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A fixed point theorem for a multivalued non-self mapping

B.E. RHOADES

Abstract. We prove a fixed point theorem for a multivalued non-self mapping in a met-
rically convex complete metric space. This result generalizes Theorem 1 of Itoh [2].
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Let CB(X) denote the family of all nonempty closed bounded subsets of X,
H the Hausdorff metric on X, and for any set A, D(x, A) denotes the distance
from x to A.

Lemma 1 ([3]). If A,B € CB(X) and = € A, then for any positive number &
there exists ay € B such that d(z,y) < H(A, B) +¢.

Lemma 2 ([1]). Let K be a nonempty closed subset of a complete metrically
convex metric space (X,d). Then, for any x € K, y ¢ K, there exists a point
z € OK such that d(z,z) + d(z,y) = d(z,y).

Let F : X — CB(X). We shall be interested in the following contractive
definition. For each z,y in X,

(1) H(Fz,Fy) <
< ad(z,y) + fmax{D(x, Fz), D(y, Fy)} + v[D(z, Fy) + D(y, Fy)],

where a, 3,7 > 0 and such that

(1+a+7>(a+6+7)

s = < 1.

1-6—-v 1—v

Theorem 1. Let (X,d) be a complete metrically convex metric space, K a

nonempty closed subset of X. Let F : X — CB(X) satisfy (1). If for each
x € OK, Fx C K, then there exists a z € K such that z € Fz.

PRrOOF: We shall construct two sequences {zy, } and {z},} as follows. Let zg € K.
Let ) € Txo. If 2} € K, set 21 = 2. If 2} ¢ K, choose 1 so that d(zg,z1) +
d(z1,2})) = d(zo,2}). Pick af, € Fxq so that d(z1,2}) < H(Fzo,Fz1) + (1 —
B —7)e, with e =s. If 2}, € K, set g = zf. If 2, ¢ K, since X is metrically
convex, choose xg so that d(z1, x2)+d(z2, ) = d(z1, x}). Continuing in this way
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we obtain two sequences {xy}, {x],} satisfying the following properties: z, , ; €
Fzp and such that d(z),,z), ) < H(Fzp_1,Frn) + (1 = — 7)™ znp1 =
af i if 2 € K; and, if 2, | ¢ K, z,41 is chosen to satisfy d(zn,zny1) +
d(znt1, 2, 1) = d(@n, x), ).
Define
P={zpef{zn} an=a,}, Q={zn€{zn} an#a),}.
Three cases now arise.
Case 1. xp,zp41 € P. From (1),
d(In; xn—l—l) < H(Fxn—la Fxn) + (1 -B- FY)ETL
S Oéd((En_]_, :En) + ﬁ ma.X{D(I'n_l, Fxn—l)a D(:Enu Fxn)}
+ FY[D(‘ITL—L Fxn) + D(Ina Fxn—l)] + (]‘ - ﬂ - FY)ETL
S Oéd((En_]_, :En) + ﬁ max{d(:cn_l, xn)u d(x7h xn—i—l)}
+yd(@n—1,Tn41) + (1 = B —7)e"

@) < max { (@+F+ W)d(ffn—f,xn) +(1-8— V)En,
-
(a+y)d(xp—1,2n)+ (1 -5 — 7)6"}
1-6—~

atf+yr a+ty n
< d(zp,—
_max{ T— ’1—6—7} (Tp_1,7n) +€
= kd(Tp—-1,2n) + ",

where
a+B+7y

1—x
Case 2. z, € P, 241 € Q. From (1),

k=

d(zn, Tpt1) < d(xn, 2 ) < H(Fzp—1, Fzp) + (1 — 3 —7)e”
< ad(xp—1,2n) + Bmax{D(xn_1, Frp_1), D(xn, Fxy)}
+v[D(xp_1, Fxp) + D(xp, Frp_1)] + (1 — 8 —7)e"
< ad(xp—1,2n) + Bmax{d(xp—1, zyn), d(Tn, x;H_l)}
+9d(2p-1, 25 41) + (1= B =)™

If the maximum of the coefficient of 3 is d(zp—1,2n), then we have

(a+B+y)d@n—1,2n) + (1 - —7)e"
1—7 '

d({En, x;z—i—l) <
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If the maximum of the coefficient of (3 is d(xp, x;H_l), then we have

(a+y)d(@n_1,2n) + (1 — B — )"
1-8—~ '

d(x7h x;z—i-l) <

Therefore, in all cases,
(3) d(xn, Tpt1) < kd(zp—1,2n) + ™.
Case 3. zp € Q, xn+1 € P. Then, using (1) and Case 2,

d(wn, Tnt1) < d(zn, 27) + (@, Tns1)
< d(xn, ) + H(F2zp_1, Frn) + (1 — 3 — )™
<d(zn_1,2)) + ad(rp_1,24)
+ Bmax{D(zp—1,Frn_1), D(xpn, Fop)}
+7[D(xn_1, Fxp) + D(xp, Frp_1)] + (1 — 8 —7)e"
<d(zp_1,2)) + ad(rp_1,zn) + fmax{d(z,_1, 7)), d(Tn, Tni1)}
+[d(@n-1,Tnt1) + d(@n, x;l)] +(1=8-7)"

Note that

d(In—la In—l—l) + d(fﬂn, x%) < d(In—la In) + d(fﬂn, xn—i—l) + d(Ina I%)
= d((En_]_, :E'/n) + d(x7h xn—i—l)'

Therefore
1+ a+B+7y)d@p—1,2),)+ (1= —7)"
d(xmfcn-i-l)g{( b 7)(21 nt+A-6-7)
-
(1+a+7)d($n—17$%)+(1—ﬁ—7)5”}
1=-f-n
l+a+B+v 1+a+y ,
< d _ n
_max{ 1=~ g (Tp—1,7),) +¢
l1+a+7y ,
< | —)d _ n

(1+a+y)e!
1-8-7n

Using (2)—(4), it can be shown by induction that

< Sd(xn—% Tp-1) + +e".

3n
< g -
d(@2n, T2nt+1) < s <5+ - _7)
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and that 3 )
+
d <s@ntn/2 (s ST L
(T2n41, Tan+2) < s 15—
Then, for any m > n,
m—1 m—1 ) 1 m—1 )
d($m7xn) < Z d(mi,xi+1) <90 Z SZ/2 + W Z 82/2(32' + 1),
: : — P =77 ¢
=n 1=n =n

and {z,} is Cauchy, hence convergent. Call the limit z. From the way in which
the {z,} were chosen, there exists an infinite subsequence {xy, } of {zy} such
that ap, =7, .

D(zy, ,Fz) < H(Fzp,—1,Fz)
< ad(xp,—1,2) + Bmax{D(rn, -1, Frn,—1), D(z,Fz)}
+[D(2n, -1, Fz) + D(2, Frp,—1)]
< ad(xn, -1, 2) + fmax{d(rn,—1,n, ), D(2, Fz)}
+9[D(xp,—1, Fz) + d(z,2p,)].

Taking the limit as k — oo yields D(z, Fz) < (8+)D(z, Fz), which implies that
ze€ Fz. O
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