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ON THE POLYNOMIALS ORTHOGONAL IN THE INTERVAL .
(—o0, +00) WITH THE WEIGHT FUNCTION exp (—x?)

VACLAV STANCEK, Zilina
(Received February 1, 1989)

Summary. In this paper polynomials H,(x) n= 0, 1, ..., which are orthonormal with respect
to the function H(x) = exp (—x%) on the interval E = (— o0, +0) are investigated. Relations
coefficients of polynomials and relations (29), (30), (31) for s(z"), sﬁf", s((,"), where sﬁ") is the sum
of k-th powers of the roots or the polynomial H,(x), are derived. Finaly differential equation
(33) for the polynomials H,(x) is obtained.
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AMS Classification: 33A65.

1. INTRODUCTION
Definition 1. Forn = 0, 1, ... let

1) Hx)=Ya"*, a >0,
k=0

be the polynomial orthonormal in the interval E = (-— 0, oo) with respect to the
function

2 H(x) = exp (—x°),
ie.form,n=0,1,... '
() §5 Hu(x) H(x) H(x) d% = 0p,n

where 6,,, = 0 for m # nand g,, = 1.

Remark 1. By a well known theorem (see [1]) for every n there exists one and
only one polynomial H,(x).

Since H(x) is an even function, H,(x) is an even or an odd function if n is even or
odd, respectively, i.e.

H,(—x) = (—1) H/(x).
Further, we employ the notation

P(x) = =, ,
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which is equivalent to the statement: P(x) is the polynomial whose degree is not
higher than n.

In this paper some properties of the integrals connected with the polynomials H,(x)
and with the coefficients of H,(x) will be derived. Further, we prove the relations (29),
(30), (31), where s$”, s, s is the sum of the second, the fourth, and the sixth
power of the roots of the polynomial H,(x), respectively and g, = a§'~V[a{?. The
differential equation (33) for these polynomials will be derived, too.

2. THE BASIS PROPERTIES OF THE POLYNOMIALS H,(x)
n
Lemma 1. Let P(x) = Y a;x*. Then
k=0

@ P =TaH

where

(5) o = [g P(x) Hy(x) H(x) dx .
Further

(6) [ P(x) H,(x) H(x) dx = %) .

If P(x) = m,_,, then
(7) f& P(x) H,(x) H(x)dx = 0.

Proof. The possibility of expressing the polynomial P(x) in the form (4) can be
proved by the mathematical induction with respect to n. Using orthonormality of
the polynomial H,(x) the relation (5) is obtained as a consequence of the relation (4).
Comparing the coefficients at x” in relation (4), we get a, = a{’a,, which is equi-
valent to (6).

If P(x) = m,—4, then a, = 0 and (7) is a consequence of (6).

Lemma 2. Let
agl—l)
(8) 4% =0, q,= @ for n>0.
0

Then for n > 0 we have
©) qn = [£x H(x) H,_(x) H(x) dx .
Proof. Let us put P(x) = x H,_(x). Then (6) yields

n—1)

jEx H,_(x) H(x) H(x)dx = ag =q,.

a$?
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Lemma 3. (Recurrence formula for the polynomials H,(x).)
(IO) X Hn(x) = qn+1 Hn+l(x) + 4y Hn—l(x) .
Proof. Let us put P(x) = x H,(x) in (4) and utilize (5) and (9).
Lemma 4. Using the notation (8) we have
(1) Jex? Hy(x) H(x)dx = q; + qqsy
fex* H,(x) Hy_5(x) H(x) dx = q,-1 4(dn+1 + 42) -
Proof. Let us express x H,(x) using (10), then
S [ane1 Hasr(%) + ¢o Hoeo(x)]? H(x) dx =
=gl Je HE, (%) H(x) dx +
+ 29, @usy [£ Hywo(x) H(x) H,— y(x) dx +
+ q} js H:—l(x) H(x) dx = g7,y + g7 .

The second integral in (11) is obtained from the first since x? H,_,(x) =
= qn—lqn Hn(x) + 7'!:n—l‘

Lemma 5. For every natural number k we have

(12) fe x* H,(x) H,_(x) H(x) dx =:‘1j; Qo »

Proof. a) For k = 1 (9) holds.

b) Assuming that (12) is valid for the natural number k we prove that it holds
also for k + 1:

Jex** 1 H(x) H,_p—y(x) H(x) dx = [ x* H(x) [x H,— - ((x)] H(x) dx =
= [ X" Hy(x) [gu-r Haop(X) + qn-k—1 Haor=x(x)] H(x) dx =
= Qp-x IE x* Hn(x) Hn—k(x) H(x) dx = g iUO‘In—i =il_—(1) qn-i

Lemma 6. Using the notation (9) we have
(13) Jex® H(x) H,_,(x) H(x) dx = q,(q2+1 + g2 + q2-,) .
Proof. Using the integral ({3) and the relations (10), (11) and (12) we get
Jex* H,(x) H,_(x) H(x) dx = [ x* H,(x) [x H,_,(x)] H(x) dx =
= Jex* H(x) [a, H(x) + gp—1 Hy-2(x)] H(x) dx =

= q, [gx* HX(x) H(x) dx + g,-, f£x* H(x) H,_,(x) H(x)dx =
= 4,47 + 43+1) + Gu-190dn-1 -
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Lemma 7. For k = 0, 1, ... we have

(14) x* H,,(x) Z h =2 n+k—zi(x) s
where

(15) i€ [l’ k] = h,‘."ﬁli’l 2i = Qn+k+1- "lhn+k 2i T Gutr- 2|+2hn+k 2042

k+1
(16) i=0= hf-k++kl+)1 = qn+k+1h£k-2k = HI An+j s
j=
(17) i=k+ L=hfS0 = h2g,- = H An-j
=0

and

(18) KO =1.

Proof. The relations (14) and (18) are evident for k = 0. If we apply (10) to (14)
we get

Xkt 1 Hn( \th.k*)" 2i n+k—2i(x) =

’,(.’11. z.[qu+k+1—zi Hn+k+1—2i(x) +

N
M»

]
o

+

Il
.M:.- Q

]
(=}

n+k—2i n+k—-1—2i(x)] =
hSIk+)k—2iqn+k+1—-2iHu+k+l-—2i(x) +

k
hf.»r)k 2idn+k- 2|Hn+k—1-—2i(x) =

+

It
Tlngha gM=~ gl

R 2inikr1-2i Hovre1- z;(x)'*‘

+ .

x)
hoy =21+ 20n+k-2i42 Hurx-2i+ 1(x) .
1

From the above relation the relations (15), (16) and (17) evidently follow.

Lemma 8. Using the notation as in Lemma 7, for k = 0, 1, ... we have
(19) Jor = [ x** H}(x) H(x) dx = h{®®.

Consequently
(20) J:=hP =g} +ql,,,

2
(21) Jo=h® =._Zo[hf.i)2 2]’ = dai1darz + (47 + qn+0)* + q2qi-¢,
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3
(22) Jo = hf.G) =.Zo[hf.3+)3—z.']2 = (qn+1qn+2qn+3)z + (qn—zqn—lqn)z +

+ @ei(n + Gaes + daia) + 42(dn-1 + 0+ 4avd)?
4
(23) Jg = hf.s’ = Z [h$-4+)4—2i]2 = q:+1‘13+2‘13+3‘13+4 +
i=0
+ g3 3q2_24,-197 + Q21924292 + divy + Qs + aiis ] +
+ (g2 1a2he + (42 + 43 )* + 4iq2-1 ] +
+ ‘1:‘13—1[‘1'2.—2 +qi +ai+ q12.+1]2 .

Proof. Using (14).

Lemma 9. Using the notation (19) we have

24)  Jg = 2"8+ 1

Proof. Integrating by parts and using (6), we get
Js = —% [gx Hi(x) d[exp (—x%)] =
=} (g [Hi(x) + 2x H,(x) H,(x)] H(x) dx = }(1 + 2n).
Lemma 10. Using the notation (19) we have

JZk = O(nk/’)

where k { r are natural numbers, k = 1, 2, 3, 4.
Proof. Holder’s inequality yields

|f2£(x) a(x) dx| < [ [f(x)|" dx]""” [Je |a(x)|* dx]"",
where 1/p + 1/g = 1.

Let us put
1 k r
—==-=>p=->1,
p r
1 k r—k r
=1 == =q = s
q r. r r—k

f(x) = x8[HZ(x) H,(x)]"",
g(x) = [Ha(x) H(x)]'".

We get »
T < J4JG" = T3
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Then (24) yields (25).

Lemma 11. Using the notation (8) we have
(26) g, =0(').
Proof. From (20) and (25) we get
An < 4y + dryy = Iz < cyn'l",

where ¢, is a positive constant which depends neither on n nor on x,

Lemma 12. Let P(x) = Y, a,x""*, where a, = 1. We denote the sum of the k-th
k=0

powers of the zero points of the polynomial P(x) as sy fork =0,1,2,....
Then

k—1
(27) x*P(x) = P(x) Y sx* "7 + m,
i=o

and
k-1

(28) Y ais—; + ka, = 0.
i=0
The proof is known (see e.g. [2], p. 55).

Lemma 13. We denote the sum of the zero points of the polynomial H,(x) as s".
Then

(29) st

n—1
2y 4i
1

1

l(q;‘ + 2q;_147),

=
PﬂT ]

(30) s =2

k

n—1
G s =23 [ + 30c-14e(gi-2 + g0 + 4]

Proof. 1. Let us denote

n n
Hx) = ¥ afPx ™ = )y, vyt
k=0 k=0
where

m _ a”
rk = 7) .
do

Comparing the coefficients at x"~2'*! in equation (10), that is
X Hn(x) = qn+1 Hn+1(x) + qn Hn-l(x) ’
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we get

(a) AP = g, a0 DPEED g gm D1y

Since gq,,ay*™? = a('" according to (8), relation (a) yields

(b) oD =S} = aqu§Y
and consequently

k=1
(c) rf) =~ qur( 2

2. According to Remark 1 we have s{” = 0 and r{"~" = [, when k is an odd
number. Then from (28) and (c) we get

n—1
(d = s +2P=0=s5,=2Y4q;.
k=1

Further, for k = 4 the relation (28) yields
sO + rPs + 4r) = 0.
Using (d) we get
s — PP+ 4P =0,
and finally
ss’n"']) — sf{l) = %(s‘(zn*l'l) _ s(z'l)) (S(2n+1) + s(zn)) _ 4(,,2"4—1) . FE:)) .
Using (b) and (d) in the above relation we get
sf:l+l) s(n) — q"(s(n+1) + s('l)) + 4q r(n 1 _ 2q,2,8(2")

+2q5 — 2q2597Y = 2q5 + 49290, .

The relation (30) evidently follows from the last relation.
The relation (31) is obtained using (28), (29), and (30).

3. DIFFERENTIAL EQUATION

Lemma 14. Using the notation as in Lemma 13 we have
(32) x” H,(x) = (s(") + sPx% + sPx* + nx®) H(x) + m,_y .

Proof. With regard to Remark 1 the proof follows from (27) for k = 7 while
(M _ () _ gm
sy’ =53 =53 =0.

Theorem 1. Using the notation as in (14) and (27) we have
(33) H;(x) — 8x” H,(x) + 8(5"" sx? + sx* + nx®) H(x) = u,(x),
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where
(34) un(x) = 0Oy—>2 HII-Z(X) + Oy Hn—4(x) + An—6 Hn-()(x)
and
(35) A,—p = 16q,_, Qn[‘I:—z +qpy + 2‘1:—2(‘1:-3 +qi-) +
+ (a2 + g2 ) (gr-2 + gi_)) + Gredies +
+ (a2 + g21)* + q2qi-1].,
(36) Upos = 164,_3Gu-20n-19dn-s + dr-3 + do-z + dn-1) +
+ 3241;—3‘]:1—2‘1;-—1%.(‘13 + q121+ l) ’
Oy = qn—Sqn—4qu—3qn—2qn—lqn .
(37) 48

Proof. We start from the relation H™!(x) (d/dx) [H,(x) H(x)] and utilizing (32)
we put

A(x) = H™! (x)ad— [Hi(x) H(x)] + 8(s{” + s{x% + s§x* + nx®) o(x)=
X

= H,(x) — 8x" H,(x) +
+ 8(s¢ + s§x? + s§x* + nx®) H(x) = m,_, .

According to Lemma 1

AG) = %, 3 ),
where —
(a) % = g A(x) H(x) H(x) dx = 8 [g(s{"x* + s§”x* + nx®).
H,(x) H(x) H(x)dx + [g H(x) d[H}(x) H(x)] .
Integrating the last integral by parts we get
(©) = o Hilx) Hi(x) H(x) dx = [ H(x) dCHI() H9) =
= =8 [ H,(x) (s©x? + sPx* + kx® + m,_,) H(x) H(x) dx .

From (a) and (b), as a consequence of orthogonality of the polynomials H,(x),
we obtain the implication

k<n—6=a,=0.

Further, a,_, = a,_3 = a,_s = 0, since the integrand is an odd function.
From (a) and (b) for k = n — 2 we get

%3 = 8 [ (5% + s§x* + nx®) H,(x) H,_,(x) H(x) dx —
-8 jE[s("’xz + 587 + (n = 2)x® +
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+ Mo s] Hix) Hy—o(x) H(x) dx = 8 [ [(s3” — s§77) x* +
+ (s = s§7) x* + 2x°] H,(x) H,_(x) H(x) dx =
=8 [ {2[(gn-2 + 202-32-2) + (an-1 + 245-24,-1)] X* +
+ 24— + ga-y) x* + 2x°} Hy(x) H,_5(x) H(x) dx =
= 16[g7_, + 247-38s-2 + @-1 + 24;-205-1] 4sGn-1 +
+ 169,-14,(d7 + dus1) (4n-2 + da-1) +
+ 164, 10,{an 118042 + (47 + dass)® + 005-1} -
From (a) and (b) for k = n — 4 we get
g = 8 [£(sPx? + s§x* + nx®) H,(x) H,_4(x) H(x) dx —
— 8 fp[s¢™9x% + 557 9x* + (n — 4)x° +
+ Tums] Hi(x) Hyoo(x) H(x) dx = 8 fg [(s§” — s¢79) x* +
+ (5§ — 5§79 x* + 4x®] H,(x) H,_,(x) H(x) dx =
= 164,-30n-24n-19(dn-4 + da-3 + du—z + dn-1) +
+ 324,-300-24n-14:(dn + d7+1) -
From (a) and (b) for k = n — 6 we get
a6 =8 [g(n — n + 6)x® H,(x) H,_¢(x) H(x) dx =

= 48qnqn—lqu~2qn—3qn—4qn—5 .
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Sahrn

O POLYNOMOCH ORTOGONALNYCH V INTERVALE (—, 4 )
S VAHOVOU FUNKCIOU exp (—x8%)

VAcLAV STANCEK
VySetruju sa polynomy H,(x) n= 0, 1, ..., ktoré si ortormalne na intervale E = (— 0, )
vzhladom na funkciu H(x) = exp (—x®). Odvozuju sa vztahy pre koeficienty tychto polyndémov

a vzfahy (29), (30), (31) pre s, s, s, kde s{» je sulet k-tych mocnin korefiov polyomu
H,(x). Napokon sa odvodzuje diferencilna rovnica (33) pre polynémy H,(x).
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