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Weakly Picard mappings

Ioan A. Rus

Abstract. In this paper we generalize the well known converse to the contraction principle
due to C. Bessaga, dropping the uniqueness of the fixed point from its hypotheses. Some
properties of weakly Picard mappings are given.
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1. Introduction.

Let X be a nonempty set and f : X → X a mapping. We will use the notation

Ff := {x ∈ X | f(x) = x},

I(f) := {A ⊂ X | f(A) ⊂ A, A 6= ∅},

and
O(f ;x) — the f -orbit through x.

In order to characterize different kinds of contractivity of mappings, the following
new classes of mappings are given in [15] (see also [16]–[19]):

Definition 1. Let (X, d) be a metric space. A continuous mapping f : X → X

is a (strict) Picard mapping if there exists x∗ ∈ X such that Ff = {x∗} and
(

fn(x0)
)

n∈N
converges (uniformly) to x∗ for all x0 ∈ X .

Definition 2. Let (X, d) be a metric space. A continuous mapping f : X → X is
(strict) weakly Picard mapping if

(

fn(x0)
)

n∈N
converges (uniformly) for all x0 ∈ X

and the limit (which may depend on x0) is a fixed point of f .

Definition 3. Let X be a nonempty set. A mapping f : X → X is a Bessaga
mapping if there exists x∗ ∈ X , such that

Ffn = {x∗},

for all n ∈ N .

Definition 4. Let X be a nonempty set. A mapping f : X → X is a Janoš
mapping if

⋂

n∈N

f∗(X) = {x∗}, with x∗ ∈ X.

It is clear that the Picard and weakly Picard mappings are metric dependent,
whereas the Bessaga and Janoš mappings are set-theoretic notions.These definitions
have their roots in the following results:
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Theorem A (Picard, Banach, Cacciopoli). Let (X, d) be a complete metric space
and f : X → X an a-contraction, with 0 ≤ a < 1. Then

(i) Ff = {x∗};
(ii) Ff = Ffn , for all n ∈ N ;

(iii)
(

fn(x0)
)

n∈N
converges to x∗ for all x0 ∈ X .

Theorem B (Bessaga). Let X be a nonempty set and f : X → X a mapping such
that

Ff = Ffn = {x∗},

for all n ∈ N . Let a ∈ ]0, 1[ . Then there exists a metric d on X such that

(i) (X, d) is a complete metric space;
(ii) f : (X, d)→ (X, d) is an a-contraction.

Theorem C (Janoš). Let (X, d) be a compact metric space and f : X → X

a mapping. We suppose that

(a) f is continuous;
(b)

⋂

n∈N f∗(X) = {x∗}.

Then for each a ∈ ]0, 1[ there exists a metric ̺ on X such that:

(i) d and ̺ are equivalent;
(ii) f : (X, ̺)→ (X, ̺) is an a-contraction.

Some results on these types of mappings have been given in [15]–[20] (see also
[1], [2], [4], [5], [6], [10], [21], [22]). Some open problems were formulated in [17].
Problem 3 in [17] is the following:
Let X be a nonempty set and f : X → X a mapping such that

∅ 6= Ff = Ffn ,

for all n ∈ N . Let a ∈ ]0, 1[ . Does there exist a metric d on X such that:

(i) (X, d) is a complete metric space;
(ii) d(f2(x), f(x)) ≤ a · d(x, f(x)), for all x ∈ X?

The main aim of the paper is to give a positive answer to this problem.

2. Weakly Picard mappings.

Our main result is the following

Theorem 1. Let X be a nonempty set and f : X → X a mapping. The following
statements are equivalent:

(i) there exists a complete metric d on X such that f : (X, d) → (X, d) is
a weakly Picard mapping;

(ii) Ff 6= ∅ and Ff = Ffn , for all n ∈ N ;
(iii) there exists a partition of X , X =

⋃

i∈I Xi, such that:
(1) Xi ∈ I(f), for each i ∈ I;
(2) f |Xi

is a Bessaga mapping for each i ∈ I;



Weakly Picard mappings 771

(iv) for each a ∈ ]0, 1[ , there exists a complete metric d on X and a partition
of X , X =

⋃

i∈I Xi, such that:

(1) d(f2(x), f(x)) ≤ a · d(x, f(x)), for all x ∈ X ;
(2) Xi ∈ I(f) and card (Ff ∩ Xi) = 1;
(3) f |Xi

: (Xi, d)→ (Xi, d) is continuous;
(v) for each a ∈ ]0, 1[ , there exists a complete metric d on X , such that:
(1) d(f2(x), f(x)) ≤ ad(x, f(x)), for all x ∈ X ;
(2) the mapping ϕ : (X, d)→ R+, ϕ(x) = d(x, f(x)) is f -orbitally lower
semi-continuous (see [13]);

(vi) there exists a complete metric d on X such that f |
O(f ;x)

is a Picard map-

ping, for all x ∈ X .

Proof: (i) ⇒ (ii). The definition of weakly Picard mapping implies that Ff 6= ∅.
The convergence of all sequences of successive approximation with the limits in Ff ,
implies that Ffn = Ff , for all n ∈ N .

(ii) ⇒ (iii). If card Ff = 1, then f is a Bessaga mapping. We suppose that

card Ff ≥ 2. Let x0 ∈ Ff . We take Xx := f−1{x}, for x ∈ Ff \ {x0}, and

Xx0 := f−1{x0} ∪ (X \
⋃

x∈Ff\{x0}
Xx). Thus, X =

⋃

x∈Ff
Xx.

(iii) ⇒ (iv). By Bessaga’s theorem for f : Xi → Xi, there exists a complete
metric di on Xi, such that f : (Xi, di) → (Xi, di) is an a-contraction, for some
a ∈ ]0, 1[ . Now we define a complete metric on X =

⋃

i∈i Xi. Let x0i ∈ Xi, i ∈ I.

We take d(x, y) = di(x, y) if x, y ∈ Xi and d(x, y) := 1 + di(x, x0i ) + dj(y, x0j ), if

x ∈ Xi, y ∈ Xj , i 6= j. The mapping d is a metric on X . The completeness of
(X, d) follows from the following remark:

d(x, y) < 1⇒ ∃ i ∈ I, x, y ∈ Xi.

It is clear that we have (1), (2) and (3).

(iv) ⇒ (v). If f |Xi
: (Xi, d) → (Xi, d) is continuous, then the mapping ϕ is

f -orbitally lower semi-continuous.

(v) ⇒ (vi). Follows from the Theorem 1 in [13].

(vi) ⇒ (i). Obvious. �

3. Generalized metric spaces.

In what follows, by a generalized metric on a set X we mean a mapping d :
X × X → R+ ∪ {+∞}, which satisfies the Fréchet’s axioms. For such spaces we
have

Lemma 1 (Jung; see [7] or [14] or [15]). Let (X, d) be a generalized metric space.
Then there exists a partition of X , X

⋃

i∈I Xi, such that d(x, y) < +∞, for all
x, y ∈ Xi, i ∈ I. Moreover, (X, d) is a complete metric space if and only if (Xi, d)
is a complete metric space for each i ∈ I.

Now we have another characterization of the weakly Picard mappings.
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Theorem 2. Let X be a nonempty set and f : X → X a mapping. The following
statements are equivalent:

(i) there exists a complete metric d onX such that f(X, f)→ (X, f) is a weakly
Picard mapping;

(ii) for each a ∈ ]0, 1[ , there exists a complete generalized metric ̺ on X such
that:
(1) f : (X, ̺)→ (X, ̺) is an a-contraction;
(2) ̺(x, f(x)) < +∞, for all x ∈ X ;

(iii) for each a ∈ ]0, 1[ , there exists a generalized complete generalized metric ̺

on X such that:
(1) ̺(f2(x), f(x)) ≤ a̺(x, f(x)) for all x ∈ X ;
(2) ̺(x, f(x)) < +∞, for all x ∈ X ;
(3) f : (X, ̺)→ (X, ̺) is continuous;

(iii′) there exist a ∈ ]0, 1[ and a generalized complete metric ̺ on X such that we
have (1), (2) and (3) in (iii).

The proof of this theorem is analogous to that of Theorem 1.

Acknowledgement. The author wishes to thank Dr. Ludv́ık Janoš for valuable
comments and help during the preparation of this paper.
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[14] Rus I.A., Principii şi aplicaţii ale teoriei punctului fix, Ed. Dacia, Cluj-Napoca, 1979.

[15] , Generalized contractions, Univ. Cluj-Napoca, Preprint No. 3, 1983, 1–30.

[16] , Bessaga mappings, Proc. Colloq. Approx. Optimization, Cluj-Napoca, 1984, 165–175.



Weakly Picard mappings 773

[17] , Picard mappings: results and problems, Univ. Cluj-Napoca, Preprint No. 6, 1987,
55–64.

[18] , Picard mappings I., Studia Univ. Babeş-Bolyai 33 (1988), 70–73.
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