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Existence and non-existence of global solutions for
nonlinear hyperbolic equations of higher order*

CHEN GUOWANG, WANG SHUBIN

Abstract. The existence and uniqueness of classical global solution and blow up of non-
global solution to the first boundary value problem and the second boundary value
problem for the equation

Utt — AUy — ﬁuzztt = So(uz)z

are proved. Finally, the results of the above problem are applied to the equation arising
from nonlinear waves in elastic rods

utt — [ao +na1 (ue)" "] Ues — a2Ugat = 0.

Keywords: nonlinear hyperbolic equation, initial boundary value problem, classical
global solution, blow up of solutions

Classification: 35L35

1. Introduction

In the study of strain solitary waves in nonlinear elastic rods there exists a lon-
gitudinal wave equation [1], [2]

(1.1) Ut — {ao + nal(ux)"_l Upr — A2Uzztt = 0,

where ag,ao > 0 are constants, a; is an arbitrary real number, n is a natural
number. In [1], [2] the equation (1.1) is reduced approximately to KdV equation

(1.2) ut + utly + gy = 0,

where p is a constant. In [2], authors study the strain solitary waves of equation
(1.2), but about the equation (1.1) there has not been any discussion. Obviously,
the equation (1.1) is different from the equation (1.2). There are few results in
dealing with the equation (1.1). The existence and uniqueness of the local classical
solutions for the initial value problems and the first boundary value problems of
the equation (1.1) have been proved by Galerkin’s method in [3].

* This project is supported by the National Natural Science Foundation of China and partially
by the Natural Science Foundation of Henan Province.
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In the present paper, we are going to consider the following initial boundary
value problem

(1.3) utt — gy — Bugztt = ©(Uz )z, xz € (0,1), t >0,
(1.4) w(0,8) = u(1,t) =0, >0,
(1.5) u(z,0) = ug(z), we(x,0)=wuy(x), x € [0,1],

or the initial boundary value problem for the equation (1.3)

(1.6) uz(0,t) = ug(1,t) =0, >0,

(1.7) u(z,0) = ug(z), we(z,0)=uy(x), z €0,1],

where u(z,t) is an unknown function, «, 3 > 0 are real constants, ¢(s) is a given
nonlinear function, ug(z) and wi(x) are given initial functions. Obviously, the
equation (1.1) is a special case of the equation (1.3).

First of all, we reduce the problem (1.3)—(1.5) to an equivalent integral equa-
tion by Green’s function of a boundary value problem for a second order ordinary
differential equation, then making use of the contraction mapping principle we
prove the existence and uniqueness of the local classical solutions for the integral
equation in Section 2. In Section 3, under some conditions by use of a priori esti-
mations of the solution we prove that the integral equation has a unique classical
global solution, i.e. the problem (1.3)—(1.5) has a unique classical global solution.
In Section 4 the conditions of non-existence of global solutions are given. The ex-
istence and non-existence theorems for the problem (1.3), (1.6), (1.7) are given in

Section 5. In Section 6 the existence and non-existence theorems for the problem
(1.1), (1.4), (1.5) and the problem (1.1), (1.6), (1.7) are given.

2. Existence and uniqueness of local solution for the problem
(1.3)—(1.5)

Let K(x,&) be the Green’s function of the boundary value problem for the
ordinary differential equation

y—0y" =0,  y(0)=y(1)=0,
where 3 > 0 is a real number, i.e.
(01) K@, 1 sinh [\/LB(I - {)} sinh [%BI} , 0<z<E,
. )= ———
\/Bsinh {ﬁ} sinh [\/Lgﬁ} sinh [\/Lg(l — x)} , E<z <1,

Suppose that ug(x) and u;(x) are appropriately smooth and satisfy the bound-
ary condition (1.4), u(z,t) is the classical solution of the problem (1.3)—(1.5), then
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the solution of the equation (1.3) satisfying the condition (1.4) satisfies the inte-
gral equation

1 1
22  un(et) —a /0 K (. € uge (€. 1) d + /0 K (. € plug (6, 1)) dE.

Hence the classical solution of the problem (1.3)—(1.5) should satisfy the integral
equation

t rl
u(z,t) = ug(z) + up(z)t + a/o /0 (t — 1)K (z,§)uge (&, 7) dE dr

t 1
+ /0 /0 (t — 1)K (z, €)p(ug (€, 7))¢ d€ dr.

Therefore any classical solution of the initial boundary value problem (1.3)—(1.5)
is the solution of the integral equation (2.3). By use of the properties of Green’s
function K (x, &), it is easy to prove the following lemma.

Lemma 2.1. Suppose that ug(x),ui(z) € C2[0,1], up(0) = up(1) = u1(0) =
u1(1) = 0, p(s) € CY(R), and u(z,t) € C([0,T]; C?[0,1]) is the solution of (2.3),
then u(x,t) must be the classical solution of the initial boundary value problem
(1.3)—(1.5).

Now we are going to prove the existence of local classical solution for the
integral equation (2.3) by the contraction mapping principle. For this purpose,
we define the function space

X(T) = {uz.t) [u € C([0,T];C?[0,1]), w(0,) = u(1,1) =0},
equipped with the norm defined by

(2.3)

U = max max |u + max U, t
oy = s § o o0+ g e 01}

= llullcqorcz0)),  Vue X(T)-
It is easy to see that X (¢) is a Banach space.
Let U = [Juozllc1j0,1) + lw1zllc1jo,1- We define the set
PU,T) = {ulue X(T), lullxry <20 +1}.

Obviously, P(U,T) is nonempty bounded closed convex set for each U, T > 0. We
define the map S as follows

t rl
Sw = ug(x) —i—ul(x)t—i—a/ / (t — 1)K (z, wee (&, 7) dE dr
(2.4)
/ / (t — 1)K (2, §)p(we (€, 7))e dE d, Ywe P(U,T).
Obviously, S maps X (7T) into X (7). Our goal is to show that S has a unique

fixed point in P(U,T) for appropriately chosen T. For this purpose we employ
the contraction mapping principle.
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1
and ¢(s) € C?(R), then S maps P(U,T) into P(U,T) and S : P(U,T) — P(U,
is strictly contractive if T is appropriately small relative to U.

PROOF: Integrating by parts with respect to £ in (2.4), we get

t rl
Sw:uo(x)—l—ul(:z:)t—a/ /0 (t = 1) Ke(w, §we (&, 7) d§ dr

// (t = 7)Ke(z, §)p(we (€, 7)) dE dr.

Differentiating (2.5) with respect to x, we have

(2.5)

(Sw)z = uoz(x) + uie(z t——/ (t — Twg(z,7)dr

t 1
—a/o /0 (t = 7)Kea (i, E)we (€,7) dE dr

1 t
— B A (t — 1)o(wg(x,7))dr
t 1
- /O /O (t — 1) Keu (2, €)p(ws (2, 7)) dE dr.

Differentiating (2.6) also with respect to x, we obtain

(Sw)azz = uoza(T) + Uiz (T 5 / T)Weg (x, T) dT

t 1
—a /0 /O (t = ) Kena (2, € g (6, 7) d dr
2.7)

t
=5 )| =t ) dr

t rl
- [ ] =K e ptugle ) dear.
Let us define ¢ : [0,00) — [0, 00) by
o) = max le(s)l + 1" () + 1" ()], ¥m=>0.
Observe that ¢ is continuous and nondecreasing on [0, 00). Using the boundedness
of the Green’s function K (z, ) and its derivatives which appear in (2.6) and (2.7),
when T' < %, we get

2

T
[Swlxry <U+UT + (% —l—Cla) —

52U +1)

1 T2
+ [B(w +1) + CQ:| 7<;>(2U +1)
< U +T[Cs + Cy(2U + 1)](2U + 1),
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where C1,C9,Cs and Cy are constants. If T satisfies

1 1
%) T <min (3 75y TereE )
then |[Swlx(r) < 2U + 1. Therefore, if (2.8) holds, then S maps P(U,T) into
P(U,T).
Now we are going to prove that S : P(U,T) — P(U,T) is strictly contractive.
Let T > 0 and wy, w9 € P(U,T) be given. We have

(Sw1 - Swg)m =

o [t
:—— (t—T)[’LUl;E(I T) — wog(x,7)] dT

(2.9) / / (t = 7) Kea (0, €)[wig (&, 7) — wog (&, 7)] d€ dr
-2 (t — (w1 (2, 7)) — p(way (z, 7)) dT

/ / (t = TV Kep (@, 7) 0 (wne (6, 7)) — lwse (€, 7))] dE dr

and
(Swl - Sw2):c:c =
a t
= _B (t — M) wizgz(z, T) — wogg(x, )] dT
t rl
(2.10) a/o /0 (t = 1) Kepz(z,§)[wie (€, 7) — woe (€, 7)] dE dr
1 t

-2 (t = D¢ (Wi (2, 7)) W10 (2, 7) — ¢ (W2e (2, 7)) W20 (@, 7)] dT

/ / (0 = ) Kgaa (6,7 lp(w1g (€7)) — luwng (6, ) d dr.
From (2.9) and (2.10) it follows that

T2
1Sw1 = Swa|| x (1) < {C5 + Cod(2U + 1)} —[lwr — wal| x (1),

where Cy and Cg are constants.
If T satisfies

1 1 1
2.11 T <min | =, , )
310 : (2 205 + Cao(2l + 1)1 /s T Codl20 + 1))
then
[Sw1 — Swal| x (1) < —Hw1 w2 | x(7)-

The lemma is proved. ([
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Theorem 2.1. Let the assumptions of Lemma 2.2 hold. Then the integral
equation (2.3) has a unique solution u(z,t) € C([0,Tp); C?[0,1]), where [0, Tp)
is a maximal time interval. Moreover, if

(2.12) sup ([luzllorpo,) + lluatllorp,) < o,
t€[0,To)

then Ty = oo.

PRrROOF: It follows from Lemma 2.2 and the contraction mapping principle that,
for appropriately chosen T' > 0, S has a unique fixed point u(x,t) € P(U,T)
which is obviously a solution of the integral equation (2.3). It is easy to prove
that for each 77 > 0, the equation (2.3) has at most one solution which belongs
to X (T7).

Let [0,7p) be the maximal time interval of existence for u € X (Tp). It only
remains to show that if (2.12) is satisfied, then Ty = oo. This can be done in the
usual way: If (2.12) holds and Ty < oo, we can reapply the contraction mapping
principle extending the solution to an interval [0, Tg+ d], § > 0, which contradicts
the assumption that [0,Tp) is maximal.

Suppose that (2.12) holds and Ty < oo. For any T’ € [0,Tp), we consider the
integral equation

t rl
v(z, t) = u(z, T/) + ug(z, T/)t + « (t —71)K(z, f)vgg({, T)dEdr
(2.13) /0 /0

t rl
+/0 /0 (t —7)K (2, )p(ve(z,7))e dE dr.

By virtue of (2.12), [uz(-, T")[|c1(0,1) + luat (-, T) | ¢1[0,1] is uniformly bounded
in 7" € [0,Tp), which allows us to choose T* € (0,Tp), such that for each
T' € [0,Tp), the integral equation (2.13) has a unique solution v(z,t) € X (T*).
The existence of such a T follows from Lemma 2.2 and the contraction mapping
principle. In particular (2.8) and (2.11) reveal that 7™ can be selected indepen-
dently of T € [0, Tp). Set T' = Ty — %, let v denote the corresponding solution

of (2.13), and define @(z,t) : [0,1] x [0, Tp + %] — R by

u(x7 t)’ t 6 [07 T/]7

(2.14) u(w,t) = { U(I,t_T/)v te [T/aTO'i_TT*}'

By construction, u(x,t) is a solution of (2.3) on [0,7y + TT*], and by local

uniqueness, U extends u. This violates the maximality of [0, Tp). Hence if (2.12)
holds, Ty = oo.
This completes the proof of the theorem. O



Existence and non-existence of global solutions for nonlinear hyperbolic equations ... 481

3. The classical global solution of the problem (1.3)—(1.5)

Lemma 3.1. Suppose that ug(z),u1(z) € H}[0,1], ¢(s) € CL(R), then the
classical solution of the problem (1.3)—(1.5) satisfies the following identity

_ 2 2 2
E(t) = ||Ut||L2 0,1] + a”Ux”LZ[o,H + BHU’xt”LZ[O,l]

—|—2/ / s)dsdzx

(3.1) = ||U1||L2 0,1] + O‘”“Oﬂﬂ”%ﬂog] + 6””9615”%2[071}
—|—2/ / s)dsdzx
Vte[0,T].

PRrOOF: Multiplying both sides of the equation (1.3) by u¢, integrating the prod-
uct with respect to x over [0, 1] and integrating by parts we get

d 2 2 2
- (||ut||L2[0 1] + aHuxHLz [0,1] + ﬁ”uﬂctHLz[o,l]

—|—2// dsd:c =0.

Integrating (3.2) with respect to t, we obtain (3.1). The lemma is proved. O

(3.2)

Theorem 3.1. Suppose that the condition of Theorem 2.1 and the following
condition

(3.3) |<A/ y)dy + B

hold, where A and B are positive constants. Then the problem (1.3)—(1.5) has
a unique classical global solution u(z,t).

Remark 3.1. The function ¢(s) satisfying (3.3) exists. For example, ¢(s) = e°
satisfies the inequality (3.3). ¢(s) = rs™ is the second example, where r > 0 is
a real number and n is a natural number. When n is an odd number, ¢(s) = rs™
satisfies the inequality (3.3), i.e

S
3.4 < / d _|__
(3.4) ITSI_noTy vt

In fact, taking p = "T'H, p' =n + 1 and using Young’s inequality we have

et = s <o (B L)y B T
p p n+1

n-+1
S
= d -
n/o ry"™ dy + +1



482 Chen Guowang, Wang Shubin

ProOOF OF THEOREM 3.1: By virtue of Theorem 2.1, we are only required to
prove that (2.12) holds. Integrating by parts in (2.3), we obtain

t rl
u(z,t) = ug(z) + uyp(x)t — a/o /0 (t = 7)Ke(w,&ue (&, 7) d€ dr

t 1
- /J /0 (t = 1) Ke (. €)p(ug (€, 7)) d dr.

It follows from (3.5) that

(3.5)

g (2,1) = uoz () + wig(z 5/ T)ug(x,7)dr

t 1
—a /0 /0 (t — 1) Kea () €)ug (€, 7) dé dr

(3.6) 7
-5 [ =t ar
t 1
- /J /J (t = 7)Kea o, E)pug (€, 7)) dE dr,
a 1
- wan(e.t) = ~Sus(ant) —o | Keg(oOuele. 0

1 1
— Golus(z 1) - /J Keo(r, ) plug (€. 1)) d.

Multiplying both sides of (3.7) by uzt we get

d 2
Sl S [ en] =2 [ Kaloulc
(3.8)
_ / K (e, €) (g (€, 1)) de] war.
Let us denote u?,(v) + ﬁu0:v fuox s)ds| by Eq(x). Integrating both

sides of (3.8) with respect to ¢ and makmg use of the conditions (3.3) and (3.1),
we can obtain

« 2 [Uz
U%t + Bui + B/o o(s)ds

(3.9) < E1(2) + 2/; [—a/ol Kep(, €)ug (€, 7) d€

1
_ /0 Kgm(:v,ﬁ)gp(US(f,T))d{}uxth
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< Ei(x) + /Ot{ [/01 4aK€2m(:v,§) df} : {/01 o2 (x,7) dx :

1
+Cr [ lotucla )| do st dr
t 1
§E1(:v)+/ {Cg—i—a/ ul(z,7)dx
0 0
1 ug (z,7)
+c7/ [A/ o(s) ds+B] dx}|uxt|d7
0 0
t
< Bi@)+ [ {Ca-+ CoB ()} fusildr

1 t
< Ei(z) + Z[Og + C1oE(0)]?T +/ u2, dr.
0

Multiplying both sides of (3.9) by A, adding the product to 22 and using (3.3),

B
we get

Aa 2 t
(310) A+ S 4 ()| < (T + A [ i

where M7(T) is a constant dependent on T.
It follows from (3.10) by Gronwall’s inequality that

Aa 2
AuZ, + 202 + Zp(ug)| < My(T)eAT .
B B
Therefore

(311)  sup Juzlcpoy+ sup |luztllopa) + sup lle(us)llcp,1) < Ma(T).
0<t<T 0<t<T 0<t<T

Differentiating (3.6) with respect to x, we obtain

t 1
—a /0 /O (t = 1) K eao (2, E)ug (€, 7) dé dr

1/t /
=5 [ =1 e sy ar

(3.12)

t 1
[ [ = e otuele ) de ar
0 JO
It follows from (3.12) that

t
|uge(x,t)] < 01%1?%(1 |wozz ()] + Ogl?%cl |u1pe|T + 011T2 + 012T/() |uge (x, 7)| dr.
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Making use of Gronwall’s inequality, we have

(3.13) sup ||uaz (- )|l cjo,1) < Ms(T).
0<t<T

Differentiating (3.12) with respect to ¢, we obtain
Uxxt(x t) = lex 6/ Uxx x, 7'

—a /O /O Kegalw, €)ue (€, 7) dé dr

t
— l <p/(um(a: T uge (z, 7) dr

//Kgm p(ug(€,7)) dE dr.

(3.15) sup |luzat(,t)llcpo,1) < Ma(T).
0<t<T

(3.14)

It follows from (3.14) that

From (3.11), (3.13) and (3.15) it follows that

sup (|Juzllrpo,y) + luatllorpo,y)) < oo
0<t<T

By virtue of Theorem 2.1 and Lemma 2.1 we know that the problem (1.3)—(1.5)
has a unique classical global solution u(z,t). Theorem 3.1 is proved. ([

4. Blow-up of solutions of the problem (1.3)—(1.5)

In this section we are going to consider blow-up of solutions of the problem
(1.3)-(1.5).
Theorem 4.1. Suppose that the following conditions hold:

1) fol (uou1 + Bugzpuizg) dx > 0,

(2) E(0) <0,

(3) v € CL(R), p(s)s < 2(26 + 1) [ ¢(y) dy + 26as?,
where § > 0 is a constant. Then the c]ass1ca1 solutions of the problem (1.3)—(1.5)
must blow up in finite time.

PRrROOF: The proof is made by use of so called “concavity” arguments. Assume
that u(x,t) is the classical solution of the problem (1.3)—(1.5) on [0,1] x [0, T7.
Let

1
F(t) = /0 (u? + Bu?) dx
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We have .
F'(t) = 2/ (uug + Pugugy) de,
0

1 1
F"(t) = 2/0 (u% + ﬁuit) dx + 2/0 (uugs + Pugugy) dx

1 1
= 2/0 (u% + ﬁuit) dx + 2/0 u(ug — Buggit) dx.

Using Cauchy’s inequality, we see that

/ 2 ! 2 2 ! 2 2
(4.1) (0P < 4] /0 (w2 + o) do] | /0 (uF + Buy) de].
Therefore, using (1.3) and (4.1), we find that

FF" — (1+6)(F)% > F{ [2 /0 1(u$ + fu2,) do

(4.2) +2 /01 u(ugy + ©(ug)z) dx} —4(1+9) {/Ol(u% + ﬁu?ct) d:v} }
= ZF{— /Ol(au% + o(ug)ug) dz — (26 + 1) /Ol(u? + Bu2,) d:v} :

Thus from (4.2), (3.1) and the conditions (2), (3) it follows that
1 Uy
FFE" — (14 06)(F)? > 2F [—2(25 + 1)/ / o(s)ds dz
0 JO
1

1
—(25+1)a/ uidm—(%ﬂ)/ (uf + Buy) da
0 0

= —2F(20 + 1)E(0) > 0, t € [0,7).

We see that F(t) > 0 for all ¢ € [0,7] and that from the condition (1), F’(0) > 0.
From “concavity” arguments (see [4], [5]) we know that there exists a constant ¢g
such that

. 2 2
tllT,(H“HLﬂo,l] + Blluzll7yp0,17) = +00
—to
and 5 5
B HuO”Lg[O,l} + BHUOSC”LZ[O’I]
26 fol(uoul + Bugzpuly) dx '
Theorem 4.1 is proved. ([

T < tg

485
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5. Initial boundary value problem (1.3), (1.6), (1.7)

This section is concerned with the problem (1.3), (1.6), (1.7). We consider
problem (1.3), (1.6), (1.7) by the method used in Sections 1-4. Observe that

1—
YRS SR Bt f oo
v/Bsinh ﬁ cosh 1= N L cosh 5= f’ x> &,

is the Green’s function of the boundary value problem for the ordinary differential

equation " , ,
y—Py =0, y(0)=y(1)=0,

where 3 > 0 is a real number.
The following theorems can be proved analogously as Theorems 3.1 and 4.1
above.

Theorem 5.1. Assume that the following conditions hold:
(1) uo(x),u1(z) € C2[0,1] and up,(0) = ugx(1) = U1x(0) =u1,(1) =0,
(2) ¢(s) € C?(R), ¢(0) = 0 and |¢(s)| < A [5 »(y) dy + B,
where A, B > 0 are constants. Then the problem (1.3), (1.6), (1.7) has a unique
classical global solution u(z,t).
Theorem 5.2. Assume that the following conditions hold:
1) fol (uguq + Bugzpuizg) dr > 0,
(2) E(0) <0,
(3) v € CH(R), v(0) = 0 and ¢(s)s < 2(20 + 1) 5 ¢(s) ds + 20as?,

where § > 0 is a constant.
Then the classical solutions of the problem (1.3), (1.6), (1.7) must blow up in
finite time.

6. On the problems (1.1), (1.4), (1.5) and (1.1), (1.6), (1.7)

Here we apply the results of the problem (1.3), (1.4), (1.5) to the problem (1.1),
(1.4), (1.5) and the results of the problem (1.3), (1.6), (1.7) to the problem (1.1),

(1.6), (1.7).
Theorem 6.1. Suppose that
uo(), u1(x) € C?[0,1], up(0) = ug(1) = u1(0) = u1(1) = 0, ag,az >0,

(1) If n is an odd number, a; > 0, then the problem (1.1), (1.4), (1.5) has
a unique classical global solution u(z,t).

(2) If n (n # 1) is an odd number, a; < 0,
HU1|I%2[071} + aOHUOxH%Z[o,H + a2H“1xH%2[0,1]

1 ~
/ (upe) " dz = E(0) <0
0

2a1
n+1
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and the condition 1
/ (upu1 + agupzuiy) dz >0
0

holds, then the classical solutions of the problem (1.1), (1.4), (1.5) must blow up
in finite time.

(3) If n is an even number, a; # 0, E(O) < 0 and the condition

1
/ (uguy + aguggpuiy)dz >0
0

holds, then the classical solutions of the problem (1.1), (1.4), (1.5) must blow up
in finite time.

Theorem 6.2. Suppose that ug(z), u1(z) € C2[0, 1], uoz(0) = uge (1) = u1,(0) =
u1z(1) =0, ag, a2 > 0.

(1) If n is an odd number, a; > 0, then the problem (1.1), (1.6), (1.7) has
a unique classical global solution u(zx,t).

(2) If n (n # 1) is an odd number, a; < 0, E(0) < 0 and the condition

1
/ (uguy + aguggpuiy)dz >0
0

holds, then the classical solutions of the problem (1.1), (1.6), (1.7) must blow up
in finite time.

(3) If n is an even number, a1 # 0, E(0) < 0 and the condition

1
/ (upu1 + agupzuiy) dz >0
0

holds, then the classical solutions of the problem (1.1), (1.6), (1.7) must blow up
in finite time.
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