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A sufficient condition of full normality

ToMAS KAISER

Abstract. We present a direct constructive proof of full normality for a class of spaces
(locales) that includes, among others, all metrizable ones.
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Classification: 54D20, 54E15, 06D10

Paracompactness of a topological space is equivalent to a range of other proper-
ties. Among them is full normality, introduced by Tukey in [11]. The equivalence
was proved by A.H. Stone in [9]. In this paper, we investigate full normality in
pointfree setting.

All metrizable locales are known to be fully normal. Our investigation was
motivated originally by the aim to show as directly as possible how the existence of
a countable admissible system of covers (the metrizability) provides an arbitrary
cover with a star-refinement (the full normality). It turned out that the point
is in the existence of a (downwards) well-ordered admissible system of covers,
countability being a special case. If a well-ordered admissible system exists then
we can present an explicit formula for a star-refinement of a given cover. The
proof is constructive in the sense that it uses neither the axiom of choice nor the
law of excluded middle.

1. Preliminaries

A Jocale is a complete lattice satisfying the distributivity law

V (@iny)=(\/ =) Ay

icJ 1€
An example is the lattice 2X of all open sets of a topological space X. Another
example is a complete Boolean algebra. For more detail on locales, the reader can
consult [2].

Let L be a locale. A cover of L is a subset C' of L such that \/ C equals the
unit 1. In the rest of this section, C, D will denote covers of L. We say that C'
refines D, and write C' < D, if for each ¢ € C there exists d € D such that ¢ < d.
For arbitrary covers C, D we put C AD = {cAd|ce C,d e D}. This is a cover
by virtue of the distributivity law; it refines both C' and D.

381



382 T. Kaiser

Let x € L. Put
C-x=\/{ceClcnaz+#0}

(Ctf. [5].) This element is called the star of x under C. One usually writes Cx
instead of C' - x.
Further, define

z/C=\[{yeC|Cy<a}.

Sometimes we will omit parentheses in expressions like

(...(x/C1)/Cs...)/Ch.

For instance, ©/C/D = (z/C)/D.
We list some properties of these operations. They follow immediately from the
definitions.

Fact 1.1. (1) 2 <Cz and z/C < xz,
(2) if # <y then Cx < Cy and z/C < y/C,
3) Cx<yiffz <y/C,
4) x> C(z/C) and z < (Cx)/C,
5)
6

C(\/ieJ T;) = \/ieJ(CiUz'),

(
(
(
(6) if C < D then Cx < Dx and 2/C > x/D.

Define C- D = {Cd | d € D} (cf. [4]). By (1) of Fact 1.1, we obtain a cover as
Vaep Cd = Vgepd = 1.

Observation 1.2. If C <" and D < D' then C-D < C'-D'.

As an operation on covers, - is neither associative nor commutative. We have
the following fact, though.

Proposition 1.3. C(Dz) < (CD)z = C(D(Cx)).
PROOF: Since z < Cwz, it suffices to use (2) of Fact 1.1 twice to get C(Dx) <
C(D(Cz)). We now wish to prove (CD)x = C(D(Cx)).

(CD)z = \/ {Cd | Cdnz+0}

deD
= \/ {Cd |3 ce Csuchthat cAz#0and cAd#0}
deD
= \/ {Cd| Cznd+0}
deD
=C( \/ {d| CxAnd+#0}) (by (5) of Fact 1.1)
deD

= C(D(Cux)).
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We say that C' is a star-refinement of D (written C <* D) if C-C < D. A
locale whose every cover has a star-refinement is called fully normal.

Let 7 be a system of covers. We write z <17 y if there exists S € T such
that Sz < y. 7 is said to be admissible on a locale L (cf. [5]) if for all y € L,
y=\V{zeL|z<aTy}. Wesay that T is a uniformity basis if for each S € T
there exists T' € 7 such that T <* S. A uniform locale is a couple (L, T ), where
L is a locale and 7 an admissible uniformity basis.

One easily checks the following fact.

Fact 1.4. 7 is admissible iff for all y € L, y = \/ ge7 /5.

We recall several definitions of basic properties a locale L may have. For
x,y € L we write x < y if there is z € L such that z Az =0and zVy=1. Lis
regular if forally € L,y =\/{z € L | z < y}.

L is compact if for each cover C' C L there is a finite cover D C C.

L is metrizable if it has a countable admissible uniformity basis. (This is
essentially the original extension of the notion of metrizability due to Isbell [1].
Later it has been shown ([6],[7]) that it is indeed equivalent to the existence
of a metric structure on L. It is also equivalent to just possessing a countable
admissible system of covers.)

A subset T of L is locally finite if there is a cover W with the property that
the set {t € T | w At # 0} is finite for each w € W. L is paracompact if every
cover of L has a locally finite refinement. On paracompactness, consult [3] for the
point-set view and, e.g., [8] or [10] for the pointfree one.

2. Powers of admissible systems
Let C, D denote covers. Define a cover C™ for n > 1 inductively by putting
c'=C and C"tl=cC.C™
Lemma 2. For anyn > 1, C < D implies C™ < D™.
ProOF: By induction, using 1.2. O
For z € L and n > 1, define C(™(z) as follows:
cW(z)=Cz; COtD(@)=C-(C™(2)).
Similarly, define z/(")C as
2/ Ve =z/c; /e = @/™0)/C.
Observation 2.2. (1) "tV (z) = ¢ (Cxz),
(2) 2/"HIC = (w/C)/C.
Fact 2.3. O (z) <y iffz < y/™MC.

383



384 T. Kaiser

PRrROOF: For n =1, this is (3) of Fact 1.1. Assume validity for a given n. Then

(@) = C(C™(@) <y
— M) <y/C
= z<(y/c)/Mo
— z < y/("""l)C by the preceding Observation.
O
The operations C" - x and cm) (x), as well as their adjoints, are closely related.
Fact 2.4. (1) C™ -z = C@=D(g),
(2) z/C™ = /=D,

PROOF: (1) For n = 1 the proposition holds. Let it hold for a given n. Then
using 1.3,

C"tly = (C-C™Mz = C(C™(Cx))
= c(CC=Y(Cz)) = M (Cx)
_ O(2(n+1)—1)(x)'
(2) By 2.3, for any vy,
y<z/C" < C"y<z
= V) <z
— y<z/@ V.
Putting first y = 2/C™ and then y = x/(2"_1)C, we obtain the desired equality.
O

Let 7 be a system of covers. It is said to be down-directed if it contains, with
any S,T € 7, a common refinement; that is, a cover R such that R < T and
R<S.

Lemma 2.5. If 7 is down-directed then

\ z/8/5/s=\/ \ \ =/T/U0/V.

SeT VeTUeT TeT

PrOOF: For “<” take S =T = U = V. On the other hand, for given T, U,V
consider a common refinement S. Then by (6) of Fact 1.1, a/S/S/S > a/T/U/V.
]

Let 7 be a system of covers and k > 1. Put 7F = {S* | S € T}.
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Proposition 2.6. If T is a down-directed admissible system then T* is admis-
sible and down-directed as well.

PROOF: Directedness. Let S* T* e T* be given. Let R € T be a common
refinement of S and 7. By Lemma 2.1, RF refines both S* and T*.

Admissibility. By induction. Basis (k = 2): Using (2) of Fact 2.4,
v>\/2/8?=\/2/9/8/S=\ \ \ =/T/U)V ==z

SeT SeT VeTUeT TeT

by admissibility of 7 used three times. Consequently, 7 is admissible.
Step: Since S*¥*1 = 5. 5% < (5%)2 we get
\/ I/Sk+1 _ \/ :Z?/(Sk)z _ \/ :Z?/T2
SeT SeT TeTk

and since we assume 7% to be admissible (and know that it is down-directed),

we may use the Basis to show that this expression equals x. Hence Th+1 g
admissible. (|

3. Construction of a star-refinement

Let 7 be a fixed system of covers and A a cover. We will now construct a
subset D7, 4 of L, which will be, under certain assumptions on 7, a cover that
star-refines A. Put

Dra={z|38€7,3JacA st zeSanda/S? Az +#0}.
For S € T and a € A, dg(a) denotes the set {x € S | a/S3 Az # 0}. Thus,
Dr.a=|J{ds(a) | S€ T, ac A}.
Observation 3.1. \/dg(a) = S(a/S3).
Fact 3.2. a/S°% <\/dg(a) < a/S>.

PRrROOF: The first inequality follows from (1) of Fact 1.1. As for the second one,
by (1) of Fact 2.4,

S(a/S%) = 8(a/®8) = S((a/P8)/S)
<a/®S  (by (4) of Fact 1.1)
< a/(?’)S =a/S2.
O

Remark. The lower bound we have just obtained will ensure that the elements
of D7, 4 do constitute a cover while by virtue of the upper bound they are still
small enough to star-refine A.
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Lemma 3.3. If T is down-directed and admissible then D7, 4 is a cover.

PRrOOF:
Vora=V V Vis@z=\ 'V e/
a€A SeT a€A SeT
= \/ a
a€A
by Proposition 2.6. (]

A system 7 of covers is well-decreasing if every subset of 7 has a maximum
element with respect to the refinement relation. We will now state the main
theorem of this article.

Theorem 3.4. Let 7 be a well-decreasing admissible system of covers and A a
cover. Then D7, 4 is a cover star-refining A. In particular, any locale that has
such a system is fully normal.

PROOF: Since any well-decreasing system is down-directed, D7, 4 is a cover by
the preceding lemma. We wish to prove that D7, 4 <* A.

Let x € D, 4; we investigate D7, 4 - . Certainly x € dg(a) for some S € 7,
a € A. Put

M={UeT |TceATyedy(c)st. yAx #0}.

First of all, x € dg(a) and = # 0 imply (1) S € M. In particular, M is not void.
Let M be the maximum element of M with respect to <. Denoting the ¢ and
y one has for M as ¢y and yg, we get yo Az # 0 and yg € dps(cg). Since by
(1), S < M, there exists 2’ € M such that < 2’ and yg A 2’ # 0. Hence, (2)
' < Myg.

Consider u € D7, 4 such that u Az # 0. Necessarily u € d7(b) for some b € A
and U € 7. Since u Az # 0, U € M and U < M. This implies that there is also
u' € M such that v > u. Clearly u’ A 2’ # 0, which, combined with (2), yields
u' < M(Myp). Now

u<u' < M(Myg) < M2y0
< M*(\/ dps(co)) < MP(co/M?)  (by 3.2)

< ¢p.

Thus, for any u € D7 4, u Az # 0 implies u < cg, i.e. D7, 4 -7 < co.
We have shown that for each x € D7, 4 there exists ¢y € A with the property
that D7, 4 - = < g, that is, D7, 4 <* A. This completes the proof. O
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4. Remarks and examples
Two well-known facts are corollaries to the preceding theorem.

Remark 4.1. Let a locale L have a countable admissible system 7 = {S;}i<w-
Then the system 7 = {Sg A S1 A--- A S), | k < w} is a well-decreasing admissible
system. Theorem 3.4 can be applied, yielding the fact that L is fully normal.
Consequently, all metrizable locales are fully normal.

Remark 4.2. By metrization theorems (see [7]), existence of a countable admissi-
ble system of covers is equivalent to existence of a countable admissible uniformity
basis. This fact can now be seen more directly.

Remark 4.3. Constructivity. The only point in the argument which depended
on the axiom of choice was the proof of Lemma 2.5. There we considered a
common refinement as a function of a triple T, U, V', but we did not specify the
values. However, we use the lemma only for systems that are well-decreasing (and
hence linear orders), in which case we can take for the common refinement the
finest of the three covers. With this modification, the argument requires neither
the axiom of choice nor the law of excluded middle.

Example 4.4. A non-metrizable locale that has a well-decreasing admissible
system. In this and the following example, for an ordinal number «, the symbol
[a] denotes the set {5 | B < a}. (We use a different name for the same thing to
emphasize we have in mind a set of ordinals.) The successor of « is denoted by
a + 1. The symbol w; stands for the first uncountable ordinal, w for the first
infinite one. Axiom of choice is assumed from now on.

Let J={{a} |a<wi}and 18={a| B <a<wi}forf <w;.

Let X be the space [w; + 1] with the topology generated by JU{ 16 | 5 < w1}.
Then QX has a well-decreasing admissible system but it is not metrizable. To see
the former, put Sg = JU 13 and observe that {Sg}3<,,, meets the condition.

Suppose that 2X is metrizable. Let 7 be the countable admissible system.
Define

g: T—Jwi+1]: S—min{a|IFueSst acuand w; €u}.

Lemma 4.5. supge7 9(S) = wi.

PRrROOF: Let 8 > g(S) for each S € 7 and suppose § < wy. Then for any S and
u such that wy € u we have Su C 1(8+1). Therefore wy ¢ J{u | u <7 (3 +1)}.
But, as wy € 1(8 + 1), this contradicts the admissibility of 7. O

Since g(S) < wy for all S € 7, and since 7 is countable, we have shown that wy
has to be a supremum of countably many countable ordinals, which is impossible.
Hence X is not metrizable.
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Example 4.6. A compact regular locale that has no well-decreasing admissible
system. Let Y be [w1 + 1] with the usual interval topology. QY is compact regular
but we will show that does not have a well-decreasing admissible system.

Assume it does and call the system 7. For a limit ordinal x < wq, put
gk T — [K]:
S—min{a€wy+1]|Jue Sst. acuand kK €u} and
feilg] = T:
a—max{S €T |gu(S)>al.
Verification. We have to make sure the definitions are correct, that is, to check
the domain and range of (a) g, and (b) fx.

(a) gk is certainly defined on the whole of 7. By the definition, g.(S) < &, but
since x is not the infimum of any open set (being a limit ordinal), the values are
really in [k].

(b) First, observe that supges gx(S) = k. This can be proved in the same
fashion as the lemma in the preceding example. Therefore, no a < « is an upper
bound for {gx(S)}se7. From this it follows that f, is well defined on the whole
of [k]. Its values clearly lie in 7.

Lemma 4.7. Counsider f,, and g, as mappings between the posets ([k], <) and
(7,2).

(1) fx is non-decreasing and gy, is non-increasing,

(2) a <gx(S) iff S < fio(a),

(3) grfr(®) > o and

(4) gx(S) > gx(T) implies S < T.
PRrROOF: (1) and (2) follow straight from the definition. So does (3) from (2). It
remains to prove (4). Let S £ T. Then since 7 is a linear order, S > T. By (1),
9x(S) < 9x(T), which means g4 (S) ¥ gx(T) and we are finished. O

Proposition 4.8. sup,, ., gu; fw(n) = wi.

PRrROOF: Let 8 > gu, fw(n) for all n < w. Suppose 8 < wi. Fix n < w. Then by
(3)s Guon fun (B+1) = B+1> B > gu, fw(n). According to (4), fu, (B+1) < fu(n).
But by (1), gw fuw; (8+1) > gw fw(n) > n, where the last inequality follows from (3).

We conclude that for all n < w, gy, fu, (8 +1) > n. On the other hand, for any
S we have g,,(5) € [w], so that gu fw, (8 +1) <w. This is a contradiction. O

Let us return to the example. Since gy, (S) < w; for each S, we have shown
that w; has to be the supremum of a countable set of countable ordinals. This
cannot happen and so Y has no well-decreasing admissible system.

Note. A similar argument can be employed to prove the following stronger
statement: If 27 has a well-decreasing admissible system and if there is a point
in Z with an infinite countable basis of neighbourhoods, then all x € Z have
countable bases of neighbourhoods.



ENCENON

[10]

[11]

A sufficient condition of full normality

REFERENCES

Isbell J.R., Atomless parts of spaces, Math. Scand. 31 (1972), 5-32.

Johnstone P.T., Stone Spaces, Cambridge University Press, Cambridge, 1982.

Kelley J.L., General Topology, Van Nostrand, Princeton, 1955.

Pultr A., Notes on an extension of the structure of frame, Discrete Mathematics 108 (1992),
107-114.

Pultr A., Pointless uniformities I. Complete regularity, Comment. Math. Univ. Carolinae
25 (1984), 91-104.

Pultr A., Pointless uniformities II. (Dia)metrization, Comment. Math. Univ. Carolinae 25
(1984), 105-120.

Pultr A., Remarks on metrizable locales, Proc. 12th Winter School, Suppl. ai Rend. Circ.
Mat. Palermo (2) 6 (1984), 247-258.

Pultr A., Ulehla J., Notes on characterization of paracompact frames, Comment. Math.
Univ. Carolinae 30.2 (1989), 377-384.

Stone A.H., Paracompactness and product spaces, Bull. Amer. Math. Soc. 54 (1948), 977—
982.

Sun Shu-Hao, On paracompact locales and metric locales, Comment. Math. Univ. Carolinae
30 (1989), 101-107.

Tukey J.W., Convergence and uniformity in topology, Ann. of Math. Studies 2 (1940).

DEPARTMENT OF APPLIED MATHEMATICS, CHARLES UNIVERSITY, MALOSTRANSKE NAM. 25,
118 00 PrRAHA 1, CZECH REPUBLIC

E-mail: kaiser@kam.ms.mff.cuni.cz

(Received April 27,1995)



		webmaster@dml.cz
	2012-04-30T16:25:10+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




