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Oscillation properties for parabolic equations of neutral type

Cul BAOTONG

Abstract. The oscillation of the solutions of linear parabolic differential equations with
deviating arguments are studied and sufficient conditions that all solutions of boundary
value problems are oscillatory in a cylindrical domain are given.
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In the last few years there has been much interest in studying the oscillatory
behaviour of solutions of partial differential equations with deviating arguments.
We refer the reader to Mishev & Bainov [1], [2], Yoshida [3], Georgiou & Kreith [4]
and Cui [5]. However, only the papers [1] and [5] considered the oscillation for
parabolic differential equations of neutral type.

The purpose of this paper is to establish some new oscillation criteria for the
linear parabolic equation of neutral type of the form

1 m
% [u=> Nzt —7)] =a(t) Au+ D a;(t) & ul, pi(t))
(1) =1 =1

= g, ula, o (1)
j=1

(z,t) € % (0,00) = G, where Q is a bounded domain in R™ with piecewise smooth
boundary 99, u = u(z,t) and A is the Laplacian in Euclidean n-space R"™.
We assume throughout this paper that

(i) a(t),a;(t) € C([0,000;[0,00)), i = 1,2,...,m;
(11) qj(xat) € O(Ga [03 OO)), qj(t) = minmeﬁ Qj(I,t), .] = 1327 s TS
(iii) p;(t),0(t) € C([0,00); R) and limy—oo pi(t) = limioo 0j(t) = o0, i =
1,2,...,m;j=1,2,...,r,and 7, = const. >0, k=1,2,...,[;
(iv) A\p(t) € C'([0,00); R), k= 1,2,...,1.

Consider two kinds of boundary conditions:

(2) u=¢ on I x[0,00),
0
(3) % = on 09 x [0, 00),
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where N is the unit exterior normal vector to 92 and 1 and ¢ are continuous
functions on 9 x [0, 00).
It is known that the first eigenvalue A1 of the eigenvalue problem

Aw+Iw=0 in Q
w=0 on 0N

is positive and the corresponding eigenfunction ® is positive in ).

Our objective is to present conditions which imply that every solution u(x,t)
of (1) satisfying a certain boundary condition is oscillatory in € X [0,00) in the
sense that u has a zero in Q x [¢,00) for any ¢ > 0. Note that the condition for the
oscillation of the problem (1), (2) for 0;(t) =t — 0}, p;i(t) =t —p;, 0 >0, p; >0
and ¢ = 0 (0, and p; are constants) has been obtained in the work of Mishev &
Bainov [1], and Cui [5] has extended the results of [1].

Theorem 1. Assume that the conditions (i)—(iv) hold, and let u(x,t) be a positive
solution of the problem (1), (2) in the domain G. Then the function

(1) V(t):/gu(ac,t)@(ac) do, >0,

satisfies the differential inequality of neutral type

l m
LV =3 MOV =] + Mal®V(D) + A Y ai()V (pi(1)
k=1 i=1

®) : {
0®
+ j;l‘Jj OV (o;(t)) < — /89 la(t)g(z,t) + ;ai(t)¢(9€,pi(t))] o s

for t > tg, where tg is a sufficiently large positive number.

PROOF: Suppose that u(z,t) is a positive solution. Without loss of generality we
may assume that u(z,t) > 0in Q x [tg, 00) for some tg > 0. From the condition (iii),
there exists a t1 > tg so that u(z, p;(t)) > 0, u(z,0;(t)) > 0 and u(z,t —7%) > 0 in
QX [t1,00) fori=1,2,....m;7=1,2,....mk=1,2,...,1.

Multiplying (1) by ®, integrating (1) over 2, we have that

l
% [/Q u(z, t)® da — kg A (1) /Q u(x,t — 71,)® dx|

1
(6) = a(t)/Q A uddx + Z.Zlai(t)/g A u(z, pi ()P dx

M-

/qu(x, tyu(z,0(t))® dx

1

J
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for t > 1.
It follows from Green’s formula that

ou 0®
(7) /QAuq)d:v—/aQ(aN@ ua—N)dS—i—/Qqu)d:E

=— gba—(I)dS /\1/u<1>da:.
® [ suwpwrds= [ Q<§—N<x,pi<t>><1><x>—u(w(t»g—ﬁms
+ [ atepit) o o

/ o, pi(1)) oy dS — A / ul(z, pi(1))® da,

1=1,2,...,m;
) /qu(:v,t)u(:v,aj(t))@(x) da > qj(t)/gu(:v,aj(t))@ do, j=1,2,....r
Thus, by (6)—(9) and (4), we obtain that
Z eV (t = 7i)] + Ara(®)V (£) + A1 Y ai(t)V (pi(t))
i=1

+ qu‘(t)V(Uy(t))
i=1
L Ui O
< —af(t) - SN ds — ;ai(t) /an o(z, Pi(t))a—N ds

m

0P
:_/{m :vt—f—ZaZ o(x, pi (t ]8—Nds
for ¢ > 1. This completes the proof of Theorem 1. O
Theorem 2. Let (i)—(iv) hold. If the differential inequalities of neutral type
l m
Z V(t— 7)) + Aa(OV(E) + A1 > ai(t)V (pi(t)
(10) k=t =
+ Z q;(H)V(o5(t)) < —F(t)
7j=1
l m
Z V(t— 7)) + Aa(OV () + A1 > ai(®)V (pi(t)
(11) =1 =

+ZQJ < F(t)
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have no ultimately positive solutions, where

0P

then every solution of the problem (1), (2) oscillates in G.

PROOF: Suppose that the assertion is not true and u(x,t) is a nonoscillatory so-
lution. There exists a t; > 0 such that u(z,t) # 0 for any (z,t) € Q x [t1,00). If
u(z,t) > 0in Q X [t,00), then it follows from Theorem 1 that V' (t), which is defined
by (4), is a positive solution of the inequality (10) for ¢ > t1, which contradicts the
condition of the theorem.

If u(z,t) < 0in Q X [t1,00), let W(z,t) = —u(x,t) > 0 for (z,t) € Q x [t1,00),
then W (x,t) is an ultimately positive solution of the problem

Slu— Sl NlDu(e t— 7)) =a(t) du+ S0, ai(t) o ulx, pi(t))
- Zj:l Qj(xvt) (.’L‘,Uj( ))7 (.I',t) € G,
u(z,t) = —p(x, t), (z,t) € 99 x [0, 00),

and satisfies the inequality

%[/ﬂW(z,t){)du’c— /W @dz]+/\1a /Wxt)fbdz
(12) -
A1) aq(t /prl()<1>d:c+ij /W:ca]())tbda:<F()
=1 j=1

for t > to, where to > t1 is a sufficiently large positive number.
Set

Wt):/QW(:E,t)i)(:v)d:v, £ t,

then W(t) is a positive solution of the inequality (11) for ¢ > ¢9 from (12), which
contradicts the condition of the theorem, too. This completes the proof of Theo-

rem 2.
O

Theorem 3. Let the conditions (i)—(iv) hold, \;(t) <0 (i =1,2,...,1) and

t
limsup [ F(s)ds = o0
t—oo Jitg
t
liminf [ F(s)ds =—o0

t—o0 to

for every sufficiently large number tg > 0. Then every solution u(x,t) of the problem
(1), (2) is oscillatory in G.

PRrROOF: By Theorem 2, we only need to prove that the inequalities (10) and (11)
have no ultimately positive solutions. Assume for the contrary that V'(¢) is a positive
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solution of the inequality (10) in [tg, 00) for some tg > 0, then there exists a t; > g
such that V(t) > 0, V(o;(t)) > 0, V(pi(t)) > 0 and V(t — 1) > 0 for t > 1,
J=1,2 . mi=1,2.. m k=121

From (10) we have

for ¢t > t1, and moreover

+ l
liminf V() < —limsup [ F(s)ds+ [V (t1) — E Ai(t)V(t1 — 7)] = —o0,
t—o00

t—o00 t1 i—1

which contradicts that V'(¢) is a positive solution of (10) in [tg, 00).
It is similar to prove that (11) has no ultimately positive solutions and we omit it.
O

Theorem 4. Let (i)—(iv) hold, \;(¢t) <0 (i =1,2,...,1), and

+ m
imsup || | (et + > astonpi) dS] dy = o
htrgggfjto /m () + 3 i) i) 5] dy = o

for every sufficiently large number tg > 0. Then every solution u(x,t) of the problem
(1), (3) is oscillatory in G.

PROOF: Suppose that the problem (1), (3) has a solution u(x,t) which has no zero
in Q% [tg, 00) for some ¢y > 0. We may suppose that u(z,t) > 0in Qx [tg, 00). Then
there exists a t; > tg so that u(x, p;(t)) > 0, u(x,0;(t)) > 0 and u(z,t — 73,) > 0 in
QX [tg,00),i=1,2,...,m;j=1,2,....,r; k=1,2,... L

Integrating (1) over 2, we have

%[/ a:td:c—Z)\k / xt—Tk)dx}_a(t)/Audz

Q

+Zal /Au:vp, dw—Z/q]xt u(z,04(t)) dx

(13)
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for t > t1.
Green’s formula yields

ou
14 /Audm—/ —dS = z/JdS
(14 Q o0 ON

Bu
19 [ supde= [ S pn)ds - / (e, pilt
Q

(16) /qu(x,t)u(:c, o;(t))dx > qj(t)/ u(x,05(t))de, j=1,2,...,r

Q
Then from (13)—(16) it follows that for ¢ > ;

l
Z t—Tk +Zq]
/mwdmz% /wxpz

(17)

where
H(t) = / u(z,t)de, t>t.
Q
Thus we have from (17) that

l
Z H(t — )]
t)/mwdm;aiu)/mwx,pi(t»ds, >0,

Hence
l
Z t — Tk
m
/ / )+ aily)(e, pi(t)) dS] dy
t1 JOQ i—1
l
Z A t1 — 1), t>t,
k=1
and
m
hrnlan ) < hmlnf/ / (z,y) + ZaZ (z, pi (1)) dS] = —00,
t1 JON i—1
which contradicts that H (¢ fQ x,t)dx > 0 for t > t;1. This completes the proof

of the theorem. O
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Example 1. We consider the problem

(18) % [u— e tu(z,t — g)] = Ugy + € Uz (T, t —T)
— (e +e2)er tu(z, t — g)
— (et — e 2)e™ tu(a, t — ),
(x,t) € (0,7) x [0, 00),
(19) u(0,t) = u(m,t) = 3el cost, t>0.

Here ¢(z,t) = 3etcost, Q = (0,7), a(t) =1, ai(t) = €™, p1(t) =t — 7 and the
eigenvalue problem
{Aw+/\w—0 in (0, )

w=20 z=0, z=m,

has an eigenvalue A\; = 1 and the corresponding eigenfunction ®(x) = sinz > 0 in
(0, 7). Hence

P = [ _[a0)6(o,t) + as ()0, (0)] 55 dS

=1 3el cost + e™ - 3! cos(t — )] (1)

+[1-3etcost +e™ -3t cos(t — 77)] (-1)

and from (18) and (19) we have

d
Sty —e WVt — )]+ V() + eV (E—7)
(20) dt . 2 . - i
+ (et +e2)e2 V(1 - 3+ (et —e™2)e™ W (t—7) <0
for t > 0.
Since .
lim inf hi(t)dt >0, i=2, 3,4,

t—o00 t— %

here hi(t) = 1, ho(t) = €, ha(t) = (el +e 2)ez !, hy(t) = (el —e~2)e™ ¢, o9 = m,
03 = %, 04 = 7, and

t t
lim inf ha(t) dt = lim inf e dt > l,
t—oo Ji_gy t—oo Ji_n e
it follows that (20) has no ultimately positive solutions by [1, Theorem 3]. Then we
find that the conditions of Theorem 2 are satisfied. It follows from Theorem 2 that
every solution u of (18), (19) is oscillatory in (0,7) X (0,00). One such solution is
u(z,t) = e’ costsinz + 3el cost.
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