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On a problem of Nogura about the
product of Fréchet-Urysohn (ay4)-spaces

CAMILLO COSTANTINI

Abstract. Assuming Martin’s Axiom, we provide an example of two Fréchet-Urysohn
(a4 )-spaces, whose product is a non-Fréchet-Urysohn (a4)-space. This gives a consistent
negative answer to a question raised by T. Nogura.

Keywords: Fréchet-Urysohn space, (o4)-space, Martin’s Axiom, almost disjoint func-
tions, double iterated power
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0. Introduction

The classes of {«;)-spaces, with 1 <4 < 4, were introduced by Arhangel’skii in
[Arl], to study the product of Fréchet-Urysohn spaces (Arhangel’skii also in-
troduced the class of (as)-spaces, which turned out to coincide with that of
(ag)-spaces: see [No, Theorem 2.1]). Each (a;)-space is also an (a;41)-space
for 1 < ¢ < 3, and each first countable space is an (o7 )-space.

The above mentioned paper gave rise, in the following twenty years, to a wide
literature, where several problems concerning this kind of spaces are investigated
(see, for example, [Do] and related bibliography); often, in these articles, the
Fréchet-Urysohn (a;)-spaces are briefly called (a;-FU)-spaces. For i = 1,2, 3,
Nogura [No] proved that the product of two {«;)-spaces is still an {(«;)-space. Also,
the product of an (a3-FU)-space and of a countably compact, regular Fréchet
space (which is always an (ay)-space, see [O]]) is a Fréchet space [Ar2]; this is one
of the best results about preservation of the Fréchet property under products.
Recall that, without additional assumptions, even the product of two compact
(T2) Fréchet spaces may fail to be Fréchet; the first, celebrated example in ZFC
of this fact is due to Simon [Sil].

As for (ay)-spaces and (a4-FU)-spaces (which coincide with the strongly Fré-
chet spaces — see [Ar2] and the remarks after Theorem 1.4 of [No]), their product
is not very well behaved. The product of two (a4-FU)-spaces may fail both to be
Fréchet and to be an (ay4)-space (cf. [No, Example 1.2 and Theorem 3.10]). Thus,
Nogura put the following questions [No, Problem 3.15 and 3.18]:

(a) Let X and Y be (ay-FU)-spaces. If X x Y is Fréchet, then is it an (ay)-

space?

(b) Let X and Y be (ay-FU)-spaces. If X x Y is an (ay)-space, then is it

Fréchet?
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Very recently, the first question was solved in the negative by Simon, under
the Continuum Hypothesis ([Si2]). In this paper, we give under Martin’s Axiom
(MA) a negative answer to the second question — actually, our X and Y will
turn out to be countable (paracompact) Ty spaces, where each point, except one,
is isolated. We point out that, after this paper had been written, a ZFC example
for the same problem was found by Simon and the author (see [CS]).

1. Notations and basic facts

Throughout the paper, the left exponentiation AB among sets will denote the
set of all functions f: A — B, while the right exponentiation £ among cardinals
will denote the cardinal number: |¥¢|. The ordered pairs, triples, and so on are
denoted, respectively, by (a,b), (a,b,c), etc. For every function f, we denote by
dom f its domain and by Im f its image {f(z) |z € dom f}.

We say that a topological space X has the property (ay4) at a point Z if for every
family {tm |m € w} of functions from w to X such that lim, 1o ¥m(n) = Z,
there exists a ¥ € “X such that limy, 400 ®(m) = T and |[{m € w|Im N
Im ¢y # 0} = w. We say that X is an (ay)-space if it has the property (ay) at
each of its points.

® is the set of all one-to-one functions from w to w (throughout the paper,
one-to-one does not ever involve onto, unless explicitly stated). To every ® C i)
a topological space Xg is associated, where X¢ = wU{00g }, 0p ¢ w, the points
of w are isolated and the point cog has a local base given by {WC ‘ (e q)w}, with

We ={ooa} U{p(n) ¢ €@ A n>((p)}
for every ¢ € ®w. In particular, it is clear that for every ¢ € ® (and for every
subsequence of it) we have that limy,— 4 ¢©(n) = 00g.

Observe that for every ® C P, Xg is a To paracompact Fréchet space. To
prove the latter property, let A be any subset of w such that cog € A. Then
for at least one ¢ € ® we have that |Im ¢ N A| = w (if, by contradiction, V¢ €
®:3¢(p) € w:Vn > ((p):p(n) ¢ A, then W, would be a nbhd of cog in Xg
which does not meet A). Then there is a subsequence ¢* of ¢ whose image is
entirely contained in A, and we have lim,_. 4o ©*(n) = cog.

Remark 1. It is easy to prove, using an analogous argument, that whenever
¢’ € Yw is such that limy,— o0 ¢'(n) = c0p in Xg, there exists ¢ € ® such that
[Im ¢’ NIm | = w. We will often use this fact in the sequel.

We say that two elements ¢, ¢ of ® are almost disjoint (briefly, ¢’ a.d. ") if
Im ¢’ and Im ¢ are almost disjoint (i.e., if [Im ¢’ NIm ¢”| < w). We say that a
subcollection ® of @ is almost disjoint if @ a.d. ¢’ for distinct ¢, ¢’ € ®. Clearly,
¢ a.d.¢" if and only if 3n € w: {¢'(n/) [0’ > n}NIm " = 0.

We denote by © the set “®. For 9,6 € © we will often abuse notation and
write 1 o 6 to denote the element of © defined by

(908) (m) = (9(m) o (6m)
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for every m € w. Of course, |©| = 2%; in all the paper, we suppose to have fixed
a one-to-one indexing

{0518 €27}

of ©, and a one-to-one indexing

(W) {Ga | € 29\ w}

of Yw.

2. Auxiliary results

Lemma 2 (MA). Let & C & be an almost disjoint collection, with |®*| = x <
2% Suppose to have 99, 9! € © such that it is possible to associate to every
(t,m) € 2 xw a ¢l € ®* in such a way that (v, m) — ¢, is one-to-one and

Vi€ 2:¥Ym € w:Im (9 (m)) C Im ¢},
Then there exists j € “w such that, defining ¢* € “w for « € 2 by

(1) @' (m) = (9"(m)) (3(m)),

we have:
a) o€ ® for . =0,1, and Im ©° N Im ! = P;
¥ ¥ 12
(b) ¢*a.d.p for every ¢ € 2 and ¢ € P*.

PROOF: Since goi;b, a.d. gp%,, for <L/,m/> #+ <L”,m”>, for every m € w there ex-
ists j*(m) such that {¢%,(n)|n > j*(m)} N Im wi;, = () for every m’ < m and
(/,m) # (1,m). For every m € w, since V¢ € 2: (¢*(m) € & A Im (9(m)) C
Im ¢, ), there exists j*(m) € w such that Vi € 2:¥n > j*(m): (9(m))(n) €
{4, (') [0/ > j*(m)}. Putting j* = sup {j*,j*}, for every (/',m'), (/" ,m") €
2 x w with («/,m") # (\,m") we will have at the same time:

@ {@ @) [nz )} o { @ o) @)|n = Feh =0

"

3) {@ ") )| n = Fo)} 0 {tn () |0 = )} = 0.

We proceed now to a routine application of MA. Put & = &*\ {¢!, | (t,m) €
2 x w} and define a poset (P, <) in the following way:

=

P={<97A)‘AE {@ﬁ A geYw A Vmedomg:g(m)Zjﬁ(m)};
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for (¢/, A") . (¢",A") € P, let (¢, A') > (¢, A")if ¢ C ¢", A/ C A" and
Vi€ 2:YVm e domg”\domg":Vepe A: (ﬁ‘(m)) (g”(m)) ¢ Im .

Observe that for every g € <“w and A, A" € [‘I’ﬁ]@}, <g, AU A”> is clearly
a common extension of <g,A’> and <g,A”>: thus, if <g',A'> and <g”,A”> are
incompatible, then ¢’ # ¢”; since |<“w| = w, we have that (P, <) is c.c.c.

For every ¢ € ® and m € w, theset Doy 1, = {(g,A) € P|p € AAm € dom g}
is dense in P. Indeed, let (g,.4) be any element of P: if m € dom g, then
(9, AU {p}) is an extension of (g, A) which belongs to Dy . If m ¢ dom g,
then consider that since ¥(m)a.d.¢’ for every « € 2 and ¢/ € A, there exist
n% nl € w such that Vi € 2:V¢' € A:{(9*(m))(n) |n >n'} NIm ¢’ = §; define
an extension § of g with dom § = dom g U {m} and g(m) = max {jﬁ(m), n, nl}:
then (g, AU {¢}) € Dy,m and (g, A) > (g, AU {¢}).

Since ‘{D%m | ped A me w}‘ < Kk -w = K, there exists a filter G on P
such that V¢ € ®%:Vm € w: G N Dy # 0. Let j = | {ge~“w|3A¢€ [@ﬁ]<w :
(g9, A) € G}: it is easy to see that j is a function and that j:w — w (of course,
we may always suppose that ®f £ (). We must prove that the functions ¢* for
¢ = 0,1, defined by (1), satisfy (a) and (b).

First of all, observe that j > j!. Indeed, let m € w: then (m,j(m)) € j, ie.,
there exists (g,./A) € G such that (m,j(m)) € g¢; thus g(m) = j(m), and by
the definition of P we have that j(m) = g(m) > jf(m). Now, it m',m" € w
with m’ # m”, then ' (m/) = (ﬁL(m’))(j(m’) € {(15“ N)(n) |n > j4(m")}
and ¢*(m”) = (94(m")) (j(m")) € {(¥*(m"))(n) |n > j*(m")} for L € 2, so that
o (m’) # ¢“(m") by (2), and hence ¢, ¢! are one-to-one. Moreover, for every
m’,m" € w (even, possibly, m’ = m”"), we have that ©°(m’) € {(190( )) (n)|n=>

m/)} and ol (m”) € {(91(m"))(n }n > j¥(m")}, so that ¢O(m’) £ l(m”)
again by (2), and hence Im ¢ N Im ¢! = 0.

To prove (b), let ¢* be any element of ®*, and consider first the case where
p* e ®f. Given ¢ € 2, suppose by contradiction that Im ¢* N Im ' is infinite.
Fix any m € w and take (g, A) € GN Dy i3, so that p* € A. Since Im ¢*NIm ¢*
is infinite, the set M = (¢*)™! (Im ¢* NIm ¢) = (¢*) ! (Im ©*) is infinite, too:
then fix /i € M \ dom g. Now take <§,A> € G such that m € dom g, and let
<gﬁ,¢4ﬁ> € G be a common extension of (g, A) and <Q, A>, so that, in particular,
m € dom§ C domgf and (9 (1)) (g% (1)) = (9 (1)) (j (1)) = ¢ (1) €
Im ¢* (by the definition of M). This is a contradiction, because m ¢ dom g,
¢* € Aand (g, A) > (gf, A?).

Consider now the case where ¢* = ¢ . for some (1*,m*) € 2 x w. Given any
L €2, from j > j* we have that ¢'(m) = (19‘( ))( m)) € {(9“(m))(n)|n >
jﬁ(m)}, which implies by (3) that Vm # m™:p*(m) ¢ {(pm (n)|n > 4t (m*)}
(m # m™* entails in any case (1, m) # (*,m*)); therefore, Im ¢ NIm ¢, . C
{¢* (m*)} U {goi:b* (n)|n< 4t (m*)}, which is a finite set. O
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The following lemma is, in some sense, a “one-dimension” formulation of the
previous one; they will both be useful in the sequel.

Lemma 3 (MA). Let & C & be an almost disjoint collection, with |®| = x < 2¢,
Suppose that there exists a1 € © such that for every m € w there exists an fp, € ®
with Im (ﬁ(m)) C Im fy,; also, suppose that m — fy, is one-to-one. Then there

exists p € ® such that pa.d.p for every ¢ € & and Im p N Im (9(m)) # 0 for
every m € w.

The proof may be obtained following the outlines of the previous one; or, alter-
natively, applying Lemma 2 (after extending d to a collection ®* by adding specu-
lar elements, which is possible by [Ku, Corollary 2.16]) and then taking as p a suit-
able ¢'; or, alternatively, applying [Ku, Theorem 2.15] to C={Im (J(m))|m € w}
and A = {Im %) ‘ pE <i>} \ {Im fm ‘ m € w}, and then shrinking and indexing the
set d.

Now we introduce a set-theoretic operator which will play a crucial role for
our further constructions. Let & be any infinite cardinal number, and define by
transfinite induction the sets M., for v € £T, in the following way. My = &; if
M. is defined for every 7/ <, where v € £\ {0}, then

My = {0, 50, 8Y)|

Vi e 2: (6‘ €2 and p‘ is a one-to-one function from & to U M,Y/) }
v <y
The set U,Y€§+ M- will be called the double iterated power of £, and denoted
by DIP (&). For every « € DIP (&), we also define a subset supp () of DIP (&), the
support of x, putting supp (z) = 0 if 2 € My = &, and supp (z) = Im £ UIm p!
ifx € U’Y€§+\{0} Mfy and xr = <ILLO,ILL1,6O,61>.
It is immediate to prove by transfinite induction that [M,| = 2§ for every
v € €7\ {0}; therefore, |DIP (€) | = 2¢. We will say that an indexing {za|ac 25}
of DIP (&) is well founded if it is one-to-one, xo = « for every a € £, and Vo €
2¢:supp (7o) C {2y |0/ < a}.

Lemma 4. For every infinite cardinal £ there exists a well founded indexing
of DIP ().

ProOOF: First, fix any one-to-one indexing {yg ‘ o€ 25} of DIP (§). Then define
§:28 — 2¢€ in the following way:
— j(a) =a, for a €&
— j(a) =min{c € 286\ {i (&) ‘ o <a} ‘ supp (ys) C {yj(a/)
for a > €.
Observe that the above set cannot be empty. Indeed, for every (§ € 28, we
have <id57 ide, 8, 0> € My C DIP (), hence there exists og € 2¢ such that

of <al},
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<id§,id5,6,0> = Yoz. Since § — og is one-to-one, there must exist B e 28
such that o ¢ {j (/)| o/ < a}, and for such a 0 we have that supp (yJB) =
supp ((idg,ide, 8,0)) =€ C {j () |/ < a}.

Now put, for every a € 28, zo = Yj(a): by the definition of j, a — x4 is
one-to-one and supp (zq) = supp (yj(a)) Cc {yj(a/) o <a} ={zy|d <a} for
every o € 2§ \ &. Thus, we only need to prove the onto character of a — z over
DIP (£), which is clearly equivalent to the onto character of j over 28,

Suppose j is not onto and let ¥ = min {’y et ’M7 ¢ {xa ’oz € 25}}; fix
6 € 2¢ such that y; € M\ {za |a € 25} and put A = supp (y5). Then ev-
ery a € A belongs to some M, with v < 4, hence there exists a(a) € 2¢ such
that z,,) = a; as [A] < ¢ and cof 28 > ¢, there exists & € 2¢ such that
& > afa) for every a € A. Then for every o € 2¢ with o > @, since 6 €
{oe28\{j (/)] <a}|supp (ys) C {yj(ar) | @/ < a}}, we have that j (a) <
&; this is in contrast with the one-to-one character of j. O

3. The main construction

Henceforth, we assume MA. We will associate by transfinite induction to every
a € 2% a pair <gpg, <p(11> of elements of ®. We adopt the following notation: for
every z € DIP (w), let o (z) denote the unique o € 2 such that z, = z (so that
of (z4) = a for every a € 2¢).

Also, we denote by K the set of all strictly increasing functions k:w — w and
by A the set of all functions A\:w — K.

Let {Fbvm}@,m)ebw be a partition of w — where (¢, m) — F, , is one-to-one
— such that |F, ;| = w for every (¢, m) € 2 x w. For every (1, m) € 2 x w, let f},
be an element of ® such that Im fr, = F,m. For every a € w and ¢ € 2, we put
Po = fa

Suppose now to have defined ¢, for every ¢ € 2 and o/ < «a, where a € 2¥\w, in
such a way that <pé, a.d. gpgl,, for (/,a) # (", ). Let zq = (p0, pt, 39, B1) and
define 99,9} € © by ¥4 (m) = wﬁﬂ(w(m)) for € 2. Consider the two elements
04 005 of © (v = 0,1): since 9%, (m)a.d. 94 (m’) for (e, m) # (//,m'), we also
have that 9%, (m) o 6g.(m)a.d. WY (m') o 0. (m') for (1,m) # (/,m’). Let ®* =
{¢t,|t€2 N o < a}: then ®* is an almost disjoint family and |®*| = || < 2.
Moreover,

V(1,m) € 2 x w: Im (94,(m) 0 0g.(m)) C Im (V% (m)) =Im goglu(w(m));
since (¢, m) — goglﬁ (u(m)) is one-to-one from 2 X w to ®*, we may apply Lemma 2

to get a j € “w such that the functions @0, L, defined by

(4) B4m) = (9(m) ((0-(m)) (j(m)) )~ for 1€2,
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are such that:
1) ¢4, € ® for v €2 and @Y a.d. 3
2) @4 a.d. wé, for every ¢,/ € 2 and o/ < .

Put @9 = 32, so that ©Q a.d. ¢, for every (1,a/) € 2 x a. Also, define Ao €A
by:

() (Aa(m))(n) = n + Ja(m)

for every m,n € w — remember ().
Now, consider the almost disjoint collection of functions: ® = &* U {gog{}:
putting

(6) éa(m) = f??m o (S\Oc(m))

we get a function Jo € © such that Jo(m) a.d. Ja(m’) for m # m’ and Im (Ja(m))
C Im f9 for every m € w. Since m — f9, is one-to-one (from w to ®), we have by
Lemma 3 that there exists po € ® such that p, a.d. ¢ for every ¢ € ® and that

(7 Im po N Im (ﬁa(m)) #( for every m € w.

Put S, = Im @L UIm p, and let @), be an element of ® such that Im ¢l = S,.
Since both py and @} are a.d. from every ¢ € ®, the same holds for @l . This
completes the inductive definition.

Thus the family {¢% | (¢t,a) € 2 x 2¥} is such that ¢} a.d. <PZ:/ for (1,a) #
<L', a'> € 2 x 2%, Moreover, by our construction we have that for every o € 2¥\ w
there exist 39, 3L, pa € ® such that 3% = @0, Im @l C L, Im po C @}, and
(4), (7) are fulfilled (with Ao and 4 defined by (5) and (6)).

We put @ = {¢, |a € 2¥} for ¢ = 0,1. We claim that Xgo and Xg:1 are the
required spaces X and Y.

4. Proof of the main result

First, we want to prove that Xgo, Xg1 and Xgo x Xg1 are (aq)-spaces. In
accordance with [En], for f,¢9: A — X, Y we denote by fAg the function from A
to X x Y defined by: (fAg) (a) = (f(a), g(a)) for every a € A.

Lemma 5. Let X9 X! be two topological spaces, such that X* = D*U{oc"} for
L € 2, where D" is discrete and co* ¢ D*. Suppose that for every ¢ € 2 there is at
least a p*:w — D" such that lim,—, 1 p*(n) = co*. Also, suppose that whenever
for every (1,1) € 2 X w, 1/)L is a sequence in D" such that hmn_>+oo 1/) (n) = oo,
then there exist 1:w — D" for . € 2 such that lim;_, 4 o0 9" (i) = oco* and

{i Ew ’ Im (1/30A1/A)1) N Im (1/320A1/321) # @H =w.
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Then X, X1 and X% x X1 are all {ay)-spaces.

PROOF: We first prove that, for ¢ € 2, X* is an (ay)-space. Let ¢ = 0 (the proof for
¢ =1 is symmetric). Since the points of DO trivially have the property (a4q), sup-

pose to have for every i € w a 1;:w — X such that hmn_>+oo ¥i(n) = 0. If for
infinitely many ¢ € w the sequence 1/12 takes on the value oo?, then the 1/) w— XY
having constant value oo? is such that }{z Ew } Im wl N Im 1/1}} = w. Thus, we

may suppose 1/’@ w — DO for every i € w. Putting 1/)0 = 1/12 and 1/)1 = p! for ev-
ery ¢ € w, we get by hypothesis 00,9t :w — DO D! such that limy,— 4 0o P (n) =
oot for v € 2 and Hz € w’Im (ﬁoAz/AJl) N Im (z/;?Az/AJll) #* (Z)}’ = w; thus 1&0 is
such that lim, o0 ¢9(n) = oo and |{z Ew ‘ Im ¢° N Im 1/;? + (Z)}| = w, ie.,
}{iEw’ImﬂoﬂImiﬁi#@}} =w.

Now we prove that X0 x X! is an (ay)-space. Property (ay4) is trivial at
the points of DY x D!, while at the points of (DO X {ool}) U ({ooo} X Dl) it
easily comes from the (ay) character of X9 and X!. Then consider the point
<ooo, ool> and suppose to have, for every (:,i) € 2 X w, a 1/;Z4:w — X* such that
limy,— 400 1/% (n) = oo*. Let M* = {z Ew | 1/% is frequently equal to ooL} for
v € 2: if [MO| = w, then the property (ay) at the point ool of X1 easily gives the
property (ay) at <oo ool), in this case; if |[M!| = w, the situation is symmetric.
If IM*| < w for every ¢ € 2, then we may suppose that 1/34: w — D" for every i € w;
hence the hypothesis gives the property (ay) at <oo ool>, in this case. ([

Lemma 6. Let a € X, where X is any topological space, and (an),c, be a
sequence in X with limy_, an = a. For every m € w, let k,, be an element

of K — so that (akm(i)) _ Is a subsequence of (ap,) then there exists j € “w
1€w

nEw’

such that for every j' € “w with j' > j, limum— 100 ag,, (jr(m)) = @

PROOF: Define j by induction: let j(0) be arbitrary; if j(m) is defined, let
j(m 4 1) be such that ky11(j(m + 1)) > km(j(m)) (this is possible because
limp,— 400 km+1(n) = +00). Suppose now j > j: given any nbhd V of a, we
know that there exists € w such that Vn > n:ay € V; since m — ky, (j(m)) is
strictly increasing, there exists m € w such that kg (j (m)) > 7; then for every
m > 1m we have kp, (7' (m)) = km (j(m)) = km (j (M) ) > i (because ky, is strictly
increasing) and hence a, (j/(m)) € V. O

Lemma 7. Let n*, for « €2, be a one-to-one function from w to 2%, and for
every m € w let \I/m w — w X w be such that ¥, = 1/)21A1/)m, with Im wm C

Im cpn (m) and wm € ® for 1 €2. Then there exists ¥:w — w X w such that

limy— 400 U(m) = (00g0, 00g1) and ¥(m) € Im W, for every m € w.
PROOF: For ¢ € 2, let u‘:w — DIP (w) be defined by pu‘(m) = z,. (m) then u* is

one-to-one. For every (1, m) € 2 x w, there exists ~;,, € wy such that u*(m) € M.
(remember the definition of DIP (w)): take 4 € w; such that 44, < 4 for every
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(t,m) € 2 x w. Also, for every (1,m) € 2 X w there exists a ¢}, € ® such that
wﬁn = @%L (m) © ¢¢n

— namely, ¢}, = (@%L(m))_l o 1%1’ define ¢ € O, for . € 2, by éb(m) = ¢4,
and take B* € 2% such that §* = .. Then <u0,u1,60,61> € M; C DIP (w)
and hence there exists & € 2% \ w such that <,u0, ut, 69, 61> = x4; we claim that
U= waAgpa = gA@é has the desired properties.

Indeed, since @}i € ®, Im @(1& CIm ‘P}i’ and limy,— 0o ‘/’}i (m) = oog1, we also
have that limy,— 400 4,5(13[ (m) = cog1; since 953 = cpg, we get:

lim (¢3A¢g) (m) = (cogo, 00g1) -

m——+o0

On the other hand, by (4) we know that there exists a j € “w such that
@4 (m) = (94(m)) ((6‘@ (m)) (j(m))) for every (1,m) € 2 x w,
where 9% (m) = ;u(u L)) = aﬁ(;p o %L(m

)~
for (1,m) € 2 x w, we have that @4 (m) = (gpzb(m) o ¢t (j(m

and hence for every m € w: ¥(m) = <¢g(m), @(Il(m)> <1/)m (j
€ Im \ilm O

) Since 0. (m) = 0'(m) = ¢,
) = %(j(m)),

Corollary 8. Let n be a one-to-one function from w to 2%, v € 2 and for every
m € w let z/Jm be an element of ® such that Im z/Jm CIm ¢t n(m)- Then there exists

Y € “w such that limy,— oo 1h(m) = cog: and (m) € Im 1y, for every m € w.

Proor: We may suppose t = 0. Put 770 = n! = 5 and, for every m € w, let
z/Jm Vi wm = m) and ¥,, = Awm IfU = z/JOAwl satisfies the thesis of

Lemma 7, then 1/10 is the required 1/1. ([

Lemma 9. If ¢/,¢" are functions from w to any set E such that |Im ¢’ N
Im ¢”| = w, then there exist k', k" € K such that ¢' o k' = ¢" o k" (ie., ¢
and ¢ have a common subsequence), and such a function is one-to-one.

PrOOF: We will construct simultaneously k' and k" by induction. Put F =
Im ¢’ NIm ¢” and fix ag € F: let k’(0) be an element of (<p’)_1 (ag) and k" (0)
an element of (cp”)_l (ap), so that ¢’ (k' (0)) = ag = ¢" (k' (0)).

Suppose now to have defined k'(m’), k" (m') for every m’ < m: since F is
infinite, the set F'\ ({¢/(n)|n < k' (m)} U{¢"(n)|n < k”(m)}) contains a point
am+1- Then choose k'(m+1) € (<p’)_1 (am+1) and K"(m +1) € (gp”)_l (ama1):
thus &'(m~+1) > k' (m), k"’ (m+1) > k(m), ¢’ (K'(m+1)) = ams1 = ¢" (K’ (m+1))
and ¢’ (K'(m + 1)) # ¢/ (K'(m')) for every m’ < m. O

545
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We prove now that Xgo, Xe1 and Xgo x Xg1 are (a4)-spaces. By Lemma 5,
it is sufficient to show that whenever (\I/Z)Z c., Is a sequence of functions from w
to w X w such that

Viecw: lim ¥;(n) = (cogo,c0p1),
n—-+00
there exists a U:w — w X w such that ‘{z Ew ’ Im ¥ N Im ¥, # @}‘ =w.
For every i € w, we have that ¥; = z/;iOAz/)il, where limy,—, 4 oo 1/3;(71) = ocog: for
t € 2. By Remark 1, for every ¢ € w there exists a? € 2% such that |Im ¢_0 N
Im 1&20| = w; now use Lemma 9 to get a /%? € K such that 1&20 o l%zo is a one-to-one
subsequence of S"go- Of course, for every i € w we still have that limy,— o0 (wll o

l%?) (m) = oog1, hence by Remark 1 there exists all such that ’ Im 9‘7(1121 NIm (1/321 o

l%?)‘ = w; using again Lemma 9, we get a l%ll € K such that 1/321 o /%? o /%21 is a
one-to-one subsequence of 901113

Putting, for (,i) € 2 x w, ¥} = 1/)Lokook1 and ¥; = 1/)0A1/)1 \I/ok:ook:1 for ev-
ery (1,4) € 2 X w we have at the same time that ¥; is a subsequence of 0, and that
1} is a one-to-one subsequence of ¢! .. In particular, if we can find a ¥:w — w X w
with limy,— 400 ¥(m) = (cogo, OO¢;>, such that [{i € w|Im ¥ NIm T; # 0} | =
w, we will also have that

HiEw’Im\I'ﬂIm\ifi#(Z)sz.

Let A0 = {ao ‘ xS w} we have two cases.

15t case. AY is infinite.

Fix H? C w such that {af|i € HO} = A and of # of), for i',i" € H® with
i #4". Consider now A = {a}|i € H°}.

15t subcase. Al is infinite.
Then there exists an (mﬁnlte) H € HY such that {al ’ i€ H} Al and o} o F ol i
for i/,i" € H with ¢/ # i". Let A0 = {ao ’z € H} since H C HY, we also have
thata,;éa for i/ ,i" € H with ¢/ #i".

As |H| = w, there exists a (unique) k € K such that Im k = H; then
{ai(m) }m €w} = A" for v € 2. Define n*:w — 2¢, for ¢ € 2, by n*(m) =

since each 7* is one-to-one and Im ¢£

k(m)

Fm) CIm cpi]L(m) for every (1, m) € 2 x w (be-

cause 1/)2( is a subsequence of ¢ L(m)), by Lemma 7 there exists Uiw — w X w

) -
such that limy,— 400 ¥(m) = (00go,0p1) and Im ¥ N Im \IIIE(m) # () for every

m € w, which implies that |{i € w |Im U NIm ¥, # 0} = w.
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2nd gybcase. Al is finite.

Then there exists an infinite subset H of H! and an & € 2% such that Vi €
H: a = &. Again, let k € K be such that Im k = H: since H C H°, we have

that 7:w — 2% defined by n(m) = ag(m) is one-to-one.

For every m € w we have that 7,/1]% ( is a one-to-one subsequence of gp ,
m

) k(M)
which coincides with cp(li because l;(m) € H; hence by Lemma 6 there exists
j € “w such that

(8) Vi >3 lim 1/) ( '(m)) = cog:.

m——+00
Now define, for every m € w, a 1/~Jm ed by:

) Um(n) =R, (n+5(m)).

Dy C 0 C = o
Observe that, for every m € w, Im ¢, C Im wk(m Im gp k(m) = Im Cr(m)
Then by Corollary 8 there exists 10 € “w such that

lim ¢9%m)=ocogo and VYm € w:9’(m) € Im yy;

m—-+00

using (9), we have that for every m € w there exists 71(m) € w such that %(m) =
) ) (A(m) + j(m)).

Put j'(m) = f(m)+4(m) and define 1! € “w by ! (m) = wk(m (5'(m)): then
limy,— oo ¥ (M) = cog1 by (8). Thus, putting ¥ = YAl we have that

lim \Il(m) = <OOq>0, OOq;.1> 3
m—-+00

moreover, for every m € w,

(m) = (°(m), v (m))

so that [{i € w|[Im ¥ NIm ¥; #0}| =w.
ond

(99 1y G m)), o (77 0)) )
Vm )(j’( m)) € Im Wy,

case. A0 is finite.

Then there exists an infinite subset H? of w and an &° € 2% such that Vi €
HY: o —aO Again, let Al = {a1|z€HO}

15t subcase. A! is infinite.

Then there exists an inﬁnite subset H of H! such that {al ’z cH } = Al and

1 # a , for distinct i/,i"” € H. The situation is symmetric to the 2”9 subcase
of the 1St case.
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2nd gybcase. Al is finite.

Then there exists an infinite  C H? and an &' € 2% such that Vi € H: 0421 =al;
clearly, since HC HO, we also have that Vi € H: ag = a0, Let k € K such that
Im k = H: then for every (t,m) € 2 x w we have that djlb}(m) is a subsequence of

gpg{i(m) = ¢%.- Applying Lemma 6, we get 49,41 € “w such that

Vie2:Vj e“uw: (j/sz:> hm djk(m( i'(m)) = cog.).

Let j = sup {jo,jl} and define 9" € “w for ¢ € 2 by:

for every m € w. Putting ¥ = ¢9Ay!, we have that lim,,— oo ¥(m) =
(000, 00g1) and that

vm € wiW(m) = (¥0(m), v (m)) = (v2(5m)), vk (i(m)) € Im .

whence |{i € w|[Im ¥ NIm ¥; # 0}| = w.

Now we proceed to show that Xgo X Xg1 is not Fréchet-Urysohn. First of
all, we prove that putting D = {(¢,¢) | ¢ € w}, we have that {(cogo,0p1) € D in
X@O X Xq)l.

Indeed, let V9, V! be arbitrary nbhds of 00g0, 00gp1 I X0, Xp1, respectively.
For every m € w, cp?n = f,% belongs to ®°, and hence there exists j € w such that

(10) Vm e w:¥n > j(m): fO(n) e VO,
Take & € 2 \ w such that j = jg: then (5), (6) and (7) (for & = &) combine

to show that
Vm e w:3n' > j5(m): fO(n') € Im pg;

hence we can associate to every m € w a ii(m) > jz(m) such that
(1) £2,((m)) € Im p € Tm o},

Since limy,— 40 cp(li (n) = cogp1 in Xg1, there exists nf € w such that
(12) Vn > nf: ok (n) e VL.

Observe that m — f9(7i(m)) is one-to-one from w to w (because Im fgl, N
Im f9, = Fy N Fo = 0 for m’ # m/”); therefore the set { £, (7i(m)) | m € w}
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cannot be contained into {gp}x(n) |n < nﬁ}, and hence by (11) there exists n* > nf
such that

g (n*) € {fi (A(m)) [ m € w}.

Since ¢} (n*) € V1 by (12), and f9,(7i(m)) € VO for every m € w (because of
(10) and the fact that ia(m) > js(m) = j(m)), we conclude that for some ¢ € w,
0,0 e VO x v

Now, if Xgo x Xg1 were Fréchet, there would exist a sequence in D which
converges to (0ogo, 1), and clearly it could be supposed to be one-to-one.
Thus, there would exist ¢ € ® such that lim,— 400 P(n) = cogo in Xgo and
limy,— 400 P(n) = c0g1 in Xg1. From the former relation we have that | Im @gn
= w for some & € 2¥; by Lemma 9, there exists ¢* € ® which is a
common subsequence of ¢ and gpg. In particular, since lim,—, o0 P(n) = 00g1
in Xg1, we also have that limy,— 4o ¢*(n) = cog1 in Xg1, so that there exists
o € 2% such that |Im ¢* NIm ¢L.| = w, and hence ‘Im gpg NIm pl.
(because Im ¢* C Im cpg) This contradicts the fact that every element of ®° is
almost disjoint from every element of ®1.

Im <pg

= w
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