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Characterization of sets of determination for parabolic
functions on a slab by coparabolic (minimal) thinness

JARMILA RANOSOVA

Abstract. Let T be a positive number or +00. We characterize all subsets M of R™ x]0, T
such that

(i) nf u(X) = inf u(X)

i
X ER™'x]0,T XeM

for every positive parabolic function u on R™x]0, 7T in terms of coparabolic (minimal)
thinness of the set Ms = U(y,1)en BP((2, ), 6t), where § € (0,1) and BP((z,t),r) is the
“heat ball” with the “center” (z,t) and radius r. Examples of different types of sets
which can be used instead of “heat balls” are given.

It is proved that (i) is equivalent to the condition sup y cpn yp+ u(X) = supx ¢ s u(X)
for every bounded parabolic function on R” x Rt and hence to all equivalent conditions
given in the article [7].

The results provide a parabolic counterpart to results for classical harmonic functions
in a ball, see References.

Keywords: heat equation, parabolic function, Weierstrass kernel, set of determination,
Harnack inequality, coparabolic thinness, coparabolic minimal thinness, heat ball

Classification: 35K05, 35K15, 31B10

I. Preliminaries

In this paper the following notation is used: Small letters, such as z, y, will
denote points in R™; capital letters, such as X, points in R"*1, and ¢ denotes the
“time”. (We will write X = (z,¢) for + € R™ and ¢ € R.) The set R™ x {0} is
identified with R™, and, when there is no danger of confusion, the point (y,0) €
R™ x {0} is denoted by y. The Lebesgue measure in R™ will be denoted by \y,.

The Green function G is defined on R™ 1 by
_ 7)

4(t — s)
=0 for t < s.

G(X,Y) =G((x,1), (y,8)) = [4m(t — s)]_"/2 exp( for t > s;

The symbol B(x,r) denotes the closed ball centered at z € R™ with radius r.
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708 J. RanoSova

In this paper the following subsets of R"*1 will be of special interest:
Let X € R" x RT, X = (2,t) = (21,22,...,%n,t), 7 € RT, a,8,7 € RT,
v 28, a,beRT, § € RT.
Discs: D(X,r) =B(z,r) x {r};  Dxap= Bz, avt) x {8t}
Cylinders: C(X,r,[a,b]) = B(z,r) X [a,b];
CX,a,,Bp/ = B(x, O‘\/E) x [Bt, vt];

Parabolic balls: ~ BP(X,r) = {Z e R""!: G(X, Z) = (4xr)""/2} U {X};
B ;= BP(X, dt);

Coparabolic balls: B®P(X,r) = {Z e R"t1 : G(Z,X) = (4mr) ™2} U {X};
BY s = BP(X, 8t);

Intervals: I(X,r) = (z1 — 721 +7)%X .. X (T — 7y 20 +7) X (t—72,1);
IX,5 :I(X=6\/E)§

Paraboloids: P(X,a) ={(z,5) e R" L |z —y||? L a(s — 1)}
P(X,a,v) ={(z,8) e R" : ||z —y|? L a(s — 1)
and s <t +v};

Px 4,5 = P(X,a,dt).

Let T €]0,00], M C R"x]0,T[ and let a set Ax be associated with every
X € M. Then M4 will denote the set UxeprAx N (R™x]0,77). We will use the

obvious notation MDQ 59 Mca By MBg, Mng, MI& and Mpa 5

For M C R™*! the set {(y, s) € R"tL; (y, —s) € M} will be called the reflection
of M and denoted by M®©.

Let T €]0,00], M C R"x]0,7[ and Y € R™ x {0}. The set is coparabolic
minimal thin at Y, if and only if M is coparabolic thin at Y. (See section III.2.)
We will write M is coparabolic (minimal) thin.

Let 0 < T < oo. A point Y = (y,0) is called a parabolic limit of a sequence
{Xt}, X = (zg, tr), of points in R"x]0, T, if { X} converges to Y and

lim inf ¢4, ||z —y)| =2 >0
k—oo

(that is all X}, belong to some paraboloid of revolution with vertex Y and opening
upward).

Let M C R"x]0,T]. A point Y € R™ x {0} is called a parabolic limit point
of the set M, if there exists a sequence {Xj} such that every X, € M and Y is
a parabolic limit of {X}}.
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II. The main results

Theorem. Let 0 < T < 0o and M C R"x]0,T[. Then the following statements
are equivalent:

(1)

for all bounded parabolic functions v on R™x]0,T[;

inf  w(X)= inf u(X)
XER"x]0,T| XeM

. .
(&) xeaito &) = o uX)

for all positive parabolic functions u on R"x]0,T;

(iii) there exist o, 3,7 € RT, v > 3 such that
the set of points of R"™ x {0} at which M, ,  is (minimal) coparabolic thin
has Lebesgue measure zero;

(iv) for any a, 3,y e RT, v 2 8
the set of points of R"™ x {0} at which M, ,  is (minimal) coparabolic thin
has Lebesgue measure zero;

(v) the set of points of R™ x {0} which are not parabolic limit points of M
has Lebesgue measure zero;

(vi) there exists § € (0,1) such that
the set of points of R™ x {0} at which M BY is (minimal) coparabolic thin
has Lebesgue measure zero;

(vii) for any 6 € (0,1)
the set of points of R™ x {0} at which M pr s (minimal) coparabolic thin
has Lebesgue measure zero;

Remark 1. A set satisfying condition (i) will be called a set of determination.
Remark 2. The equivalence of (i), (ii), (v) and (vi) was announced in the abstract.

Remark 3. The “cylinder” conditions (iii) and (iv) include “disc” conditions,
because Cx o g~ = Dx g for =1.

Corollary. Conditions (ix)—(xiil) are equivalent to (i) from previous Theorem:
(ix) there exists 6 € RT such that

the set of points of R™ x {0} in which M Ber s (minimal) coparabolic thin

has Lebesgue measure zero;
(x) for any § € RT

the set of points of R™ x {0} at which M Ber Is (minimal) coparabolic thin

has Lebesgue measure zero;
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(xi) there exists 6 € (0,1) such that
the set of points of R™ x {0} at which M is (minimal) coparabolic thin
has Lebesgue measure zero;

(xii) for any 6 € (0,1)
the set of points of R™ x {0} at which My, is (minimal) coparabolic thin
has Lebesgue measure zero;

(xiii) there exist a,§ € RT such that
the set of points of R"™ x {0} at which Mp, , is (minimal) coparabolic thin
has Lebesgue measure zero;

(xiv) for any a,d € R
the set of points of R™ x {0} at which Mp_ is (minimal) coparabolic thin
has Lebesgue measure zero.

In Part III, results from parabolic and coparabolic potential theory needed in
this paper are summarized.

The proof of Theorem is given in Part IV. First equivalence of (i), (i), (iii),
(iv) and (v) for o, 3,7 € RT, v = g and 8 > 1 will be proved.

The implications (ii) = (i) and (iv) = (iii) are trivial. The equivalence (i) <
(v) was established in [7] for T = co. But any bounded parabolic function u on
R"™x]0,T[ is a restriction of a bounded parabolic function on R"™ x R and for

any u parabolic on R x RT: inf  w(X)= inf  u(X) (both assertions
XEeRPXRT XeR™x]0,T

follow immediately from Theorem III.1), so (i) < (v) is true on R™x]0, T as well.
We will prove (iii) = (ii) and (v) = (iv).

Then the assumption 3 > 1 will be removed and in the end the rest of Theorem
and Corollary will be proved.
ITI. Parabolic and coparabolic potential theory
1. The case of R"1,

Parabolic and coparabolic function (see [4, p.263]).
A real function u on an open set D C R™*! having continuous partial deriva-

tives % and % for i = 1,...,n, and satisfying the equation
ou " 5%y ou " 0%y
ot Z 92 (resp. ot _Z 92 )
=1 z 1=1 ?

on D is called parabolic (resp. coparabolic) on D.

A function (x,t) — wu(z,t) is coparabolic on D, if and only if the function
(x,t) — u(z, —t) is parabolic on D°.
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The Green function of R"*! (see [4, p.266]) .
Let b be a function on R**1 defined as

_lal?

i ) for ¢t > 0,

bz, t) = (4mt) ™2 exp(
=0 for t £ 0.

The Green function G is defined on R*+1 x R**1 by

G(X,Y) =G((x,t),(y,s)) = blx —y,t — s).

The function G(.,Y) is the Green function with pole Y for the heat equation.
This function is positive, parabolic on R"*1\{Y'} and vanishes below Y and the
limit at the point oo is zero.

The function G(X, .) is the Green function with pole X for the adjoint equation.
This function is positive, coparabolic on R"*1\{X} and vanishes above X and
the limit at the point co is zero.

If 11 is a measure on R™ 1 the functions Gy and G defined by

Gu(X) = / G(X,Y)du(Y) and uG(Y) = / G(X,Y)du(X)
R+1 R+1

will be called potential and copotential on R™1, respectively.

The Green function of an interval (see [4, p.272]).
Let
I =(a1,b1) x (a2,b2) X -+ X (an,bn) x (t1,t2)

and c¢j = b; — a;.
The Green function Gy is defined by

n

o
Grx, V) =[] D b(2ic; —zj +yj,t — s) — b(2ic; + 2a; — x5 — y;,t — 5)]
j=li=—o0

for X = (x1,z2,...,2n,t) and Y = (y1,¥2,...,Yn,s) and —oo < t; <t < tg < o0.

Parabolic measure for an interval (see [4, p.273]).
Let X € I, uj(X,.) be supported by the part of OI strictly below X:
- on the lower boundary uy(X,.) is absolutely continuous relative to A, with

continuous density
Y — Gr(X,Y);
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- on the part of the lateral boundary with jth coordinate b;

0
Y - —G(X.Y):
a0, 1(X,Y);

- on the part of the lateral boundary with jth coordinate a;

0
Y - —Gr(X,Y).
8y] I( ) )

Parabolic averages (see [4, p.275]).
Let X € R"*! and § > 0. Recall that

I(X,0) = (x1 — 0,21 + 0) X (w2 — 8,22 +8) X -+ X (xn — &, Tp + ) x (t — 52, 1).
If u is a Borel measurable function on 9I(X, ), we define
L(u, X, 6) = py(x,6)(X,u).
If u is a parabolic function on D and I(X,d) C D, then

u(X) = L(u, X, 9).

Superparabolic, subparabolic, cosuperparabolic and cosubparabolic
functions (see [4, p.277]).
A function u from an open set D into | — 0o, 00| is called superparabolic if

(a) u is lower semicontinuous;
(b) w is finite on a dense subset of D;
(c) u(X) = L(u, X, 0) if I(X,d) C D.

A subparabolic function is defined as the negative of a superparabolic function.

A cosuperparabolic (resp. cosubparabolic) function is defined as a function on
an open set D for which the function (z,t) — wu(z, —t) is superparabolic (resp.
subparabolic) on D®.

Let u be a function defined on D. The greatest subparabolic minorant, if
there is one, is denoted by GMpu. If u is a superparabolic function which has a
subparabolic minorant, then GMpu exists and is parabolic. (See [4, p.295].)
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The Green function of an open set D (see [4, p.298]).
Let D be a nonempty open subset of R"*1 and Y a point of D. The parabolic
Green function with pole Y is defined on D by

Gp(,Y)=G(,Y) - GMpG(.,Y).

The function Gp(.,Y) is positive and superparabolic on D, parabolic on D\{Y}
and differs from G(.,Y’) by a continuous function and GMpGp(.,Y) = 0.

The Riesz decomposition (see [4, p.305]).

Let D be a nonempty open subset of R"t1. If v is a superparabolic function on
D which has a subparabolic minorant on D, then there exist a parabolic function
u on D and a measure y on D such that v = Gpu 4+ w on D.

Parabolic reduction operation (see [4, p.310]) .

Let D be an open subset of R"*! and M C D. Let v be a positive super-
parabolic (resp. cosuperparabolic) function on D.

The superparabolic (resp. cosuperparabolic) reduction of v on M is defined as

R{,V[ = inf{u;u is positive superparabolic function on D,u = v on M };
(resp.* RM = inf{u;u is positive cosuperparabolic function on D, u = v on M}).
The smooth reduction |[v]|™ (z,t) (resp. *||v||™ (z,t)) is defined by
lol™ (2, t) = limint R} (y,s);
y78 _)(x7t)
(resp.*||o|M (x,t) = liminf *RM(y, s)).

(y,8)—(z,t)

If the set D is not specified it is supposed that D = R"**+1,
Theorem. Let M C R""1 G be the Green function. Then

G IMY) = G IM ).

The common value will be denoted by GM (X,Y).
If yu is a measure on R" 1, then

IGul™ =GYu and  |uG|M = pGM.

PROOF: (See [4, p.342].) O
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Parabolic and coparabolic thinness (see [4, p. 346]).
A set M C R™1 is said to be parabolic (resp. coparabolic) thin at X (resp.
at Y), if
GM(X,.) # G(X,.) on the set {G(X,.) > 0};

(resp. GM(.,Y) # G(.,Y) on the set {G(.,Y) > 0}).

This definition is equivalent to the “usual” definition of parabolic and co-
parabolic thinness. (See [4, p.346].)

Parabolic (resp. coparabolic) thinness is a local property. It means: Let r €
RT. A set M is parabolic (resp. coparabolic) thin at X, if and only if M NB(X,r)
is parabolic (resp. coparabolic) thin at X.

It is clear that the set M C R™ 1 is parabolic thin at X = (z,t), if and only if
MP® is coparabolic thin at (x, —t).

2. The case of the slab.

Let 0 < T < oo. The Green function for a slab R"™x]0, T is the restriction of
G to (R"x]0,T[) x (R™x]0,T]).
The Weierstrass kernel for R"x]0, T'[ with the pole at y in R™ is given by

_ 12
p(X.y) = (amt) /2 exp(~ 1200
where X = (x,t) € R"x]0,T7.
Clear1y7 p(Xu y) = b(.’L’ - Y, t) = G(X, (y7 0))
Theorem 1. A function u on R"™x]0, T is a difference of two positive parabolic
functions, if and only if there is a signed measure p,, on R"™ for which

2
/ exp(— 1) 1,0 ) < o0

41
R”
for all t €]0,T[ and

u(X) = [ pX0) (o), X € R0, 7
RTL
The map u — ., is a one-to-one linear order-preserving map from the class of
parabolic functions satisfying these conditions onto the vector lattice of charges

on R"™ satisfying the above inequality.
The function u is bounded, if and only if there exists fy, € Loo(R"™) such that

Hu = ful.
PROOF: (See [4, p.290].) O



Characterization of sets of determination

From this theorem inf u(X) = essinf for any bounded parabolic
xeato (X) ssin fu(y) y P

function v on R™x]0,T7.

Coparabolic minimal thinness on R"x]0,T7.
Let M C R"x]0,T[, Y € R™ x {0}. The set M is said to be coparabolic
minimal thin at Y, if

IpC )™ # p(.,y) on the set {p(.,y) > 0}.
(Compare [4, p.378].)

The reduction is, of course, taken with respect to D = R™x]0,T[. But:

The restriction of any function superparabolic on R**1 to R™ x]0, T is super-
parabolic on R"x]0,T7.

If v is a positive function superparabolic on R"x]0,T[, there exists a positive
parabolic function u on R"x]0,T[ and a measure p on R™x]0, 7 such that

V= GRnX}QT[,UJ + u on RnX]O,T[

But knowing that Grnyo [ = G and p(X,y) = G(X, (y,0) on R"x]0,T[ and
using the representation of u guaranteed by previous Theorem, we have

v = Gu+ Gy on R"x]0,T.

The function Gy + Gy is a positive superparabolic function on R? 11,
So the reduction can be taken with respect to R**1.
As p(.,y) = G(.,Y), we have for any M C R"x]0,T:

I )M = IGCIM = GM(,Y).

It means that if M C R” x RT and Y € R™ x {0}, M is coparabolic thin at Y, if
and only if M N (R™x]0,TY) is coparabolic minimal thin at Y. So we will write
M is coparabolic (minimal) thin at Y.

Theorem 2. Let M C R™ x RT. If the set of points of R" x {0} at which M is
coparabolic (minimal) thin has Lebesgue measure equal to zero, then ||1||M =1
on R" x RY.

PrOOF: We have 1 = [ p(X,y)d\(y) on R™ x RT and
R?’L
1M = /p(X7 y) )M = | / G(X,Y)dAY)M = |GAIM = GMA
Rn Rn+1
on R" x RY.

Because GM(.,Y) = G(.,Y) on R” x RT for A-almost all Y we have GM ) =
GA=1onR" x RT. O

715
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Theorem 3 (Harnack inequality). Let n € N. Then there exists a constant cgy
such that for any T €]0, 00| and any (x1,t1), (x32,t2) belonging to R™x]0, T'[ such
that to > t1 and for any positive parabolic function v on R™x]0,T|

llzg ==z |l 5\ CH
uw(z1,t1) S ’U/((E2,t2)'eCH( o=, TL) (i) '

PROOF: (See [6, p.104].) O
3. Parabolic capacity.

Let K C R™*! be a compact set. The parabolic capacity of K is defined by
Y(K) = sup{p(R"1); p € MT(K),Gu £ 1 in R"H1},

where M™(K) is the set of Borel measures supported by K.
Let M c R™*1 be an arbitrary set. Then

Y% (M) = sup{y(K); K C M, K compact}
is called the inner parabolic capacity of M and
(M) = inf{7%(G); G D M,G open}

the outer parabolic capacity of M.
Lemma 1. Let F be a Borel subset of R"T1, ty € R. Then

V(I x {to}) = An(F).

PROOF: See [8, p. 355]. O
Theorem. Let M C Rt Y € R*"". Then M is parabolic thin at Y, if and
only if

1
/7*(M NBP(Y,r))r~ 2 dr < oo.
0

PROOF: See [3, p.99]. O

From this and from what was said about the relation between parabolic and
coparabolic thinness and the relation between coparabolic minimal thinness on
R™x]0, T and coparabolic thinness on R"*1 follows:
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Theorem 4. Let M C R® x RT and Y € R"™ x {0}. Then M is coparabolic
(minimal) thin at Y, if and only if
1
/W*(Me NBP(Y,r))r~ 2 dr < oo.
0
4. Geometrical properties of the heat ball, the coparabolic ball
and the paraboloid.

Lemma 2. Let X € Rl r e RT.

Then
BP(X,r) Cc C(X, @ﬁ, [t,t —7]);
BP(X,r) > Dt = )\ [ 2 Vi),
and

B?(X,r) Cc C(X, \/?\/1_", [t,t+ 7]);
BP(X,r) > D((x,t + £)= 2?”%).

Lemma 3. Leta € R, then there exists a number a1 such that for all X € R™+1,
r € RT and v < ayr is P(X,a,v) C BP(X,r).
Lemma 4. Let aj,a,3 € RT.

Then there exists a number as such that for any Y € R"! and for any
X € P(Y,c1), X #Y, the disc Dx g is a subset of P(Y, a).

Proofs of these lemmas are elementary.

IV. Proof of Theorem

1. In this part it will be proved that (iii) = (ii) for 3 > 1.

Theorem 1. Let n € N, o, 3,7 € Rt and v = 8 > 1. Then there exists a
positive constant ¢ such that for every T €]0,00] and M C R"x]0,T[, and for
every positive parabolic function u on R™x]0,T7,

inf  wX)zc in?\/lu(X).

)(61\4caﬁw Xe

ProOOF: Let M C R"x]0,7[ and X = (z,t), X € M. Since 8 > 1, T = ~t =
s 2 Bt > t whenever (y,s) € Cx o8, N (R"x]0,T), we have by the Harnack
inequality:

CH(”y;sz'i‘l) f CH >
u(y, s).e t . (t) = u(z,t).
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Using the fact that y¢ = s > 8t and ||y — z|| < o/t we arrive at

a2 CH
u(y,s).ecH(ﬁtfjt—i_l). <lt> 2 u(z,t)

t
or
i 1)
u(y, ). FTHY gen > (e 1),
thus )
uly,s) = e M ymeny (g ).
From here the theorem immediately follows. (Il

Theorem 2. Let 0 < T < oo and M C R"x]0,T[ for which there exist a, 3,y €
RT, v = B3 > 1 such that the set of points of R™ x {0} at which Mc, ;. Is
(minimal) coparabolic thin has Lebesgue measure zero.

Then there exists a constant ¢ depending only on «, 3,~,n such that

inf  w(X)2Zc inf u(X)
XERx]0,T XeM

for all positive parabolic functions v on R™x]0,T'[.

Proo¥F: This theorem is obtained by combining the previous Theorem and The-
orem III.2.
O

Theorem 3. Let 0 < T < oo and M C R"x]0,T[. Then the following statements
are equivalent:
(i)
inf  w(X)= inf u(X)
XER™x]0,T XeM
for all positive parabolic functions u on R™x]0,T'[;

(ii) there exists ¢ > 0 such that

inf u(X) 2 ¢ inf u(X)
XERmx]0,T] XeM

for all positive parabolic functions v on R™x]0,T'[.

PRrROOF: (i) = (ii) is clear, put ¢ = 1.
(if) = (i) Let us suppose that there exists a set M satisfying (ii), but not (i).
Then c in (ii) belongs to (0,1).

Let u be a positive parabolic function for which (i) is not true.

Denote inf w(X)=e¢ and inf u(X)=eco.
XeRmx]0,T] XeM
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We suppose that ca > ¢1 2 c.co. Let € be a positive number and v(X) =
u(X) —c1 + ¢ for X € R"x]0,T7.
Then v is a positive parabolic function and

inf v(X)=c—c1+e=¢, and inf v(X)=co—c1 +e¢.
XeR™x]0,T| (X) ! ! XeM (X) 2 !

It follows from (ii) that € = ¢(cg —c1 +¢) for every e > 0, which is a contradiction.
(]

Theorem 4. Let 0 < T < oo and M C R"x]0,T[ for which there exist a, 3,7 €
RT, v = B > 1 such that the set of points of R™ x {0} at which Me, , . is
(minimal) coparabolic thin has Lebesgue measure zero.
Then
inf  w(X)= inf u(X)
XeRmx]0,T] XeM
for all positive parabolic functions u on R™x]0, T'[.
PrOOF: The result is obtained by combining two previous Theorems. (|

The implication (iii) = (ii) is proved.

2. In this part the implication (v) = (iv) will be proved.

Lemma 1. Let {ak}zozo be a decreasing sequence of strictly positive numbers
with limit zero.

Then
> @
S ) -
=1 k1
PROOF: The infinite product [[3; a’zf - obviously diverges to 0. Consequently,

the above sum diverges. O

Theorem 5. Let 0 < T < oo and M C R"x]0,T[,Y € R" x {0} and o, 3 € RT.
If Y is a parabolic limit point of M, then M Da.g is not coparabolic (minimal)
thin at Y.

PROOF: Theorem III.4 will be used and so we are interested in the set Mg 5 N
BP(Y,r), which is clearly equal to the set (Mp,, , N BP(Y, 7)°.

Let a; € RT and {X}}2°, be a sequence of points of M for which
X = (wp, ), lim ap =y, lim £ =0, |lzp -yl = arty.
k—o0 k—o0

We can suppose that | 0.



720

J. RanoSova

By Lemma II1.4, there exists a constant as € RT depending on a1, a, 3 such
that Dx, o g is a subset of P(Y,ag) for all Xj.

Having ag, there exists, by Lemma III.3, a positive constant ag, such that
P(Y,az,v) C B(Y,r) for all v < agr.

Now it is clear that Dx, o g C BP(Y,r) for all X}, = (xy, 1) satisfying St <
azr. Let us denote r, = a%tk- Without loss of generality we can suppose that
r1 £ 1 and put rg = 1. Of course, 74, | 0.

Now we have that Dx, o g C B (y,r) for all & € N such that r = 7.

For r €]ry, ri—1] let us take instead of Mp_ , N BP(Y,r) its subset Dx, g
Then

1 1
/7*(M§aﬁ NBP(Y,r)r~ 2 tdr = /7*((MDQ7B N BP(Y,r)2)r~ 2 Ldr =
0 0

0o Tk-1
S / “(Mp, , 0 BP(Y,r)C)r~ 3 1dr 2 Z / DY 3 dr
k=1 y, k=1 .
0 2 Th_ 0 n n
e -2 3 _ .2
> 7 (D%, ap) {‘57" 2} Z DS, a8k =12
k=1 Tk k=1

Let x denote the volume of the unit ball in R™. Since DXk ap = Bl@g, /i) x
{—pt;}, Lemma II1.1. yields

’Y*(DXk,a,ﬁ) = M(B(zp, an/ty)) = Aa”tk

and this is equal to ma"(%)%m

[SIE]

n
Denoting a4 = ﬁa"(%)ﬁ we arrive at

n
2,

(D‘%k e IB) a4’

So the series is equal to

—a4Zrk % % :—a4z (1—¢( )2)

T Tp—1 Tkl

and by Lemma 1 its sum is equal to oo, finishing the proof. ([l

The implication (v) = (iv) immediately follows from this theorem.
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3. So far we have proved the equivalence of (i), (ii), (iii), (iv), (v)
for > 1. Now this condition will be removed.

Let 0 < T £ oo and M C R"x]0,T[, d € RT and
M) ={(y,s) e R"x]0,T[;ex. (x,t) € M,z =y,s =d.t}.

Let X = (z,t), X € R” x RT. We denote X (d) the point (z,d.t).

Lemma 2. Let 0 < T < oo and M C R"x]0,T[, d € R*, Y € R" x {0}. The
point Y is a parabolic limit point of the set M if and only if Y is a parabolic
limit point of M (d).

PROOF: Let Y be a parabolic limit point of M. Then there exist ¢ € Rt and
{ X132 such that

Xy = (zg, tp) € M, lim ¢, =0, and [lzg, —y|| < cty.
—0Q0
There exist kg such that for all k > kg is dty, < T and so X(d) € M(d).

And lim dt) =d lim t;, =0, so lim X;(d) =Y and |z} — y|| £ <.d.t}.
k—o0 k—o0 d

k—oo

Thus Y is a parabolic limit of {X(d)}}2, and thus a parabolic limit point of
M(d).

As M(d)(é) C M, the opposite is true. O

Remark. From this lemma and Theorem (v) it follows that M is a set of deter-
mination if and only if M (d) is a set of determination.

Lemma 3. Let X € R" x RT, X ¢ R® x RT, a, 3,7,d € RT. Then

and MC = M(d)c

«,

Cxa,8y = Cx(d),a,g,

SRS

o, B,y

al®
a2

PROOF: A straightforward calculation. (]

Now we will remove the condition 5 > 1:
Let o, 8,y € RT,v > 3 > 0.

Using Remark to Lemma 2 we have the equivalence of these conditions:
(i) M is a set of determination;

(i1) there exists 3 € R such that M(g) is a set of determination;

(ig) for any 8 € RT, M(g) is a set of determination.
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Now we will use the equivalence of (i), (iii) and (iv) of Theorem for
M (g)c Iy (2 > 1.) From the equivalence of (i) and (iii) it follows that
22

(i1) is equivalent with (ii1) and from the equivalence of (i) and (iv) it follows that
(i2) is equivalent with (iip):

(ii1) There exist «, 3,y € RT, v > 3 such that
the set of points of R™ x {0} at which M(g)c

by 18 (minimal) coparabolic thin
Qo B

has Lebesgue measure zero;
(i) for any o, 3,y € R*,y 2 3

the set of points of R x {0} at which M(%)C b 18 (minimal) coparabolic thin

B
has Lebesgue measure zero.

From Lemma 3 we have

g

§)Ca,2,2%'

M, = M(

o, B,y

Using this equality, (ii;) and (ii2) can be formulated in this way:

(iii) There exist a, 3,7 € RT, v = 3 such that
the set of points of R" x {0} at which M¢,, ,_ is (minimal) coparabolic thin has
Lebesgue measure zero;

(iv) for any o, 8,7 € RT, v = 8
the set of points of R" x {0} at which M¢,, , _ is (minimal) coparabolic thin has
Lebesgue measure zero.

The condition 8 > 1 was removed. The equivalence of (i), (i), (iii), (iv) and
(v) is proved.

4. In this part the rest of Theorem and Corollary will be proved.

Lemma 4. Let 0 < T < oo and M C R"x]0,7T[ and a1, B1,71, @2, 32 € RT and
let with every point of M a set Ax be associated such that

DX,O!2752 CAx C CX,al,ﬁl,’h'

Then M is a set of determination if and only if the set of points of R™ x {0} at
which M 4 is (minimal) coparabolic thin has Lebesgue measure zero.

PROOF: Let M be a set of determination. Then by Theorem (iv), the set of
points of R™ x {0} at which M Dy, 18 (minimal) coparabolic thin has Lebesgue
measure zero. From M4 D M Doy s the assertion of the lemma follows.

If the set of points of R™ x {0} at which M4 is (minimal) coparabolic thin
has Lebesgue measure zero, then the same is true for Mcoqﬁlm (because M4 C
and by Theorem (iii) the converse implication of this lemma follows.

O

Mcalﬁlm)
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PROOF OF THEOREM (V), (vI) AND COROLLARY:
Using Lemma II1.2 we have

D cBY .cC :
X, /228,12 X,6 X,\/228,1-6,1

and D cB?.ccC .
X,y /226,148 X,6 X,/ 26,1146

Similar properties are true for the paraboloid and the interval:

Dy 5146 C Pxa6 CCx /511455
and DX,(S,l C IX,(S C CX,6,1—62,1'

From here and from previous lemma, Theorem (v), (vi) and Corollary imme-
diately follow.
O

Added in the proof. After having submitted the paper I found out that Theo-
rem 5 is a known result, see Proposition 3.1 in Mair B.: Fine and parabolic limits
for solutions of second order linear parabolic equations on an infinite slab, Trans.
Amer. Math. Soc. 284 (1984), 583-599.

Theorem 5 is a consequence of Corollary 2 in Netuka I.: Thinnesss and the
heat equation, Casopis Pést. Mat. 99 (1974), 293-299, as well.
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