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On maximum principle for weak subsolutions
of degenerate parabolic linear equations

SALVATORE BONAFEDE

Abstract. Sufficient conditions are obtained so that a weak subsolution of (0.1), bounded
from above on the parabolic boundary of the cylinder @, turns out to be bounded from
above in Q.
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1. Introduction

In a recent Note [1] this author has indicated sufficient conditions allowing
a weak subsolution 1) of the parabolic differential equation

S ou L Ou ou
(0.1) _ZZ(?_IZ (;jaij%j —l—diu) + <;Zbla—xl +Cu—f> + E =0

1

bounded from above on the parabolic boundary of the cylinder @, to turn out
to be bounded from above in @), assuming the ellipticity condition to be of the
following kind:

m
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with p = v(z)1(t), v and ¢ satisfactory hypotheses sufficiently general.

Such results do not generally require the subsolutions of (0.1) to have second
derivatives with respect to the space variables or the derivative with respect to t.

In this Note similar results are obtained regarding a class of subsolutions less
weak as compared to the ones considered in [1], working, however, on more re-
strictive hypotheses concerning the functions f and .

Moreover, the comparison between these results and the results cited above
would require either the functions ¥ and ¢ ~! to be essentially bounded, or,
working on more restrictive hypotheses concerning the coefficients of (0.1), ¢ €
(0, T[) N L*°(0,T) and ¢~ to be r-integrable with » > 1.(2)  When p is

(1) see Definition 1, p. 134 of [1].
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418 S. Bonafede

constant, sufficient conditions for the boundedness of weak subsolutions may be
obtained from [2], [6] and [9], whilst the case where p depends on z and t has
been studied by A.V. Ivanov in [4] (see Theorem 5.3) but with a further hypoth-
esis (Condition II) obviously limiting the kind of degeneration (with respect to
the variable t) and which has been suppressed in [4] (see the remark at p. 41),
assuming, however, that the subsolutions have square-integrable derivative on t.
2. Functional spaces

Let R™ be the Euclidean m-dimensional space having generical point z =
(z1,...,2m), Q an open and bounded set of R™, T' a positive number.

The symbol meas, (meas) will henceforth indicate the m-dimensional (m + 1-
dimensional) LEBESGUE’s measure.

If u(x,t) is a function defined in @ and k is a real number, we will indicate
with Q(t, k), t € ]0, T, the set of points of € in which u(x,t) > k.

Hypothesis 2.1. Let v(x) be a positive function defined in Q such that:
v(z) e LYQ), v (x) e Llloc(Q).

H'(v,Q) indicates the completion of C1(Q) with respect to the norm

m ) 1/2
Jully = ( /. <|u|2+2w<x> ) dx) |
1

H}(v,Q) is the closure of C§°(Q) in H(v, Q).
Hypothesis 2.2. Let ¢(t) be a positive function defined in ]0,T[ such that:
w(t) € L0, 7).

ou

6952-

HYO(1ih, Q(11,72)) (0 < 71 < 79 < T) stands for the completion of C1(Q (71, 72))
with respect to the norm
9 1/2
) dx dt) ;

m
ou
e = ([ WP+ Y ot o
Q(71,72) 1
HYO (), Q(11,72)) is a HILBERT space with respect to the norm l[ull,0,

aLL'Z'

||U||1,0 = ||U||1,0,(0,T) .
T1,T2)"

0

HYO(uip, Q(11,m2)) (0 < 71 < 72 < T) is the closure of C§°(Q(71,72)) in
HY (w9, Q(r1,72))-

Finally, we will denote with ;I LO(14), Q) the space of functions u(x, t) belonging
to HY0(vy), Q), continuous in [0, 7] with respect to values in L2(£2).

@ if ¢ € €0, T[) N L*(0,T) and 1y~ € L} (0,T), the space C§°(Q) is dense in: Wy, =

{w |w e L?p(O,T; H}(v,Q)),w: € Lf/w(o7 T; L?(Q)),w(z,0) = w(z,T) = 0 a.e. in Q} endowed
with the graph norm.
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Hypothesis 2.3. Let us assume that:

vt e L5 (0,1). ©)

Definition 1. We will say that a subsolution of the equation (0.1) is a function
*
u(z,t) € HXO (v, Q) such that

m

8u 8<p 8<p

i

(2.1)
Do
—u—= <
uat} d:cdt_/Qfgpd:cdt

for any ¢ € C§°(Q) such that p(z,t) > 0 a.e. in Q.

Definition 2. Given a real number k, if u € fll’o(uw, Q(r1,m2)) (0< 11 <1 <
T), we will say that u(z,t) < k on 0§ x [r1, 7o) if there exists a sequence {u,} of
functions of C1(Q(71,72)) such that

up(z,t) <k on 0N x [r, 72
and

(22) nli_)mOO”un_qu,O,(Tl,Tg) =0.
If k is such that u(z,t) < k on 9Q x [11, 2], we will say that u(z,t) is bounded
from above on 9Q x [r1,72]. In this case, the symbol sup *u stands for the
[T1,72]
greatest lower bound of the real numbers & such that u(x,t) < k on 09Q x [1, T2];

sup *u = sup*u.
(0,71

*

Definition 3. We shall say that a function u(z,t) belonging to H10(vy), Q) is
bounded from above on (2 x {t = 0}) U (99 x [0,T]) if u(z,0) is bounded from
above in 2 and, also, if u(x,t) is bounded from above on 99 x [0,T].

(3) hypotheses 2.2 and 2.3 do not imply v and ¥~ to be essentially bounded in 10,T; e.g.
it will be sufficient to consider:

Vit 0<
Vi) = { WI=H1 L<

ol

t<
t<
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3. Hypotheses on coefficients

Let us denote with A the set of pairs (a*, a), with 2 < a*, o < 400, such that
there exists a positive constant 8 for which
lullara < B(llullz.00 + llullr0) @
for any u € L%°(Q) N HYO(1vy),Q). The set A obviously contains the pair
(2, +00). Let us indicate with B the subset of A formed by the pairs (a*, ) with
2 <a*, o< +oo.
We will need the following

Hypothesis 3.1. The set B is not empty. (5)

It is therefore reasonable to postulate the following hypotheses on the coeffi-
cients of (0.1):

Hypothesis 3.2. The functions a; j, b;, c, d;, f (i,j = 1,...,m) are defined and
measurable in Q;

a; j(r)"L € L®(Q), bi(vy) V2 e LPP(Q),

c € LTNQ), di(vy) "2 € L7(Q), f € L99(Q),
where p*, p, ¢*, q, r*, r, g*, g are to be such that 2 < 2¢g*, 2g < 400

1 1 11 1 1 1 2

;a2 a2 a4
1+2_11+1_1 1+1_1
g o r* a§_2’r as 2
1 2 1 2
—t+t=<l-+—x<1
ay g o4

with (of, a1), (o5, a2), (a3, a3), belonging to A and (aj, as) belonging to B.
Moreover, if p = +00 [¢ = +00,r = +00] and p* < +00 [¢* < +00,r* < 400],
then there exists a function (o) [n2(0),n3(0)], defined for o > 0, non decreasing,
vanishing for o approaching zero, having such a property as to give, for almost
any t in the interval |0, T[:
m * 1/p

p
il /. (%) dr]  <mEVID

1
([ (el = o) dx)l/q <o),

* 1/7“

di x,t "
>l /. (%) dr| <)o)

1

@) if1 < p,q < +oo, ||- lp,q,(r1,72) Stands for the norm in LP4(Q(71,72)) (0 <71 <72 < T);

I lle,g =1l - llp.q,c0,7)-
(5) sufficient conditions so that Hypothesis 3.1 holds may be obtained from §2 of [7.
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for all measurable subsets E of €} such that meas, FF < o.

Hypothesis 3.3. The following inequality results a.e. in () for all the real num-
bers 51752, A 7§m

D ijaij(w,0&8 > v(@)p(t) Y il
1 1

Hypothesis 3.4. There exists a nonnegative constant o:

in the distributional sense over Q).
In §5 we will prove the following

Theorem. Let us assume Hypotheses 2.1, 2.2, 2.3, 3.1, 3.2, 3.3, 3.4 hold and let
u(z,t) be a subsolution of the equation (0.1) bounded from above on (Q x {t =
0}) U (02 x [0,T]). Then u is bounded from above in @); moreover,

esssupu < €7 {max(0, ess sup u(z, 0), sup *u) + || fll g+ 4} ©
Q Q

4. Preliminary lemmas

Lemma 4.1. Let u € HY0(vi),Q(m1,7)) (0 < 71 < 70 < T) bounded from

above on 99 X [11, 7] and h > sup *u, then there exists a sequence of functions
[71,72]
{Uy}v such that
U, € Ol(Q(Tl,TQ)), Uy(xz,t) <h on 00X [r,Ts]

for any v € N and
Vlggo 10 = ull1,0,(ry,mp) = 0-

(6) having fixed a number

o bi(xvt) = di(xvt)
1 > max(1,T, 3, meas; 2, > | Il llellg* as Y il [lr=.7)
1 Vi 1 v

if p < 4ooorp*=p=+4o00,q¢g<+o0orqg*=qg=-400,r < +o0 or ¥ =r = 400, v stands
for a constant dependent on m, p, ¢, r, I. If p = 400 [¢ = +o0,r = 400] and p* < +oo
[¢* < +o00,r* < +00] 7 stands for a constant dependent on m, p, ¢, r, I, n1(o) [n2(0), n3(0)].
The constants dependent on the same arguments will be denoted with the same symbol although
their values are different.
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It is possible to get, for any v € N, a sequence {u, y }n such that:

YR 1
Upp € Q1 m)), Upp < h+ ~ on OQ X [r1,79] for any n € N

and

nh—>néo ”u%n - 'UJHl,O,(ThTz) =0.

Let us fix n, € N such that [[uy,n, — ull10,(r,m) < L

v
veN, U, =uyn, — 3.

We get U, € CYH(Q(71,72)), Uy(x,t) < h on N x [r1, 7] for any v € N and
also:

and assume for any

1
10 = ull10,(r1,m2) < ltwm = tll10,071 ) + - (meas @)1/2.
Lemma 4.2. Letu € H'"O(vy), Q(11,m)) (0 < 11 < 7 < T) bounded from above
on O x [11,72] and k > sup *u, then v = u — min(u, k) in Q(71,72) belongs to
[T1,72]

0
YO, Q(11,m2)). (7

Let us fix k1 : sup *u < kj < k, then (Lemma 4.1) there exists a sequence of
[71,72]
functions {uy, }y, such that

un(z,t) € C’l(Q(n,Tg)), up(z,t) < k1 on 9Q X [11,70] for any n € N

and (2.2) holds.
As up < k1 on 9Q X [11,72], up is uniformly continuous in Q(71,72), it is
possible to determine a § = d(n), § > 0 such that for any (x,t) belonging to

Q(71,m2) with
d((w,t),aﬂ X [Tl,Tg]) <94,

we get: up(z,t) < k.
Consequently, assuming 1, = uy, — min(uy, k) in Q (11, 72), for any n € N, we
get:

2 2 2
(4.1) ||z/1n|\1’07(n772) < 2HU"H1,0,(T1,T2) + 2k* meas Q(11,72) and

supp{¥n (z,t)} C Q x [r1, 2] (®)

We call, for ;o € N great enough, oy, (t) the characteristic function of the interval

Jm1+ %, Ty — é[ and we assume in Q(71,72) : Xun = apu(t)(x,t).

(7) the function v does not generally belong to Hl’o(uw, Q(71,72)).
(®) if g: C — R, we denote with the symbol supp{g} the support of g in C.
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The functions x,n, 65‘;;_" (¢ =1,2,...,m) are bounded and have a compact
support in Q(71,72) for any p,n € N; moreover,

(42) nh—>moo ||XLL,77/ - wnHl,O,(Tlﬂ?) =0.

Thus, fixed p and n, a sequence {dy} of nonnegative equibounded functions of
C§°(Q(m1,m2)) converging a.e. in Q(71,72) to Xu,n can be constructed via a well-

known regularization procedure; ©) moreover, also the functions in the sequence

{ } » are equibounded in Q(71, 72) and the sequence converges to g;" a.e. in
K3

Q(Tl,Tg) (i=1,2,...,m).
We deduce from LEBESGUE’s theorem that the function x, . belongs to

0
ﬁl’o(m/%Q(Tl,Tg)) for any u,n € N.
Recalling (4.1) and (4.2), it is also proved that, for any n € N,

0
n € HYO (v, Q(11,72)).

From (4.1) we deduce that a subsequence {9y, }; weakly converging in

0
HO(uah, Q(71,72)) can be obtained from the sequence {¢y, }r,.
On the other hand, v, converges to v in L2 (Q(71,72)), so that

0
ve A, Q(m,m)). (10
Remark 4.1. In the particular case where v € C1(Q(r1,72)) and k& > u on
0
00 x [11,72], the function v = w — min(u, k) is the limit in E[l’O(V’(/J,Q(Tl,TQ))
of a sequence {d) } of nonnegative equibounded functions of C§°(Q(7y,72)) such
that the functions of the sequence {%})\ are equibounded (i = 1,2,...,m).

Lemma 4.3. Let us assume that Hypotheses 2.1, 2.2, 2.3, 3.1, 3.2, hold and let
u(z,t) be a subsolution of the equation (0.1) bounded from above on (Q x {t =
0}) U (092 x [0,T]). Then, if0 <7 <7 <T and k > sup* u, we get

m

ov Ov
Qg — —— b v+cuv+
/Q(ﬁﬁ){zl:” Y O; Oz Z
1
4.3 2
(4.3) +§ idius— }d:vdt—i—Z/Q (z,7)dx <

§/ fvdxdt—l—l/vz(:z:,ﬁ)d:c
Q(7.7) 2 Ja

9) see, e.g. [3, pp. 109-110].
(10) we get |v — ¥, | < |u— un,| a.e. in Q(71,72) for any k € N.



424

S. Bonafede

where v = u — min(u, k) in Q. (11

Let 71,7 be such that 0 < 71 < 7 < T setting 71 = T'ET, we denote with
C2°(Q) the set formed by those nonnegative functions of C5°(Q) whose support
is contained in Q(0,71). Let ¢(z,t) be a function of C2°(Q), we extend u, ¢ and
the coeflicients of (0, 1) in Qx| — 0o, +-00[, assuming that these functions are equal
to zero in those points where they are not defined.

Set 19 = % we then define in Qx] — 0o, 4+00[ and for any integer o:

T2 T2

t+(r2/0) Ou(z, A
A; (z,t) = /t Z]a,] 2, \) s 9u(z, M) )y

0 t 0 t+(7_2/9)
By(z,1) = —/ ( /)gp(:v,/\)d)\, U, () = —/t u(z, A) A,
T2/0

t axl

G

t+(m2/0) ™
Botet) = £ [0 Y e n 25N o,
1

Q t+(7—2/9)
/ Fla,A)dA,

T2

0 t+(T2/Q)
Co(z,t) = _/t clz, Nu(z, ) d\, Fyz,t) =

T2

t+(r2/0)
Dj p(,t) = ﬁ/ i di(z, Nu(z, A) dX. (12)

T2

From (2.1), in correspondence with ¢ = ®,(z,t), via an exchange in the order
of the integrations with respect to ¢t and \, we get:

/ iiAiQ%—i—BQcp—l—CQcp—i—iiDiQa—(p—i—%go drdt <
Q7 ©0x; T ©0x; ot

< / Fopdxdt
Q

for all ¢ belonging to the functional class C2°(Q).

Let ho : sup®u < ho < k. Because ho > sup™ u, there exists a sequence of
functions {uy, }p, such that u, € C1(Q), up < hg on INx[0, T] and satisfying (2.2).
For all pairs of positive integer numbers ¢ and n, we assume:

o [tT(m2/e)
Upnlet) =2 [ wa@ )

T2

(4.4)

the function U,y (z,t) is defined in the closure of the cylinder Q(0,71) and is
therein of class C'1.

0
(11) according to Lemma 4.2, v € ﬁl’o(uw, Q(71,m2)) forany 0 <71 < 12 < T.
(12) we will remark that, because v € L(Q2) and ¢ € L(0,7), aij% is integrable in

] = o0, +00].
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Let us now introduce the function V, ,(z,t) defined in @ assuming:
UQvn(x7 t) - min(U&n(Ia t)v k) in Q(%la T)
0 in @\ Q(71,7)-

Let {x»} be the sequence of nonnegative equibounded functions of
T, T aving partial derivatives with respect to x; equibounded (i =
C§°(Q(71,7)), having partial derivati ith respect to z; equibounded (i

Von(z,t) = {

0
1,2,...,m), approaching V, ,, in H19(v4), Q(71,7)) (see Remark 4.1). From (4.4),
in correspondence with ¢ = x, as A diverges to 400, we can deduce the following
relation:

m m
aV, aV,
> iAi g2 4+ BoVon + CoVon + Y iDi g2+
/Q(‘T'lﬂ'){ - 47,0 8$2 eromn evo,n - 10 8ZZTZ

U,
+8—9Vg,n} dzdt < / FyVyn dadt.
t Q71,7

Setting, then, in Q:
Vo(z,t) = Up(x,t) — min(Up(z,t), k),

(4.5)

we get:
HVQH%,O,(ﬁ,r) < éHuHio + k2 measQ, 3 for any o € N.

0
The sequence {V,,}n converges to V, in both H'0(14), Q(71,7)) and

0
L22(Q(71,7)); () accordingly, the function V,, belongs to H0 (v, Q(71,7)) N
L%(Q(71,7)). From (4.5) we deduce, as n goes to 400, the following:

m m
v, vV,
/ {X%%%£+&%+%%+§}mqﬁ+
(4.6) Q) |70 0 ro o
o,
—%J%}Mﬁg/ FyVydadt.
ot Q(F1,7)

Let us verify, for example, that:

vV, oV,
lim A, Wma:/ A p=2drdt.
n—0 JQ(#,7) Ox; Q) Oz

(13) the constant ¢ depends on 1Yl oo, (71,71) ||w71||oo,(7'—1,7—1)-
(14) we will remark that

. 1
[[Vo,n — Vg||i0,(7-_1’7_) < éllun — u||§0 + o(;) for any n € N.
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It will suffice to prove that:

oV, v,
lim |Ai7g| 2 _ ZCldxdt=0.
=00 JQ(F,T) Ox; ox;
We get:
aV, oV,
/ |4 ol 8Q"n -3 ? dx dt <
Q(%l,T) Ty Z;

A As

S C —ne ||VQ,TL - VQH]_,O7(7:177—) S
I/(fI;) 2,2,(71,7)

@i

< VZ_QZ . . HU”LO . HVQJL - VQ||1707('7'177') for all n e N.
We can rewrite (4.6) as follows:
i m
aV, oV
A o2+ BV + CoVy+ S iD; p=—2 b dw dt+

‘/62(‘7'1,7'){2Z 1798172' eve ere ;Z 1798172'

1

(47) + —/ |UQ({E,T) _ k|2 dx <
2 Jo,(r k)

g/ F,V,dx dt + 1/ Uy(z,71) — k|? dz. (%)
Q(7,7) 2 JQy(71,k)

We call v = v — min(u, k) in Q.
Let us remark now that we get:

Vo= vl20 5,.m) < c/ UgmuP w30 2en 200 gy oy
,0,(71, Q(F1,7) - ox; ox; 0

for any o € N; so, V, converges to v in fllvo(m/}, Q(71,7)). (16)

Moreover, because U, converges to u in L?(Q) uniformly with respect to ¢ €
[71,7], it is proved that V, converges to v in L% (Q(7,7)).
From (4.7), the conclusion now follows via another passage to the limit.

(15) we will denote with Q,(t, k) the set of those points of Q in which Uy (z,t) > k.
(16) we get (see [5], p. 85):

= oU ou
li Uy — ul? | =2 — —|*dadt = 0.
== Q(ﬁ,r)l e +Vz1:l‘a”“ o
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For example, we prove that:

lim CoVyodxdt :/ cuvdxdt.
o= Jo(z =
Q(71,7) Q(71,7)
We get:
| CoVy — cuvdx dt| <
Q(%:l’ )
< HC ” "‘2 ag ”VQ - U”aé‘,ag,(ﬁ;)""
2 —1’ag— 17( 1,7 )
+1Co—cull oz o, IVlagar <
asfl’a271
< Bllellg,qllullag,as (Ve = vll1,0,71,7) + Ve = vll2,00,(71,7))+

1Co —cull oz ., IVllazaz: (7) forall p € N.

aj—1"ag—1

If 71 =0, assumed 7 > 0, it will suffice to consider 7, = nL_H for n € N.
Accordingly, we get:

m
Ov Ov
05— =—— b v—|—cuv—|— du dx dt+
o 3 2 i)
—|—1/v2(x,7')d:c§/ fvdxdt—l—l/vz(a:,—)d:z: for any n € N.
2 Ja Q(rn,7) 2 Ja n

The conclusion will follow via another passage to the limit for n approaching +oo,
recalling that the function v(z,t) is continuous in [0, 7] to values in L?(f).

Lemma 4.4. Let us assume Hypotheses 2.1, 2.2, 2.3, 3.1, 3.2, 3.3, 3.4 with p = 0,
hold and let u(x,t) be a subsolution of the equation (0.1) bounded from above on
(@ x {t=0}) U (0Qx1[0,T).
Then, if k > max(0, esssup u(z,0), sup* u), we get:
Q

[oll1,0 + l[0ll2,00 < A fPkls s

where v = u — min(u, k) in Q, ¥y, is the characteristic function of the set of points
of Q) in which u(x,t) > k and s*, s are defined by the following formulas:

11 11
— 4 =1, —+—=1.

3

* *
s oy s Qg4

(17) we will remark that the function which equals V, — v in Q(71, 7) and vanishes in the re-

0
maining points belongs to H1:0 (v, Q)NL%>°(Q) and that C, converges to cu in L3/ (a3-1) (Q).
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According to our hypothesis, we deduce:

m

9y
4. E id; —— dx dt >
(4.8) /jQCQD‘Flzzain >0

for any ¢ € C§°(Q) such that o(z,t) > 0 a.e. in Q.
From (4.8), via the same procedure adopted in Lemma 4.3, we deduce

m
do
4.9 / co + di—dxdt >0,
(“9) Q(71,7) zljl 'O

forany 7, 7:0< 1y <7 <T.
Recalling that k& > max(0, esssup u(z,0),sup* u), from (4.3) and (4.9) we get:
Q

m

Ov Ov
Qi =—— =—— b v—|—cv +
/Q(OT){Z” Y O O Z
—I—Z dv }dwdt—i—;/ 2(w,7)dx§/ fodzdt.
Q Q

(0,7)

With slight modifications of the procedure followed in Lemma 4.1 of [7] the
conclusion easily follows.
5. Proof of Theorem

Let us first examine the particular case where ¢ = 0.
There is no loss of generality if we assume that

(5.1) 1= ) = a1 - §>;

in fact, the first term of the preceding inequality is greater than 2, so that the
inequality will hold by decreasing g.
Let k& be a number greater than max(0, esssup u(z, 0),sup* v) and h and k two
Q

numbers such that k < k < h.
Assumed that v = u — min(u, k) in Q, we get:
T
(52)  vllaz,as = (B — k)(/o [misg Q(t, h)]*4/%5 dt)H/ s = (b — “)Ynllag -

On the other hand (Lemma 4.4 and Hypothesis 3.1)

[0llag,cn < IS Prlls,s 5
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then from (5.2), we get:

g
(5.3) l¥nllagas < m||f||g*,g|\1/)k|\,\*,,\
where
1,0t b
A* s g o g* T oy’
111 . 1 11
XN s g a9 g
We get:
1 1 1 1
N l-a-F - atl=g)—a
Moo 1L 1= 1 1 T o
ar g as g 4
from which, a.e. in ]0, T[:
(5.4) [measy Q(t, k)M < 1% [meas, Q(t, k)] 4/ .
From (5.3) and (5.4) we deduce that
g
[¥nllag s < g1l )
where ¥ = S (1 — %) > 1. )
If we assume for any k > k:
n(k) = HwkHaZ,(m
then we get (see [8], p. 212):
7. 9—1 —
(5.5) n(k+d) =0, where d =7 flggllvzll0; 5, 2" 7.

Remarking that ¢ oz o, <1, from (5.5) we get:

u(z,t) <k+ 279/(79_1)lﬂ_17||f||g*,g

a.e. in @, from which the proof follows in the case where o = 0.
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Finally, if ¢ is a nonnegative constant, the proof follows as in Theorem of §3

of [1].



430

(1]

S. Bonafede
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