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Connected transversals to subnormal subgroups

TomAS KEPKA, JON D. PHILLIPS

Abstract. Subnormal subgroups possessing connected transversals are briefly discussed.
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In [8] J.D.H. Smith introduced the notion of a stably nilpotent quasigroup,
showing that a quasigroup @ is stably nilpotent if and only if the inner permu-
tation groups of @) are subnormal in the multiplication group of (). Generalizing
this for abstract groups, we come by groups which are, in a certain sense, rela-
tively nilpotent with respect to a subgroup. The present short note collects some
basic information on such groups.

1. Preliminaries

1.1. Let H be a subgroup of a group G. Than Lg(H) denotes the core and
Ng(H) the normalizer of H in G. Further, Ngo(H) = H and Ng p41(H) =
Ng(Ng,n(H)) for every n > 0.

The subgroup H is said to be subnormal of depth at most n > 0 in G if there
are subgroups Hg, Hy, ..., H, of G such that Hy = H, and H,, = G and H; is
normal in H;yj for every 0 <i <n —1.

1.2. Let G be a group. For n > 0, Z,(G) denotes the nth member of the usual
central series. That is, Zo(G) = 1, and Zp,+1(G)/Zn(G) = Z(G/Zn(G)).

Now, let H be a subgroup of G. We define two series of normal subgroups of G:
Zi0(G) = 231 o(G) = La(H), Ziy (@) € Ziy ,1(G) and Zp 1 (G)/Zp (G
= 2(G/Zun(G)); Zan1(G) = La(H - Zy 4 (G)).

1.3 Remark. (i) A subgroup H is subnormal of depth at most n > 0 in a
group G, provided that Ng ,,(H) = G. The converse is not true in general (see,
e.g., 4.1).

(ii) If G is a finite group, then subnormal subgroups form a sublattice in the
lattice of all subgroups of G (see, e.g., [6, Theorem 6.5]). This is not true in
general ([7, §13.1, p.375]), albeit subnormal subgroups of arbitrary (i.e., even
infinite) groups are closed under finite intersections.

223



224 T. Kepka, J.D. Phillips

2. Technical results

2.1 Lemma. Let H be a subgroup of a group G. Then:
(i) LG(H) Zpo(G) € Zpa(G) € Zpa(G) S ... ;
(i) La(H) = Z31o(G) € Z3,(G) € Zi5(@) C . ;
(iii) Zpn(G) C Z}k{n+1(G) C ZH,n+1(G) C ZHn+2(G) C ... for everyn > 0;
(iv) Zpn(G) € Lg(Ngn(H)) for every n > 0.

PROOF: The first three assertions are clear from definition 1.2, (iv) is clear for
n = 0, and we shall proceed further by induction.

Let f: G —G=G/Zyny(G), g:G — G = G/LG(Ngn(H)) and h: G — G
denote the natural projections, g = hf. Then Z}; . (G) = f1(z(@)) c
97'(2(G)) = K, HK C Ngn(H)K C Ng(Ngn(H)) = Ngny1(H) and

Zan+1(G) = La(H - Z ,, 1(G)) € La(HK) € La(Ngnt1(H))- O
2.2 Lemma. Let H C K C G be subgroups of a group G. Then Zy ,(G) C
Zk n(G) and Z3;  (G) C Z3. (G) for every n > 0.

PRrROOF: By induction on n (see the proof of 2.1 (iv)). O
2.3 Lemma. Let H be a subgroup of a group G. Then Z,(G) C Z}; . (G) C
Zp n(G) for every n > 0.

Proor: Clearly, Zn(G) C Z7,,(G) € Z1,n(G) and we can use 2.2. O

2.4 Lemma. Let H be a subgroup of a group G. Then:

(i) Zuo(G) =G iff H = G;
()ZHI() Giff G'"CH;

(iii) ZHn( ) =G forn=0iff G=H-Zy , (G);

(iv) if G is nilpotent of class at most n > 0, then Zp ,,(G) = G;

(v) if Zpn(G) = G forn >0, then Ng,n(H) =G (and hence H is subnormal

of depth at most n in G).
PROOF: The first assertions are easy, (iv) follows from 2.3, and (v) follows from
2.1 (iv). O

2.5 Lemma. Let H be a subgroup of a group G such the L (H) = 1. Then:
() Z§1(G) = Z(G) and Zp 1 (G) = La(HZ(G));
(i) Zg1(G) = G iff G is abelian;
(iii) Zpo(G) =G it G- C HZ(G).

Proor: Obvious. O
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2.6 Lemma. Let H be a subgroup of a group G. Then:
() HZgn(G) = HZ}; , (G) for every n > 0;
(ii) if K is a subgroup conjugate to H, then Zg ,(G) = Zf (G) and Z}k{m =
Z3 ,(G) for every n > 0.

PROOF: The assertions follow easily from definition 1.2. O
2.7 Proposition. Let H be a subgroup of a group G. The following conditions
are equivalent for n > 1:

() 2, (G):G;

(Efll) G’ CHZHn 1
PRrROOF: (i) implies (ii) by 2.1 (iii); (ii) implies (iii) and (v) implies (vi) trivially;
(iii) implies (iv) and (vi) implies (vii) by 2.6 (i).

We now show (iv) implies (v). Put N = Zp ,_1(G). We have G = G/N =
HZy ,(G)/N = HZ(G), and hence (G)’ C H, G° € HN = HZj,1(G)
and N = Lg(HZp,,_(G)) = HZ};,,_1(G). Consequently G C N. Finally,
we show (vii) implies (i). Since G* C HZj, (G), we have Zp, 1(G) =
HZppn1(G),G" € Zyp—1(G) and Zj; , (G) = G (see 1.2). O
2.8. Let H be a subgroup of a group G, n > 0, N = Zp ,(G), N* = Z}k{’n(G),
G=G/N,and H= HN/N C G.

(i) HN = HN*, N = Lg(HN*) = Lg(HN) and this implies that Lg(H) =
land H=H/HNN.

() Zir (OV/N = 2(C) = 2, ©@). Zut1(G) = L(H - Zi . ,(G)) and

Zhpn+1(G)/N = Lg(HZ(G)) = Zg 1 (G).
(il)) Z37pqm(G)/N = Z*ﬁmz( and Zp pim(G)/N = Zﬁ,m(a) for every
m > 1.

2.9. Let H be a subgroup of a group G. Put H,, = HN Z ,,(G) for every n > 0.
Then Lo(H) = Hyo C H1 C Hy C ... and Hj, is normal in G.
2.10 Lemma. Let H be a subgroup of a group G such that Lg(H) =1 and let
a =[G : HZ(G)]. Then:
(i) Zu1(G) = Lg(HZ(G)) can be embedded into the Cartesian product of
a copies of Z(G);
(i) Zg,1(G) is an abelian group;
(iii) Hi (see 2.9) can be embedded into the Cartesian product of o — 1 copies
of Z(G) (a — 1 = « for « infinite).
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PrOOF: Put N = Zp1(G). For every v € G, N = N* = Lqg(H* - Z(G)),
H*NZ(G) C Lg(H*)=Lg(H) =1, H* - Z(G) is the direct product of H* and
Z(@G) and consequently the restriction f of the natural projection H* - Z(G) —
Z(@G) to N is a homomorphism of N onto Z(G) (we have Z(G) C N).
Now, let A be a right transversal to HZ(G) in G such that 1 € A. Define a
homomorphism f: N — 1(;IZ(G) by f(u) = le'IAfa(u), u€ N. Ifu € Ker(f), then
a

aua~1 € H for every a € A. Consequently, v € H and if z € G, z = zva, a € A,

v € H, z € Z(G), then zuz™! = zvaua w1271 = vaua=lv™! € H. Thus

u € Lg(H) =1 and we have proved that f is injective. Finally, for g = 1;[1 fa we
a

get Ker(g) N H =1, and hence g|H is injective. O

2.11 Proposition. Let H be a subgroup of a group G and let oy, = [G : H -
ZHm+1(G)] foreveryn > 0. Then Zyg ,41(G)/Z 1,5 (G) is an abelian group which
can be embedded into the Cartesian product of ay, copies of Z(G/Zp ,(G)) =

25101 (G) 2110 (G).
PRrROOF: The result follows by an easy combination of 2.10 and 2.8 (i),(ii). O

2.12 Corollary. Let H be a subgroup of a group G such that Zy ,(G) = G for
some n > 0. If H is soluble of derived length m > 0, then G is also soluble and
its derived length is at most n + m.

2.13 Lemma. Let H be a subgroup of a group G such that Zg5(G) = G. Then
H C Lg(H).

PRrOOF: By 2.10, H/Lg(H) is abelian. O

2.14 Proposition. Let H be a subgroup of a finite group G such that [G : H]
is a power of a prime p and Lg(H) is a p-group. Then G = Zy ,(G) for some
n > 0 iff G is a p-group.

ProoOF: If G is a p-group, then G is nilpotent and our result follows from 2.3.
Now assume that Zp ,(G) = G. We shall proceed by induction on card(G).
Further, considering the factor G/Lg(H), we can restrict ourselves to the case
Lo(H)=1. Then HNZ(G) =1, [HZ(G) : H] = card(Z(G)), and hence Z(G)
is a p-group. From this, N = Zp 1(G) is a p-group by 2.10(i). Since N # 1
(otherwise G = 1), G/N is a p-group by induction. O
2.15. Let H be a subgroup of a group G such that G/Zg ,,(G) is a two element
group for some n > 0.

(i) If n = 0, then G/Lg(H) is a two element group, which means that H is
normal and of index 2 in G.

(ii) Assume that n > 1. Clearly, Zp n11(G) = Zf,,,1(G) = G and G* C
Zun(G) = H -7} ,(G). Put N = Zgn_1(G), G = G/N and G =

HN/N = HZ},,_\(G)/La(HZ};, _1(G)). We have Lg(H)=1, Z(G) =
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Z} o (G)/N, (G) € Zyp(G)/N = H-Z(G) and G/HZ(G)=G/ Zy n(G),
so that G/H Z(G) is a two element group.

(iii) Assume that n = 1 and that Lg(H) = 1 (cf. (ii)). Then Zy(G) =
Zy2(G) and G € Zp1(G) = HZ(G). Take w € G — HZ(G) and put
W = Z(G) UwZ(G). Then w? = uz for suitable v € H, z € Z and
wluw = wlw?2 7w = u. This implies that u € Lg(H) = 1, so that
w? € Z(G) and we see that W is an abelian subgroup of G,W N H = 1
and G=HW.

3. Connected transversals to subnormal subgroups

3.1. In this section, let H be a subgroup of a group G such that there exist
H-connected transversals A, B to H in G (i.e., A, B are left transversals and
[A,B] C H).
3.2 Lemma.

(i) HZgn(G) = HZ}; ,(G) = Ng,n(H) for every n > 0.

(i) Zpn(G) = La(Ne o (H)) for every n > 0.

PRrOOF: This is clear for n = 0 and we shall proceed by induction on n.

Put N = Zp ,,(G) and consider the factors G = G/N and H = HN/N. Then
Lé(ﬁ) =1, and so Né(ﬁ) = HZ(G) by [3, Proposition 2.7]. This implies that
NG(HN) = HZj;,, . 1(G). However, HN = Ng »(H) by the induction and we
have Ng nt1(H) = HZy; ,(G) = HZ 5 (G) (2.6 (ii)). The rest is clear. O

3.3 Proposition. The following conditions are equivalent for n > 1:
(i) Zun(G) =G;

)
)
(iv) Hp—1 = H (see 2.9);
) H is subnormal of depth at most n in G;
)

(vil) Ng(H) is subnormal of depth at most n — 1 in G.

PROOF: (i) implies (ii) by 2.7 (ii),(vi) (in fact, G € HZp ,_1(G)); (ii) implies
(iii), since Zp1 5, —1(G) = La(H Z 1 n—1(G)); (iii) implies (iv) trivially; (iv) implies
(ii), since Zg ,—1(G) = Lg(HZ g 5,—1(G)); (i) implies (vi) by 2.1 (iv); (vi) implies
(vii) and (vii) implies (v) trivially; (vi) implies (i) by 3.2 (ii).

We now show (ii) implies (i). The existence of H-connected transversals easily
yields that G* € HZp ,,—1(G) (consider the factor G/Zf ,—1(G)), and the result
follows from 2.7.

We proceed by induction on n to show (v) implies (vi). If n = 1, then H is
normal in G and (vi) is clear. Let n > 2 and let L(H) = 1 (considering the factor
G/Lg(H), we can restrict ourselves to this case). There is a subgroup K of G such
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that H is a normal subgroup of K and K is subnormal of depth at most n—1in G.
Put L = Lg(K), G =G/Land K = K/L. Then L(K) =1 and K is subnormal
of depth at most n—1 in G. Consequently, N@,n—l(K) =G and Ng ,—1(K) = G.
On the other hand, K C Ng(H) = HZ(G) ([3, Proposition 2.7]), and hence
Ng(H) = KZ(G) is normal in N (K). We have proved that Ng(H) is subnormal
of depth at most n — 1 in G. Using the induction hypothesis again (for Ng(H)),
we get Ng n(H) = Ngn—1(Na(H)) = G. O
3.4 Proposition. Suppose that G = (A, B) and that G/Zp ,(G) is a two ele-
ment group for some n > 0. Then n = 0 and H is a normal subgroup of index 2
inG.

PRrROOF: Assume on the contrary, n > 1. With respect to 2.15, we can in fact
assume that n = 1 and Lg(H) = 1. Then Zy1(G) = HZ(G) and HN Z(G) = 1.
By [1, Lemma 1.4], Z(G) C ANB. Now,let a € Aand z € Z(G). Then az = bu for
someb e Aandu € H. We haveu = b~ 1az and ¢ luc = ¢ 1o 1eb- b e tac 2 =
¢ eb-b~taz-a" ¢ lac € H for every ¢ € B. This shows that u € Lg(H) = 1
and az = b € A. Now, since [G : HZ(G)] = 2, it is clear that A = Z(G) UaZ(G)
for each a € A—Z(G). Quite similarly, B = Z(G)UbZ(G) for each b € B—Z(G).
In particular, both A and B are abelian subgroups of G (see 2.15 (iii)).

Finally, let a« € A. Then a~'b € H for some b € B and, for every ¢ €

B,cta tbe = ¢ lalca- a7 b € H. Thus a= b € Lg(H) =1and a = b € B.
We have proved that A = B and consequently G = (A, B) = A is an abelian
group, H =1, Zy 1(G) = G and G/Zp 1(G) is trivial, a contradiction. O
3.5 Lemma. Suppose that Lg(H) = 1, H is not abelian, every proper factor
group of H is cyclic and that G = (A, B). Then Z ,(G) # G for every n > 0,
i.e., H is not subnormal in G (see 3.3).
PrROOF: Put N = Zp 1(G) (= Lg(HZ(G)), G =G/N and H = HN/N=H/Hj,
Hy = HNN. If H # 1, then H is cyclic, and so A = B is an abelian subgroup
of G by [1, Corollary 2.3]. However, this implies that G = A is an abelian
group, H =1, H C N = HZ(G) and H = Hj is abelian by 2.10 (iii), which is
a contradiction.

We have proved that Hy = 1, so that N = H1Z(G) = Z(G) and H=H.
Proceeding by induction, we get Zg ,,(G) = Zmn(G) for every m > 0. Now,
if Zpgn(G) = G for some n > 0, then G (and hence H) is nilpotent. But in
such a case, Z(H) # 1, H/Z(H) is cyclic and this implies that H is abelian
a contradiction. (]

3.6 Proposition. Suppose that every proper factorgroup of H is cyclic, that H
is subnormal in G and that G = (A, B). Then G* C Ng(H) and H is subnormal
depth at most 2 in G. Moreover, if H is not abelian, then G C H and H is
normal in G.

PROOF: First, assume that Lg(H) # 1. Then H = H/Lg(H) is a cyclic subgroup
of G = G/Lg(H) and G* C H by [1, Theorem 2.2].
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Next, let L (H) = 1. Then H is abelian by 3.5 and if H is cyclic, then we can
use [1, Theorem 2.2] again to show that H = 1 and G is abelian. Finally, if H is

not cyclic, than H %ZI(,2) for a prime p and the result follows from [5, Lemma 4.2].

O
3.7 Remark. According to [2], G is soluble, provided that G is finite and H=S3.
On the other hand, by 3.5,if Lg(H) = 1 and G = (4, B), then H is not subnormal

in G.

3.8 Proposition. Suppose that Lo(H) = 1 and G is nilpotent of class at most 2.
Then [A, B] =1 and A, B are isomorphic subgroups of G.

ProOOF: [A,B]C HNG" C HNZ(G) C Lg(H) = 1. The rest follows from [4,
Lemma 2.3]. O

4. Examples

4.1. Let G be the subgroup of Sg (the symmetric group on {1,2, ... ,6}) generated
by the following permutations: (1 2), (3 4), (5 6), (1 3)(2 4), (1 3 5)(2 4 6).
Further, let K = {(1 2), (3 4), (56)) C G and H = ((1 2)) C K. Then H is
normal in K, K is normal in G, card(G) = 48, KEZS’), H=Z5, La(H) =1
and H is subnormal of depth 2 in G. On the other hand, Ng(H) = (K,(3 5)(4
6)), card(Ng(H)) = 16, K = Lg(Ng(H)), Ng2(H) = Ng(Ng(H)) = Ng(H),
G/K=S3 and Z(G) = 1. Now, Zp ,(G) # G for every n > 0 and there exist no
H-connected transversals to H in G (see 2.4 (v) and 3.3).

4.2. Let G be the subgroup of Sig generated by A = {id, (1 2)(3 10 154 9 16)(5
1217 6 11 18)(7 8)(13 14), (1 3 11 79 17 13 15 5)(2 10 18)(4 12 14)(6 8 16), (1
41114312710172918131658156), (15101469 71116 2 12 1513 17
48183), (161071216 13 18 4)(2 11 15)(3 8 17)(5 9 14), (1 7 13)(2 8 14)(3
9 15)(4 10 16)(5 11 17)(6 12 18), (1 8 13 2 7 14)(3 16 9 4 15 10)(5 18 11 6 17
12), (195715 11 13 3 17)(2 16 12)(4 18 8)(6 14 10), (1105149 6 7 16 11 2
1512134178318),(111414123717102189135168615), (11247
18 10 13 6 16)(2 17 9)(3 19 11)(5 15 8), (1 13 7)(2 14 8)(3 15 9)(4 16 10)(5 17
11)(6 18 12), (1 14 7 2 13 8)(3 4)(5 6)(9 10)(11 12)(15 16)(17 18), (1 1517 7 3
5139 11)(246)(8 10 12)(14 16 18), (1 16 1714151874523 6 1310 11 8 9
12), (1171614 181575426 31311108 129), (11816764 13 12 10)(2
53)(8 11 9)(14 17 15)} and let H be the stabilizer of 1 in G. Then Lo(H) =1,
card(H) = 972 = 223%, H is not nilpotent, A is an H-selfconnected transversal to
H in G = (A), card(G) = 17496 = 2337, and Zy 3(G) = G (cf. 2.13).

4.3. Let G be the subgroup of Sg generated by A = {id, (1 2)(3 4)(5 6), (1 3
5)(246), (145236), (154263),(164)(253)} and let H be the stabilizer
of 1 in G. Then Ln(H) =1, HEZ§2), A is an H-selfconnected transversal to H
in G = (A), card(G) = 24, Zy2(G) = G, card(Z(G)) = 2, G is not nilpotent,
card (Ng(H)) = 8, Ng(H) = HZ(G) = Zy1(G)=2) and G/Zy1(G)=Z5 (ct.
2.4 (iv) and 3.4).
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4.4. Let G be the subgroup of Sg generated by A = {id, (12 3)(4 5 6), (1 3 2)(4
56),(14)(2635),(1536)(24), (1625)(34)} and let H be the stabilizer of
1in G. Then Lg(H) = 1, H=S3 is soluble, A is an H-selfconnected transversal
to H in G = (A), card(G) = 36, G # Zpg,(G) for every n < 0 and H is not
subnormal in G (see 3.5).

4.5. Let G be the subgroup of Sy generated by (1 2), (3 4), (1324), (142 3),
let H be the stabilizer of 1 in G and let A = {id, (1 2)(3 4), (1 3)(2 4), (1 4)(2

3}

Then Lg(H) = 1, H=Z, A is an H-selfconnected transversal to H in G,

AEZ§2) is a subgroup of G, G is a dihedral eight-element group, ZHvl(G)EZéz)
and G/ZHJ(G);ZQ (Cf 34)
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