = ^)^ry)>u)p-
Under the notation from Section 3 we have x, y e S'e. Since the mapping OV^ -> OVa, 
X i-> Y is one-to-one (this follows from the axioms (ol), (o2) and (o3) of the ortho
gonality in Jf and from the axioms of a net), the mapping 

(12) <pe: S'e -> S'e, x = (e) <r~x i-> y = (e) ^p^)p 

is also a one-to-one mapping of the set S'e onto itself such that 

— e = (e) a;1 i-> (e) <pe = (e) <T~)>(y)p = (e) <ry = e , 

0 = (*)<r,»->(0)<p. = 0. 
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The equality y = (e) (f^i0p can be transformed into 

y = (e)aal)P)~lo(y)p-

The mapping q>e denned by (12) determines another mapping 

(13) * : 7 - 7 , t»(t)+ = ((e)p)-lo(y)p9 

which satisfies the equalities 

( r 1 ) * = ( ( r 1 ) ? ) " 1 o(y)p = ( (y)po(©p)- ' o(y)p)"1 , (y) p = 

= (((y)Pr lo(l)po((y)p)-1)o(y)p = 

• = ( W P ) " O ( ^ ) P ; 

observe that we have used the statement c) in Lemma 11. The mapping i|/ (determined 
by (13)) can be extended over/ if we define 

(13') ( f l * : = / J . 

Lemma 12. Let Jf be a net satisfying the conditions (ors), (Q) and (OQ). Then 
the mapping \|/ determined by the conditions (13) and (13') is an automorphism 
of the skewfield (J\ 4- 0, o). 

Proof. Observe that \|/ is a one-to-one mapping of / onto itself. Indeed, if 
(({)p)_1

 0(y)p = n, rjej then according to Lemma 10 and Lemma 11 we have 

(f)p = ( y ) P ^ - 1 and 

^ ( ( a p ) p = ( ( , ) p o ^ 1 ) p = (^ 1 )po((y) P ) - 1 o((y) P ) P = 

= ((7) P o (fo) p)"' o (y) p) o((y)p)-1oy = (y) p o ((»,) p)" ' . 

For each two elements £, // ej' we have 

(« + o f )+ = ((« + o ' / ) p r 1 o(y)p = ( ( ( ^ ) P ) - 1 +o(Wp) ' 1 )o(y)p = 

= ((£) P)_1 - (y) P + 0 (Of) P ) - 1 o (y) P = (i) * + 0 Of) * 
and also 

(* o if) + = ((« o „) p)-1 o (y) p = (Of) p o ((y) p)"1 o (0 p)"1 o (y) p = 

= (((^p)-1.(y)p.(Wpri).(y)p = 
= (((£) p)-'o (y) p) o (((„) p)-- o (y) p) -. (0 + . Of) ik • 

However, according to (13') we have (ft) \|/ = /? and according to (13) we have (y) \|/ = 
= ((y)p)~1°(),)p = y. • 

Summing up the above results we get 

Theorem 13. The algebraic equivalent of a net JT = (P, ££, (Vt),et) equipped 
with an orthogonality for ordinary lines and having the properties (Q) and (OQ) 
is the geometry over the admissible algebra W(JV) = (S, 0, (fft)(ej)

 fl5 ^ coordinate 
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algebra of the net JV with respect to some orthogonal frame (O; a, /?, y). The 
algebra 9l(yV) satisfies the following conditions: 

(i) For each index IEJ we have + £ = + y = : + , (S, + ) is an abelian group 
and a t is an automorphism of the group (S, + ) . 

01) 0\ +o>°) ' s a skewfield, where J' is determined by (1) and the operations 
" + 0 " and "o" are determined by (5) and (8), respectively. 

The Hne y = (X)<F^ + q, qe S, £ ej of */V" is orthogonal to each line v = 

= (*) °a>P + <?', q' e S, where 

( O P ^ W P O ^ - 1 ) * . 

The mapping £ i-> (<!;) p /s defined by (11) and \|/ /s an automorphism of the skewfield 
{J\ +o» °) satisfying the relations (13) and (13'). 

Proof. The assertion follows from Theorem 5 and its Corollary, Lemma 11 and 
Lemma 12. -

References 

[1] J. Baštinec: Nets satisfying quadrilateral condition. ZN — Geometria (Poznaň), in pгint. 
[2] V. Havel: Kleine Desargues — Bedingung in Geweben. Časopis pest. mat. 102 (1977), 

144-165. 
[3] V. Havel, I. Studnička: Teгnärringe ohne Planaгitätsbedingung. Časopis pëst. mat. 104 

(1979), 65-74. 
[4] J. Kadleček: Closuгe condition in the nets. Comm. Gath. Univ. Carol. 19, II (1978), 119—133. 
[5] J. Klouda: On k-nets of order (k — l)2 admitting impгoper collineations. Geometriae 

Dedicata 16 (1984), 201-215. 
[б] H. Naumann, K. Reidemeister: Über Schliessungssätze der Rechtwinкelgeometrie. Abh. 

Math. Sem. Univ. Нamb. 21 (1957), 1-12. 
[7] K. Schütte: Schliessungssätze für orthogonale Abbildungen euкlidischer Ebenen. Math. 

Annalen 132 (1956), 106-120. 

Súhrn 

O KOLMOSTI V SIETIACH 

JAROSLAV LETTRICH, JÁN PERENČAJ 

V článku je skúmaná kolmost' obyčajných priamok v desarguessovskej sieti, ktorá spina 
štvoruholníkovú uzáverovú podmienku. Přitom rád aj stupeň tejto siete sú nekonečné kardinálně 
čísla. Odvodený je algebraický ekvivalent siete, v ktorej je splněná štvoruholníková uzáverová 
podmienka. 

Pre kolmosť priamok v sieti sa požadujú len ,,triviálně axiómy kolmosti". Ako uzáverová 
podmienka kolmosti je používaná Reidemeisterova veta o ortológových štvoruholníkoch. 

Hlavným výsledkom je odvodenie algebraického ekvivalentu siete, v ktorej platí štvoruholní
ková uzáverová veta a súčasne veta o ortológových štvoruholníkoch. 
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Peзюмe 

OБ OPTOГOHAЛЬHOCTИ B CБTЯX 

JAROSLAV LETTRICH, JÁN PERENČAJ 

B cтaтьe paccмaтpивaeтcя opтoгoнaльнocть oбыкнoвeнныx пpямыx в дeзapгoвoй ceти, 
в кoтopoй выпoлняeтcя ycлoвиe зaмыкaния чeтыpexyгoльникa, пpичeм nopядoк и cтeпeнь 
этoй ceти — бecкoнeчныe кapдинaльныe чиcлa. Bывeдeн aлгeбpaичecкий эквивaлeнт ceти, 
yдoвpeтвopяющeй ycлoвию зaмыкaния чeтыpexyгoльникa. 

Для opтoгoнaльнocти пpямыx в ceти тpeбyeтcя выпoлнeниe тoлькo ,,тpивиaлышx aкcиoм 
opтoгoнaльнocти". B кaчecтвe ycлoвия зaмыкaния opтoгoнaльнocти здecь иcпoльз)Єтcя тєope-
мa Peйдeмeйcтepa oб opтoлoгoвыx чeтыpexyгoльникax. 

Глaвным peзyльтaтoм paбoты являeтcя ycтaнoвлeниe aлгeбpaичecкoгo эквивaлeнтa ceти, 
в кoтopoй cпpaвeдливa тeopeмa зaмыкaния чeтыpexyгoльникa oднoвpeмeннo c тčopeмjэй oб 
opтoлoгoвыx чeтыpexyгoльникax. 

Authors* address: Katedra matematiky fak. PEDaS Vysokej školy dopravy a spojov, Marxa-
Engelsa 15, 010 01 Žilina. 
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