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Smoothing effect and discretization in time
to semilinear parabolic equations with nonsmooth data

MARIAN SLODICKA

Abstract. The purpose of this paper is to derive the error estimates for discretization in
time of a semilinear parabolic equation in a Banach space. The estimates are given in the
norm of the space X, for 0 < a < 1 when the initial condition is not regular.

Keywords: error estimates, parabolic equation, backward Euler method, nonsmooth initial
data

Classification: 65M15, 35K22, 656M20

1. Introduction.

The aim of this paper is to study the error estimates for discretization in time
(backward Euler method, Rothe method) applied to the abstract semilinear evolu-
tion equation (¢ € (0,7))

1) u'(t) + Ault) = f(tu(t))
) u(0)=veX

in a Banach space X with the norm || ||. The operator A is assumed to be sectorial
in X with the domain D(A), where Rec(A4) > §p > 0 and o(A) is the spectrum
of A.

Definition 1 (cf. [2, D.1.3.1]). A linear operator A in a Banach space X is said to
be sectorial in X iff:

(i) Ais closed, D(A) =X,
(ii) there exist £ € (0,7/2), a € R such that

Sae ={N & <larg(A —a)| <7, A # a} C p(A)
where p(A) denotes the resolvent set of A and
1A= < CIA—al™h YA€ Sy
The function f : R x X — X is global Holder continuous (with the Holder
coefficient 0 < @ < 1) in the first variable and global Lipschitz continuous in the

second variable. We are interested here in the case when the initial element v is
rough, i.e. the only assumption is v € X.
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It is well known that there exists a unique solution of (1.1) and it can be described
in the following way

t
(1.2) u(t) =T (t)v + /0 T(t—s)f(s,u(s))ds,
where

(1) :(27ri)_1/re)‘t()\+A)_1 i

and I' is a curve in p(—A) (the resolvent set of —A) such that arg\ — +¢ as
[A| — oo for any fixed ¢ € (7/2, 7).
Without loss of generality we can suppose that I' is described as follows

(1.3) Aele A=—-§—scosp+tissing,

where s € (0,00), ¢ € (0,7/2), 6 = (o) > 0.

During the past ten years many authors have been studying the error esti-
mates for discretization in space or in time applied to (1.1), cf. Helfrich [1],
Johnson—Larsson—Thomee—Wahlbin [3], Le Roux [4], Le Roux—Thomee [5], Luskin—
Rannacher [6], Mingyou—-Thomee [7], Sammon [8], Slodicka [9], [10], Thomee [12], [13],
Thomee-Zhang [14]. The most of the works mentioned above are written in Hilbert
spaces and the operator A is assumed to be selfadjoint and positive definite.

Using backward Euler method for discretization in time we get

(u; — wim1)TF + Aug = f(ti, ui—1)

ug = v,

(1.4)

fori=1,2,...; 7 is a time step; t; = iT.
The following error estimate is known (see [10, Th. 1)) for 0 <7 <19 < 1

(1.5) lu(it) — | < C (i_l +70 4 TlnT_l) ,

where ¢ = 1,2,...; u is the exact solution of (1.1) and w; is the solution of (1.4).
The formula (1.5) was obtained without any regularity assumptions of the initial
element v € X.

The smoothing property for parabolic equations is familiarly known. We show
that this property takes place for discretization in time, too. Using this we are able
to establish the error estimate for backward Euler method in the norm of the space
Xa; 0 < a < 1 (the definition of X, can be found in [2, Def. 1.4.7]). Our main
results are formulated in Theorems 1-3 without any regularity assumptions of the
initial element v € X.

Remark. C denotes a generic positive constant independent of 7 but it may depend
on &g, ¢, v, T, a.
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2. Homogeneous problem.

In this section we suppose f = 0. Solving (1.1) by backward Euler method we
get elliptic problems

where 7 is a time step; u; is the approximate solution of (1.1) at the time ¢; = iT;
1 =1,2,.... This system can be solved successively for i = 1,2,... and it is easy
to find that '

w; = (I +7A) .

Let us denote g(\) = (1 —7A)~%/7 for arbitrary positive fixed ¢, 7. Let the range
of definition of g(\) be

D=S—{\eS; |A—771<e}

for sufficiently small € > 0; S denotes the closed complex plane.

One can see that D is an open set in S which contains o(—A) because of
Reo(A) > dg > 0 and A is sectorial. The complement of D is compact. Fur-
ther, g is differentiable in D and g(\) is bounded as |A] — oo, because of

g(c0) = lim g(M\) =0.

[A|—o00

So, g(—A) can be described in the following way (see [11, §5.6])
(2.1) Ty (t) = (I +7A)"Y™ = (27i)~" / (1—7A)"YT(A+ A)"Ldr
r

where T is taken from (1.3).
Let us note that the integral in (2.1) is absolutely convergent for every positive
t,7. On the other hand, we can say that T, (t) is a fractional power of (I +7A4)7!.
It is well known that for o > 0 we have (see [2, Th. 1.4.3])

T(t)v € D(A®) Vo eX, Vt>0.

The definition of D(A®%) can be found in [2, Def. 1.4.1].

This fact is known as smoothing effect. Let us remark that T'(¢), ¢ > 0, is an
analytic semigroup. We know (see [9, Th. 1]) that T-(t), t > 0 is a semigroup, too.
We shall prove that the smoothing effect takes place for Tr(t). More exactly, the
following lemma holds.

Lemma 1. Let o > 0; t,7 > 0 such that t > 7. Then Tr(t)x € D(A®) for every
z e X.

PROOF: We consider the case when 0 < o < 1 first. Using [2, Th. 1.4.4] for A € T
we have

(2.2) A (A +4) 71 < e

705
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From this we obtain

14T, ()] = || 2 i)~ /F(1 — N YA+ A) LA <

gc/ (=) A ] <
r

gc/(l — 7ReA) YT ReA|* 1 [d)| <
T

gCT—t/T/ |Re A|*~ Y71 |a)].
T

The last integral is convergent if ¢t > a7.
Let us consider @ > 1. Then we can put @ = n + § where n is an integer and
B €(0,1). So we deduce

AT (t) = A"TPT, (tna )Ty (t8a7 1) =
— ATy (tna~Y) = APTH(tBa~ 1) = (ATT(ta_l))n AT (tBa )

because of t > ar. [l

Tr(t)v, as an approximate solution of (1.1) for f = 0, was introduced in [9]. It
was proved there that

(2.3) |T(t) — T ()] < Crt~ L.

In virtue of Lemma 1 we know that the both solutions (exact and approximate)
become smoother with increasing time. So, there arises such a question: “How does
the estimate of (T'(t) — T (t)) look like in the norm of the space X, ?”. The answer
to this question (in the case when a = 0) is given by (2.3). In order to establish
such an estimate, when 0 < a < 1, we need the following lemmas.

Lemma 2. If A € C (complex plane), ReA < 0 and t,7 > 0, then
‘(1 )T eM] < IAR|ReA|"2|(1 — 7ReA)H/T — (ReXt|.

PROOF: See [9]. O
Lemma 3. If min{1,3} > a > 0, then

/OO o1 [(1 + ﬁ_lz) B _ e_z} dz < % (B — a)_l.

0

PROOF: Let us fix «, 8 and for arbitrary N > 0 we define

Iy = /ON 201 [(1 + ﬂ_lz)_ﬁ — e_z} dz.
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It is easy to see that (Vz > 0)

0, [ez(l + ﬁ_lz)_ﬁ - 1} =871z e*(1+ ﬁ_lz)_ﬁ_l,

z
0, [/ e Sl ds} —=e % o1
N

Using integration by parts one can find
N -8
Iy :/ zo‘_l{(l—kﬂ_lz) —e_z} dz =
0
z z N
= {/ e 8501 ds/ B1s e*(1 —|—ﬂ_ls)_ﬁ_1 ds] +
N 0 0
N pN 1
+/ / e S5 1ds ﬁ_lz ez(l + ﬁ_lz) 14, <
0
(o] ZOO 1
S/ / e S5 1gs ﬁ_lz e* (1 + ﬁ_lz)_ﬁ_ dz.
0 z
One can prove that (Vz > 0)
(0.]
z ez/ e 55 L ds < 2@,
z
Because of this we obtain
o o0
Iy < / B (1487 %) P de = ﬁa/ w(1+w) P dw <
0 0

< [T i ) = 5 (5 )

The assertion of the lemma follows from the last estimate taking the limit as
N — oo. O

Now, we are able to derive the estimate of (T'(t) — Tr(¢)) in the norm of the
space X, for 0 < a < 1 without any regularity assumption of the initial element
v € X. We do it for ¢t > 7 first.

Theorem 1. Let A be a sectorial operator in a Banach space X where Rec(A) >
60 > 0. Then fort > 7, T < 19 we have

(i) IT(t) = Tr(t)1 < C ettt —7)7 T,
(ii) IT@) —Tr@t)|la < C Tt_l(t -7 0<a<l.
(|| llo denotes the norm in X4, ||w|le = ||[A%w]|.)

ProOF: (i) In fact, using (2.2) we find

IT(t) = T (D)l = [[A[T(#) = T-@))]| < C/F|(1 — AT =M JdA.

707
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In virtue of Lemma 2 we get

IT(t) = Tr ()] < C/\u —rReA)T - RN |4y <
r
< C/ {(1 +y) U - e_yt} dy=Crt 1t —7)~L.
0

(ii) For t > 7 we have (T'(t) — Tr(t))v € D(A). So applying [2, Th. 1.4.4] one
can prove (0 < a < 1)

IT() = Tr(®)lla = [A*(T(t) = Tr())]| <
< CIAT() = =) I1T(t) = T- ()1
The rest of the proof follows from this fact, (2.3) and (i). O

By now, we have established the error estimate in the norm of X, in the case
when ¢t > 7. But, for the discretization in time, it is necessary to derive this error
in all time steps t; = i7; ¢ =1,2,.... So we must still do it for t = 7.

Theorem 2. Let A be a sectorial operator in a Banach space X where Rec(A) >
60 >0. Then for0 < a < 1,7 < 19 and t > at > 0 we have

IT(#) — Tr®)la < C 71%(t — ar) .

PrOOF: We know that (T'(t) — Tr(t))v € D(A%) because of ¢ > ar. Further,
applying (2.2) we can write

IT(#) = Tr(t)a = [A%(T () = T-(@)] <

< c/\(1 )T M AN+ A A <
I
< C/ [(1—70) 7™ — M AT A
I
Using Lemma 2 we estimate
1T(t) = Tr ()] < c/ |(1 = 7ReX) ™™ — BeX| | ReA|*L Ja)| <
I
o
< C/ [(1 + Ty)_t/T - e_yt} y* Lty <
4

o0
<C t_a/ Pt [(1 + Tt_lz)_t/T - e_z} dz.
0

The rest of the proof follows from this applying Lemma 3 for 8 = t7—1 > a > 0.
O
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3. Nonhomogeneous problem.

In this section we suppose that the function f : R x X — X satisfies

It 2) = f(s.9)ll < C(1t = 8| + e — y]])

(3.1)
Ve,yeX; Vi, seR; 0< 6 < 1.

Considering the discretization scheme (1.4) with the time step 7 (0 < 7 < 79 < 1)
one can prove

i—1
(3:2) wp =Tr(ti)o+ Y Trti — tr) ftpgr, up) 7
k=0

where T (t) is defined by (2.1).
In the following we shall need the following estimates.

Lemma 4. If 0 < o < 1, then for all n € N we have

n
@) dk—a) <20 -a) (14 n(1-a)t)
k=1
n
(ii) S k< (1—a) tnlTe
k=1
PROOF: The proof is straightforward and so it is left to the reader. 0

Lemma 5. Suppose 0 < o < 1.
(i) Let u be the solution of (1.1) defined by (1.2). Then

lu@)a <Ct™¢ Vit <T.
(ii) Let u; be the solution of (1.4) defined by (3.2). Then
uilla < C t; Vi=1,2,....
PRrROOF: (i) This assertion follows immediately from (3.1) applying the semigroup
theory.
(ii) Using Theorem 2, [2, Th. 1.4.3] we get
ITr(E)lla < NT (@)l + [1T7(E:) = T(E)[la <

SO+ %M —a) ) =Ct; Y1 +i% —a)™) <Ot

)

In virtue of [10, Lemma 1] and (3.1) one can write

1/ (tis u)ll < C
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fori,j=1,2,....
So we have
i—1
luilla < ITr ) lallvll + D NTr(t = ti)llall f g we) |7 <
k=0

i—1 %
<clge+ kzz‘a(z’ —Rerte| = e+ kzzjl prerle] <o
0

Theorem 3. Let A be a sectorial operator in a Banach space X where Rec(A) >
09 > 0. Suppose (3.1), 0 < a < 1. Then

lu(ts) = uilla < C(r % —a) " #7774 717 Inr )
foralli=1,2,....
Proor: We can write
(3.2) uw(ty) —uw;=I1 + Io+ I3+ Iy + I,
where

Iy =(T(t;) — T (t:))v,

i—1
Iy =Y T(ti = ti) [ (b1, ultn)) = f(tesr, )] 7,
k=0

i—1

Iy =" [T(ti = tr) = Tr(ti — tr)] f(thar, up) 7,
k=0
ti—1 i
I :/ T(t; — ) f(s,u(s)) ds = Y T(ti = tr) f (tpg1, u(te)) 7,
T k=1
T ti
Iy :/0 T(t; — s) f(s,u(s))ds + /t T(t; — ) f(s,u(s))ds—
— [T(@t;) f(r,0) + T(7) f(ti,u(tion))] .
Let us estimate I1,..., I5. Using Theorem 2 we have
(3.3) [I1]|a <C77%6 —a)~L.

It is easy to see that
T t;
sl < [ [ 170 = )lads+ [ 170 = 9l s+
i—1
+IT(t)lar + 1T <
T t;
<C {/ (t; —s)"%ds —|—/ (ti —s)"“ds+7t;* + rlmal <
0 ti—1

< sl [il_o‘ — (i -1 4 1]
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So we can write
(3.4) lslla < € 710
The second term can be estimated in the following way
i—1
Ialla < C Y IT(ti = tr)lla Julty) —ugl 7 <
k=0
i—1
<SCY Tk ulty) — gl

k=0

In virtue of [10, Th. 1] we get

Juty) —ugll < C (72 + k7t 4+ 7In771).

Hence
i—1
2lla <CY 6= k)™ (P +k +7Inr ) =
k=1
i—1 i—1
=C i@ (Te + TlIlT_l) Z(z — k)4 Ol Z(z — k)%l <
k=1

k=1

i—1 i—1
<C 7@ (7’9 + TlnT_l) Z k4Ol Z kL
k=1 k=1

From this we deduce
(3.5) 2]la < C(Te +rlme lIlT_l).
For the third term we get (using Theorem 2)
i—1
Halla < DNt = t) = Tr(ti = ti)lla 1 (s, )| 7 <
k=0
i—1 i—1
<C Z(z —k—a) e = g e Z(k —a)~ L
k=0 k=1

So
(3.6) [I3]la < C 777 (1 + 77 1),
Let us rewrite the fourth term into the following form

(3.7) Iy = 51+ 5o,
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where

=2
=% /t T(t; = 5) [ F(s,u(s) = f(trs1,ult))] ds,
—17t

-2 s
So=3 [ 1= 9) = T~ 0] e, utte)) ds.
k=17t
One can see that

i—2 b1 )
[S1lla < C Z/t IT(t: = $)lla (77 + llu(s) — ultr)l]) ds.
k=1""k

Applying [10, Lemma 2] we get
Ju(s) —ulty)]| < C (k7 + 7+ rInk).

Hence

i—2 best
ISt < CS (k1 470 —I—Tlnk)/ (t; — 5)~ ds.
k=1 b

Using .
ket
/ (ti —s)"%ds < (1 — )~ 1rl7@
t

k

one can find

(3.8) I181]la < C [#’-a T Tl
At the end we estimate So. Applying [2, Th. 1.4.3] we have

<

||S2||a =

i—2 g1
> [ r - 1) - 147 T - 5) ftwir (e ds
k=1"tk

1—2 thi1 .
<0 Y [ = AT — 9 ) ds <
k=1""k

—2 b1
gCZ/ (s — ) 7%t — s)"lds <
k=1"tk

i—2 g1 )
<c> 7’1_0‘/ (ti —tgr) tds < C 717y kL
k=1 tk k=1

From this we get

(3.9) 1Sa]|a < C 717 [1 + 1m—1].

Using (3.2)—(3.9) we conclude the proof.



Smoothing effect and discretization in time ...

Consequence. (i) If 0 < o < 6 < 1, then

(6= o) lu(ts) = willa = O
(if) f 0 < o < 1 =6, then

(t; — ar) |[u(t;) — uil|a = O(r ¥ In71).

PROOF: If o > 0 the assertion follows from Theorem 3. If & = 0 we use [10, Th. 1].

(1]

O
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