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The existence of local homeomorphisms
of degree n > 1 on local dendrites

S. MIKLOS

Abstract. In this paper we characterize local dendrites which are the images of themselves
under local homeomorphisms of degree n for each positive integer n.
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It is shown by Mackowiak [1] that each local homeomorphism of a continuum
onto a tree-like continuum is a homeomorphism. In [3], we have shown that each
nonunicoherent continuum is the image of some continuum under local homeomor-
phisms of degree n for each positive integer n. However, we do not know if there
is a local homeomorphism of degree n > 1 from a continuum onto a unicoherent
continuum.

A related problem is the following: Which continua are the images of themselves
under local homeomorphisms of degree n for each (or for some) positive integer
n > 17 In this paper, as a partial answer to the question, we characterize local den-
drites which are the images of themselves under local homeomorphisms of degree n
for each positive integer n.

A continuous surjection f between spaces X and Y is said to be:

(1) a local homeomorphism if for each point z in X there is an open neighbor-
hood U of z such that f is a homeomorphism on U and f(U) is opeun;
(2) of degree n if f~1(y) has exactly n points for each y € Y.

A local dendrite is any Peano continuum which contains at most a finite number
of simple closed curves. A local dendrite is called a dendrite if it contains no simple
closed curve. A local dendrite is called a graph if it contains at most a finite number
of end points.

Theorem. Let X be a local dendrite and let n > 1 be an integer. Then, X is the

image of itself under a local homeomorphism of degree n if and only if X consists

of dendrites D1, Ds, ..., Dy, where k > 3, such that for each ¢ and j less than k+ 1
(i) D; intersects Dj whenever either [i — j| <1 or|i — j| =k — 1, and

(ii) there are homeomorphisms h; j : D; — D; U D1, where Dy, 1 = D1, such

that if S is a simple closed curve in X, then h; ;(SND;) = SN(DjUD;41).

The author is grateful to the referee for valuable remarks
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ProoOF: We first assume that X consists of dendrites Dy,... Dy, k > 3, satisfying
(i) and (ii), and we will show that there is a map h : X — X which is a local
homeomorphism of degree n. (The construction runs similarly to the construction
of the map f in the proof of the theorem in [3].) Put A = D1, B= Dy U---U Dy,
P=DiNDyand Q =Dy NDsy. Foreachi=1,2,...,n,let A; and B; be distinct
copies of A and B, respectively; in each A; (B;, respectively) we distinguish copies
Py, and Q 4, (P, and @ p,, respectively) of P and Q. Consider the free union

U=®{4;®B;: i=1,2,...,n}

and let o be an equivalence relation on U which identifies only the following sets:
Py, with Pp, for each t = 1,2,...,n; Q4, , with Qp, foreach i =1,2,...,n - 1;
and Qp, with Q4.

Note that the quotient space Y = U/p is a continuum in the adjunction topology
which consists of copies A}f and BZ-Y of the sets A; and B;, respectively.

Let hy : Y — X be the map which identifies each AZY with A and each BZ.Y
with B. It is not difficult to check that hj is a local homeomorphism of degree n.
Now we show that there is a homeomorphism ho from X onto Y.

Indeed, by (i), X contains a simple closed curve S. Put D} = D;\ (D;—1UD;1).
By (ii), since the homeomorphic image of a dendrite is a dendrite, D; U D1 is
a dendrite, and consequently X \D; is also a dendrite. Therefore, S is the only simple
closed curve in X. Consider the arcs a;b; = D; NS and a;41b;41 = D;+1 NS, where
b; € Dijy1 and bj+1 € D;iyo. Note that there are homeomorphisms H; : D; — Dj;1q
such that H;(a;) = a;41 and H;(b;) = b;+1. Hence there are homeomorphisms
from D; onto X \ D} which identify the arcs S N D; and SN (X \ D}). Further,
by the construction, AY ..., BY also satisfy (i) and (ii). Hence Y contains only
one simple closed curve C and there are homeomorphisms from AZY onto Y\ Agy,
where A;Y = AY \(BY ; UB}") which identify the arcs C N A} and C'N (Y \ AQY).
Thus since AZY and BZ.Y are copies of A and B, respectively, X is homeomorphic
to Y, and the existence of hy is proved. Finally, we are putting h = hihs. This
concludes the first part of the theorem.

We now assume that f is a local homeomorphism of degree n > 1 from X
onto itself. Since each local homeomorphism of a dendrite is a homeomorphism, X
contains a simple closed curve S. Let G be a maximal (with respect to inclusion)
subcontinuum of X which contains no end points of itself. We see that G is a graph
which contains S.

We show that f(G) = G. For a start, suppose that f(G) is not in G. Then there
exists a component C' of X \ G which intersects f(G). Thus, since C' contains no
simple closed curves, f(G) contains an end point e which is in C. Let p € G be
a point such that e = f(p). Take an open neighborhood U of p that exists by the
definition of the local homeomorphism f and choose two points p; and pg in GNU
both different from p and such that p lies in the arc pypo C GNU. Then the arc
p1p2 is mapped homeomorphically under f onto the arc f(p1)f(p2) which contains
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the point e with f(p1) # e # f(p2), whence e cannot be an end point of f(G),
a contradiction. Thus f(G) C G. Next observe that the image of every component
of X \ G under f is again a component of X \ G. To prove this it is enough to
show that for each component C' of X \ G we have f(G) NG = . Suppose that
f(C)NG # § for some C, and let K be a component of f~1(G)NC with KNC # .
Then K is a dendrite. Take an end point e of K which is in C. It is not difficult
to find an arbitrarily small open set V of e in X such that f(V') is not open in X.
Therefore, f(X \ G) C X \ G, and consequently f(G) = G.

We also show that G = S. In fact, since f is a local homeomorphism, ord, X =
ord fz) X for each point x € X (where ord, Z denotes the Menger-Urysohn order of
a point 2 in a space Z). In particular, since f(G) = G, we have ord, G = ordy(,) G
for each r € R(G), where R(G) denotes the set of all ramification points of G.
R(G) is at most finite, because G is a graph. Hence, since f is of degree n, we
have n - card R(f(G)) = card R(G). On the other hand, since f(G) = G, we have
card R(f(G)) = card R(G). Whence card R(G) = 0. Therefore, G is composed of
points of order 2 exclusively. Whence G is just the simple closed curve S.

Further, the map f being a local homeomorphism, it is a covering projection.
Hence, since f(S) = S (because G = S), the map f | S : S — S is topologically

equivalent to the map z — 2™ on the unit circle S = {z € R? : |z| = 1}. It is
known ([4, Remark, p. 2]) that f | S has the unique fixed point g;.
Now, we construct the dendrites D1, Do, ..., Dy as follows. Consider the map-

ping f2: X — X. Then (f2)"Yq) = {q1,92,--.,¢,2}, where q1,q2,...,q,2 are
cyclically ordered as indicated. Note that f _1(q1) consists of points ¢gp—n+1 for
s=1,...,n.

Further, let A; be an arc ¢;q;+1 in S, where g,,2 . ; = ¢1 such that An(f)Hq) =
{¢,qi+1}. Put B; = S\ A;. Define D; to be the component of X \ B; which con-
tains A;. Clearly, X = D1 UDgU---UD,2 and Di,Dy,..., D, satisfy (i). We
show that they also satisfy (ii). In fact, it follows from the construction that for
every j between 1 and n

fA(Di) = X = f(DjU---UDj 1), where D, = D
fA2(SND;)=8=f(SN(D;U--UDjin_1)).
This implies that there are homeomorphisms from D; onto D;UD; 1 which identify
the arcs SND; and SN (D; UD;11). This completes the proof of the theorem. [

m mod n2) form > n?,

Corollary 1. Let X be a local dendrite and suppose that there is a local homeo-
morphism of degreen > 1 from X onto itself. Then there are local homeomorphisms
of degree n from X onto itself for each positive integer n.

Corollary 2. Let X be a graph and let 2 < n < oo. Then X is the image of itself
under a local homeomorphism of degree n if and only if X is a simple closed curve.

PROOF: Since the set of all ramification points of a graph is at most finite, we
conclude that the only graph satisfying (i) and (ii) of the theorem is the simple
closed curve. Therefore, the theorem implies the corollary, because every graph is
a local dendrite. ]
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Remark 1. The local dendrites which are the images of themselves under local
homeomorphisms of degree n for each positive integer n have “nice” decompositions.
Therefore, we can see their geometrical structure. Thus, every one of them can be
constructed as the local dendrite X in the example in [2].

Remark 2. We see that the Sierpinski curve, the Menger curve, a torus, an annulus
satisfy (i) and (ii) of the theorem. We see also that they are the images of themselves
under local homeomorphisms of degree n for each positive integer n. However, we
do not know for what wider classes of continua the theorem is true.
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