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BGG sequences on spheres

PETR SOMBERG

Abstract. BGG sequences on flat homogeneous spaces are analyzed from the point of
view of decomposition of appropriate representation spaces on irreducible parts with
respect to a maximal compact subgroup, the so called K-types. In particular, the
kernels and images of all standard invariant differential operators (including the higher
spin analogs of the basic twistor operator), i.e. operators appearing in BGG sequences,
are described.

Keywords: BGG sequences, invariant differential operators, branching rules, K-types,
complexes, homogeneous spaces

Classification: 35P15, 43A85, 22E46

1. Introduction

Properties of conformally invariant operators on manifolds with a given conformal
structure are studied in many papers ([21], [14], [12], [17], [18], [26], [1], [2], [24],
[13], [5], [6]). A special subclass of them — so called standard invariant operators,
are coming together in sequences called (generalized) Bernstein-Gelfand-Gelfand
sequences (BGG sequences for a short). A general construction of such sequences
from differential geometry point of view was given recently in [10].

In this paper BGG sequences on the homogeneous model (i.e. on the sphere)
are studied using elementary tools from representation theory. The aim of the
paper is twofold. Firstly, it is shown that any sequence of conformally invariant
operators acting among global sections of the same natural bundles on the sphere
as the BGG sequence does necessarily form a complex. It is a consequence of
representational theoretical properties of the spaces of global sections and no
specific information concerning a form of invariant operators is needed.

Secondly, it is shown that exactness of the sequence on the sphere (up to the
last place) is equivalent to certain spectral properties of corresponding invariant
operators. It opens a possibility that there can be a direct verification of the
mentioned spectral properties of corresponding invariant operators which would
give a simple and elementary proof of the exactness of the BGG resolution on
the sphere. Moreover — in fact this was the original aim of the study — the
equivalence can be used in other direction for explicit computation of a form of
kernels and images of all standard operators on the sphere.
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In Section 2 we summarize the representation theoretical tools used in later
computations. Then using exactness property of BGG sequences, we determine
in Section 3 the kernels and images of higher spin twistor operators on sphere. The
language of complexes in Section 4 allow us to formulate conjecture relating spec-
tral properties of standard invariant operators and exactness of BGG sequences.
This conjecture is then proved for the even case in subsection 5.1, and for the odd
case in subsection 5.2.

2. Branching rules and Frobenius reciprocity

Let V) be an irreducible H-module with highest weight A and let Vi, be an irre-
ducible G-module with a highest weight . The nonnegative integer number

(1) dimHompg (Vy, Vo |g) € Ng

is the dimension of H-equivariant homomorphisms of H-modules. The rules de-
scribing possible targets and computing their dimension are called the branching
rules. In the paper [6], branching rules are described in cases which will be needed
in our work. Let G = Spin(n + 1) and H = Spin(n). Then
(2) dim Homgy,in () (Vs Vo [spin(ny) € 10,1},
i.e. either a given irreducible Spin(n)-module V) is present in the decomposition
with multiplicity 1 or it is not present at all.

The case dim Homg,n(n)(Va; Va [spin(n)) = 1 happens iff

e n is odd,n=21+1

(3) a1 =M EZ A ar> A >ag>- >N > |ayl;
e 1 is even,n=21
(4) M—MELZNMZAM>ar>>N_1>a;> )]

We shall use the notation o , A or A \, « if the highest weights A and «
are related through (3) or (4). These rules are also the basic ingredient for the
decomposition of induced representations.

Theorem 2.1 (Frobenius reciprocity theorem). Let A, a be the highest weight
of Spin(n), Spin(n + 1), respectively. Then there is a bijection between the set
of homomorphisms of Spin-modules,

Spin(n+1
(5) HomSpin(n—i—l)(Vav InngZZEZ) )V)\) = HomSpin(n)(VOl |Spin(n)7 V).

The symbol I ndgg EZEZSH)V)\ denotes the representation induced by V). In
terms of associated vector bundles, the induced representation is the space of
Spin(n + 1)-finite sections of associated Spin(n) vector bundle V) on the n-
dimensional sphere S™ ~ Spin(n + 1)/Spin(n). Using the bijection (5), the
space DoeSpin(nit1)Va A decomposes to Spin(n + 1)-modules V,, via branching
rules (3) or (4) (depending on the parity of the dimension considered).
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3. Higher twistor operators on spheres

In this section we shall investigate higher spin analogs of the basic twistor ope-
rator. We shall divide the discussion into two cases, distinguished by the parity of
dimension. For the representation theoretical notation of parabolic subalgebras
and corresponding Dynkin diagrams, see [21], [9], [19], [24].

Notation 3.1. In our case, the homogeneous space will be S" ~ G/P~ G/MAN,
where G = Spin(n+1,1,R) and P is the maximal parabolic subgroup with Lang-
lands decomposition corresponding to M = Spin(n,R). The maximal compact
subgroup of G is K = Spin(n + 1,R).

The property of exactness of BGG sequence (in much more wider context of
curved analogs of flat homogeneous models) is discussed in [10]. The pictures of
BGG sequences look as follows:

o n =2
i Dy Dy D; Dyiq
[ ] [ ] [ ) PP [ ) [ ] [ ]
0 C_q Co Ci—1 Crecy Cr1
™
[ ] [ ] [ ]
Cy Cor41 0
e n=2+1
i Do D4 D, Dyyy
[ ] [ ] [ ] . [ ] [ ] [ ] e
0 C_1 Co Cr1 & Cry1

Cort1 Cart2 0
The meaning of particular symbols on these pictures is summarized in the
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following exposition:

n=2[":
Cy,0<v<2l, D,,0<v<2l—-1,

Ca= V(>\1+k—17)\17---7>\1)c )
Co =TV, ) -
G = F(V((Al'f'k);[’)\27~~~7>\l)M) ’

Do = D()\1,---7>\z)1v1761,k J

Co_1 = F(V()\l+k37)\1+17)\2+17---,(>\v72+1)v717)\v7---7)\l)]\/1) )
(6) Dy1 = Dy tk 1,0, (o241 1, AwrA) €0 (o1 —Au+1)

G =TV 0 b+ L2041 o+ D10

¢ = F(V()\l+k7>\1+17>\2+17~~~’(>\172+1)l717_(>\171+1)Z)M) g

C=Crec;
n=20+1:
Co,0<v<2l+1, Dy, 0<v<2],
Cr~Cpy -

Di = Dxg k41, M+1)ar,020+1 -

The previous notation comes from [9]. The algebra G is |1|-graded, § ~ G_1 @
Go®G1. The commutative subalgebra Gy is a Gj-module, where Gj is the semisim-
ple part of reductive subgroup Gg, and the corresponding extremal weights are
denoted by e;. The positive natural number k is the order of invariant differential
operator.

We add a few remarks useful in later computations.

Remark 3.2. The BGG-sequence in the even case n = 2l and G = Spin(2l +
1,1,R)-module A = (%1, %2, cee %H_l)g is fully characterized by the values of
A + § inscribed over the nodes of the first crossed Dynkin diagram (compare to
[21]):

b=k,di=1,...,d_1=1,a=2,c=1.

Remark 3.3. The BGG-sequence in the odd casen = 21+ 1 and G = Spin (2l +
2,1,R)-module \ = (%1, %2, cee %H_l)g is fully characterized by the values of
A+ 0 inscribed over the nodes of the first crossed Dynkin diagram (compare [21]):

b=k, di=1,...,d_1=1,a=2.
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Remark 3.4. We use in all computations the spaces of K -finite sections Iz (V).
The spaces of all sections I'(Vy) are then completions of T' (V) with respect to
any scalar product, so I'c (V) are dense subspaces of I'(Vy), see [20]. From the
representational theoretic point of view, these spaces have the same content and
so we use the unified notation I'(V)).

In this section, we shall exclusively specialize to the case Apy = (A1,..., Ny =
(%, cen %)M Note that in the even case n = 2[, the discussion and the results

, %, - %)M of the second half Spin(n)-module

, %) M and we shall not repeat it.

concerning the highest weight (%, e
are the same as in the case of (%, .
Lemma 3.5. Let n = 2] and let Ay = (%, ce %)M The kernel of k-th order

invariant differential operator D (corresponding to k-th spin twistor operator),
(7) Dy : Cy — Cq,
is given by a sum of irreducible K = Spin(2l + 1)-modules:

2m—-1 1 1

~ ok z Z
(8) KerDo = Gy (—5— 5500+ +0 5 K-

The image of this higher twistor operator is

2m+1 1 1

9 ImDg ~ ®°_ = .= K-
() mL/g ®m_k( 2 15225 721)K

PRrROOF: First of all, we decompose the source and target spaces of M = Spin(n)-
valued sections over S ~ K/M on K = Spin(n+ 1)-types. The use of Frobenius
reciprocity and branching rules for n = 2I (4) gives the possible target Spin(n+1)-
irreducible modules:

2m+1 1 1
10 Co~ S _o(—m , = ..., =
( ) 0 EBm—O( 9 1729 ) 2l)K7
2m+1 2p+1 1 1
11 C1~ ®F_y o> = e
( ) 1 EBp_OEBm,_k{( ) 17 2 27237 ’2l)K}

Rewriting the definition of Dgy in terms of homomorphism of irreducible K =
Spin(n + 1)-modules,

2m+1 1 1 Dok
12 o — ., = — D,
( ) 69m_O( 2 1729 azl)K @p—O
om+1 2p+1 1 1
8} — —
®m:k{( 2 15 2 25235"'521)1(}7
we see that the Spin(n + 1)-modules (2"12""11, %2, cee %I)K, m € {0,...,k —1},

are present in the source space of K-types, but they are missing in the target
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space of Dg. These irreducible modules are hence necessarily in the kernel of
Dg. The operator Dg acts by Schur Lemma as a multiple of the identity map
between the irreducible K-modules which appear on both sides of (12). However,
we do not know whether a multiplication constant on a given irreducible K-
module appearing on both sides of (12) is zero or not. This information can be
extracted from the BGG-sequence for a suitable G = Spin(n + 1,1, R)-module
(for information on BGG sequence, see [21]).

The first three terms of the BGG-resolution for the representation of G = Spin(n+
1,1, R) with the dominant weight (@1, %2, A %H_l)g in even dimensions n =
2l are:

The operator i denotes an embedding of the G-module ( 2_1 1 %2, e %H_l)g

into the space of P = {(71, Sy fl)M’ — g}p—valued sections over the homo-
geneous space GG/ P. From the exactness of the BGG sequence it follows that

(13) KerDg ~ Im3i

is an irreducible G-module with highest weight ( 1, %2, ey % . +1)g. Applying

repeatedly the odd case of branching rules (3) for the even case, n = 2I, to
the couple (G, K) (Spin(2l + 2,R), Spin(2l + 1,R)) and the dominant weight

(%2 11, %2, ey 21+1)g, we get the inequality for possible highest weights Ag
of K,

2k — 2k -1 1 1
(14) (——)q)EZ/\ >N >N

2 2 2
This implies the appearance of k irreducible K-types A, = (2m_2—117 ey %l)K,
m € {1,...,k}, in the decomposition of (@1, %2, R %H_l)g on K-types,
2k—1 1 1 G\K 2m—-1 1 1

15 T o VoLt Bm= I I R )
e R S TR TR m=t(Tg gy g K

and this finally proves the assertion of the lemma. O
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Lemma 3.6. Let n =2l + 1 and let A\j; = (%, e %)M The kernel of the k-th
order invariant differential operator Dy (corresponding to the k-th spin twistor
operator),

(16) Dq : Cy — Ch,
is given by the collection of irreducible K = Spin(2l + 2)-modules:
(17)

2m -1 1 1 2m -1 1 1 1
KerDo ~ @F _1{(

SRR T R T L S Sl AL T TARE 5

Similarly, the image of Dy is

2m+1 1 1 j

2 1722777720 2141

(18) ImDo >~ @jeq1,1} B {( )Kc}-

PROOF: The structure of the proof is the same as in the even case n = 2[. We
have

om+1 1 1
g 0T et o T gy g gy i
om+1 2p+1 1 1
~a. k - - J
Cl —69]6{—1,1} 69p:() EB?:;:]@{( 2 17 9 27237"'7 2l—172l)K}'
The Spin(n + 1)-modules (2m2+11’%2""’%l—1’%l)K’ m € {0,....,k—1},j €

{-1,1}, are the only K-modules present in the source space of K-types but
missing in the target space of K-types. The first three terms of the BGG sequence
for fundamental spinor representation of Spin(2l+1) can be represented by similar
picture to the one in the previous even case. In the odd case, n = 2[+1, we use the
even case of branching rules (4) on the couple (G, K) = (Spin(2l+3,R), Spin(2]+

2,R)) and irreducible G-module with highest weight (Lg_ll, %2, e %H_l)g, and
we get
2k—1 1 1 G\K
20) (2= = .=
(20) ( 2 1 22 21+1)G—>
2m—1 1 1
k - —
D=1 {( 2 1’22""’2l+1)K
2m—1 1 1 1
( = ., = Vi }-

2 17227777720 21+
O

The results of presented computations can be summarized in the following
assertion.
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Theorem 3.7. Let D (without any subscript) be a higher spin twistor operator.
Then it holds (we shall refer to this property as the x-property):

(%) If a given K-type appears both in the source space and in the target space of
higher twistor operator D, then D is injective on this K-type.

The property proved in Theorem 3.7 makes it possible to find Ker and Im of an
invariant differential operator D. Moreover, the only crucial property of a BGG
sequence, used to derive it, is its exactness. It is also easy to check this property
is, in fact, equivalent to exactness of the BGG resolution in the first place. It is
then natural to make the following conjecture, saying, that the relation between
exactness of the BGG sequence and the property (%) proved in Theorem 3.7,
can be true for all standard invariant differential operators appearing in BGG
sequence.

Conjecture 3.8. The statements (1) and (2) are equivalent:

(1) BGG resolution is exact sequence;
(2) Theorem 3.7 holds true for all standard invariant differential operators.

This implies that the information concerning the behavior of homomorphisms
of P-modules inside a BGG sequence of a given G-module — expressed for exam-
ple in terms of properties of invariant differential operators on K-types — is an
alternative way how to prove exactness of a resolvent of P-modules with standard
invariant differential operators acting among them.

4. BGG resolutions and complexes

We shall consider here sequences of linear maps D; acting between vector spaces
Cj

Di—2 D1 D; Dii1
(21) Ci_1 C;, = il T .. .

They will usually be complexes, i.e. the composition of any two successive homo-
morphisms is zero,

(22) Di+1 o Di = 0, Vi.

In our case, the vector spaces C; will be direct sums of irreducible K-modules (K-
finite sections of associated homogeneous vector bundles over homogeneous space
G/P), and the operators acting between any two neighboring vector spaces will
be invariant differential operators. In particular, let us consider a BGG sequence
(see [21], [10]). Let i = 0,...,2] — 1, with exception in the even case n = 2l, i # [.

Definition 4.1. We denote

(23) Ciiv1=®reaVn, VA €Cy,
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i+1
(24) Cilii1 = ®aeaVa, Va € Cig,
where A is the set of all K-types appearing both in the spaces C; and C;41 and
lying in the space C;, Cj41, respectively.
The structure of the middle part of a BGG sequence is different from the
remaining part. Let us first consider the even case n = 21.
Definition 4.2. The set of K-types Oll—l,l respectively O;7l+1 is defined by the
following two conditions:
1. ImD;_y C C!_; , C KerDy;
2. Oll—l,l ~ P ag, such that every K-type appearing in this decomposition
has multiplicity 1.
The space Cll 141 1s defined as the complement of the set of K-types Cll—l , in
Cp, ie. C =~ Cll_l == Cll 1+1- In particular, every K-type appearing in its
decomposition has also multiplicity one.

The middle part of the odd case n = 2[ 4+ 1 also requires a more careful treat-
ment.

Definition 4.3. The sets of K-types Cll—l | respectively Cll";_li_l are defined by:
1. Oll—l,l C Ker Dy;
2. Im D; € O

In the following theorems we shall discuss the distribution of K-types inside
particular terms of a BGG sequence.

Theorem 4.4. It holds true
Ci \ CZZ,Z—‘,-I C KerDi,

. i+1
ImD; C Ci,i—i-l'

(25)

PRrROOF: Any K-type, which is present in the source space C; but is not present
in the target space Cjt1, must lie in the kernel of the operator D; acting between
them. On the other hand, the image of D; must be included in the union of
K-types belonging both to C; and Cj4 1. O

The assertion of the previous theorem is rather trivial. But it is much more
less obvious, whether the previous inclusions are proper or not. A key property
of the sequences studied is stated in the following theorem.

Theorem 4.5. It holds true for all i,

(26) Ci=Cl_1;®Cf 1.
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The proof of this theorem is the heart of this section, it will be given in next
sections. The assertion of this theorem is illustrated by the figure:

mo)

Dy

g D] P KeDig)

Cit1 ImD; 4o

Cito

This theorem has several direct consequences.

Corollary 4.6. The following three conditions hold true.

1.
ImD; C CiT!, C KerDiyq, Vi.

2. The BGG sequence is a complex.
3. There is a set of equivalent conditions:
KerD; =C!_, , <= ImD; = Cﬁ__il_l <= (%) of 3.7 holds true for i.

PRrooOF: 1. From Theorem 4.5 we know that C;j_il_l =Cir1 \ Ciij__ll’i_,_w and from
Theorem 4.4 it follows C;41 \ C’fj_'ll i+9 C KerD;y;. Putting this together,

i+1
(28) Oz'l:zi'_—i-l C KerDi_,,_l.

The second inclusion is the content of Theorem 4.4.

2. It is an immediate consequence of the first condition, because from ImD; C
KerD; 1 (for all ¢) it follows that the composition of two consecutive operators is
an identically zero operator.

3. Using the first part, i.e. Theorems 4.4 and 4.5, one can see that KerD; = Cf_l i
holds true if KerD; N C?, 41 = 0 and this is equivalent to condition (x) of 3.7, and

moreover this is also equivalent to ImD; = Cf'l'_il_l (I
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Theorem 4.7. The property (x) of Theorem 3.7 is true for all operators D; <=
Vi, KerD; = C}_; ; <= Vi, ImD; = citly.
PRrROOF: The proof follows from the third assertion of Corollary 4.6. O

Theorem 4.8. A BGG sequence is an exact sequence iff the property (x) holds
true for all i.

ProOOF: The proof follows from the first and the third assertion of Corollary 4.6.
d

5. BGG sequences on spheres S"

The assertion of Theorem 4.5 will be proved now. We shall divide the discussion
into two separate parts — the even case n = 2/ and the odd case n = 2{41. In both
cases, we shall use the BGG sequence slightly different from the one presented in
[21], in the sense that we add at the beginning of the resolvent the kernel of the
first invariant differential operator, and we add at the end the cokernel of the last
invariant differential operator.

5.1 BGG sequences on even dimensional spheres.

The situation in the even case n = 2[ is described in the following picture:

i Do Dy D, Dy
e [ ] e

Cy Cort1 0

Theorem 5.1. Let n = 2] and v € Z be an integer fulfilling 0 < v < 2[. Then
there holds true the direct sum decomposition of the Cy-th term of the BGG
sequence:

(29) Cy =~ Cg—l,v © Cg, v+1-

The definition of the middle, respectively terminal parts, i.e. C}, respectively C_1
and Coqjy1, has been given in the previous section. Note that the mapping i in
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the last picture denotes the embedding of the G-module C_1 into Cy; similarly
the map m denotes the projection with kernel ImDoy; 1.

PROOF: Let us consider the C-th term of the BGG sequence, 0 < v < (I — 1)
or [ +1 < v < 2l. The space C, is the space of sections of the vector bundle
associated to the M-module with highest weight (A1 +k, A1 +1, Aa+1,..., (Ap—1+
Dy, A1, -5 N)p- In order to decompose C,, into K = Spin(2l + 1)-types, we
use the branching rules for even case n = 21 (4),

a1l —MEZNag>M+tEk>aa>M+1>2a3> X +1--->ay > A1 +1
> gl = Aptl = Qg2 > Nop > o > [N

with the result:

C%fi<923=A1+k7a1—AleZ€Biéi§1+1,az_A2eZ
EB>\1+1 o @Avfz-i-l Av—1+1
az=X2+1,a3—N3€Z ay=Ay—1+1,0p—NEZ Ay 1=Ap+1, Op+1—Ap+1E€EZL
(30) Avt1 Al—2
Quya=Xot2,0pt2—Aor2€Z Yoy 1=X_1,0_1—N_1€L
Al_
Gaall:lsgn()\l))\l , o=\ EZL (a1, )k

Similar decomposition can be done immediately for Cy,_1 respectively for C,41.
The sets of K-types common with C, are

(31)
v ~ @ @Al—l—k @)\I—H
v—=1,v — Yaj=M\1+k,a1 -\ EZ ag=A1+1,a2—N2EZ az=Na+1,a3—A3€Z "
EBAU73+1 @Avfz“l‘l @AU
ay—1=Ap—2+1,ap_1—Ay—1€Z ay=Ay—1+1,00—AyEZ Ay 1=Ap+1, Op+1—Ap+1€EZ
Al—2 Al—1
Oy =M1, 1~ N1 €L 69(11259"()%))\1 s =N EZ (a1, )k,
and
(32)
v ~ HX 69)\14-]6 69)\;l—l—l
v,o+1 — Yar=A1+k,01—MEZ Yas= 1+1,a2—X€Z Yaz=la+1,a3—A3€Z " *
69)\7172"1‘1 )\'Ufl“l‘]- )\'L}+1
apy=Ay—1+1,00—AyEZ y+1=Ap+1,apt1—Ap+1€Z Qy+2=Ap 42, Qyt2—Ap+2€Z
A2 Al—1
"oy 1=N_1, 0 1-N_1€Z @alzsgn()‘l))\l ;=N EZ (a1, )k

The comparison with (30) then implies
(33) Cy ~ 11))—1,1) @ Cg,v-‘rl?

which proves the assertion of the theorem for the specified region of index v.

Let us discuss now the middle part of the BGG sequence. The space of sections
of the vector bundle associated to the reducible M-module with highest weight
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MtkAM+L o N2t ), (N D) ® M+ kA1 (N +
1);—1,—(N—1 4+ 1);) s, which appears in the middle term Cj ~ Cl+ @ C;, can be
also decomposed into K-types

 + - - 0 A1+k
(34) Cr=C 0 2T x4k, a1-MeZ Pagni+1, an—Aa€Z "
Ar—3+1 Al—2+1
o 690171:&724-1,0!171—)\17162 ap=sgn(N\_1+1)(N_1+1) ,a;—NEZ (a1, o)k}

with the result that every K-type appearing in the decomposition (34) has mul-
tiplicity 2. Note that due to 4.2, it follows that the spaces Cll—l ; and Cll 141

Ol/cll—l,l are isomorphic as K-modules,

l ~ ~ OO A1+k
Clivt =011 = Oay=n+k,a1-M€Z Pagir+1, as—roeZ
A1+1 . Al—g+1
(35) @a3=)\2+1,a3—)\362 ®al,2=A[,3+17al,2—)\[,2€Z
Ar—3+1 Al—2+1
690471:)\1724-1 s _1—N_1€7Z 690”:)\1,1-1-1 Q=N EZ (a1, )k,
so that
Al /
(36) Cr=~Cp1,19C 141

Note that in comparison with the BGG sequence introduced in [21], we have
included in it the kernel of the first homomorphism Dy corresponding to the
injection of K-modules coming from the decomposition of G-module (A + k —
1,A1,..., ) on K-types, and we also added the last projection correspond-
ing to the cokernel of the homomorphism Dq;_1 (equal to the quotient space of
C9;/lmDy;_1). The corresponding injection respectively projection were denoted
1 respectively 7 in the introductory picture of this subsection. This completes the
proof. O

Remark 5.2. If we work with the BGG sequence as formulated in [21], then the
finite dimensional set of K-types Co; \ 022;_1 o1 18 an obstruction for the BGG
sequence to be an exact sequence on 2[-th term. The presence of this set of K-
types in Co9; which are not in the image of Do;_1 demonstrates the well-known
fact, that the only one (co)homologically nontrivial dimension of the base space
S™ (except for degree zero) is n.

Corollary 5.3. As an immediate consequence of the previous decomposition
Theorem 5.1 we get a description of the kernel and the image of homomorphism
Dv—b

(37) Dy 1:Co1—Cy,v=1,...,1,
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(38)
~ OO Atk A1+1
Kel’Dv_]_ - 69C‘ll:)\l‘l'k7011—>\1€Z 69012—)\14—1 ,a2—M\o€EZ 69(13:)\24—1,0{3—)\362 T
@Av 3+1 @Av 1 EB)\U
Qy—1=Ap— 2+1 Qy—1—Ay—1€Z Olv—)\vvav MEZ av+1:)\v+lyav+l_)\u+lez
Ai—2 Ai—1
"D 1=N_1, 1~ N1 €L @QFS!]TL(N))\Z s — A EZL (a1, )k,
(39)
~ +k A1+1
ImDy_1 ~ ®a1—A1+k a1—A1€Z ®a2 =A1+1,a2—X2€7Z 6903:)\2*‘17043_)\362
®AU 3+1 @ Ap—2+1 @)\v
ay_1=Mp—2+1, 00— 1—Ap_1€EZ ay=Ay—1+1,00—AEZ au+1:)\u+17av+1_)\v+lez
Ai—2 A1
' Gaalfl:)\lfl ,0g_1—AN_1€EZ 690!1:89"()\1))\1 ,oqy—NEL (@1, o)k,

i.e. there is an identification

KerDy,_1 ~ Cy~ 2v 1

40
(40) ImD,,_ 1_C

For 0 <wv < (I —1), there is an isomorphism (substitute D_1 := i and Dq; := 7):

(41) KerDy ~ ImDy_1 ~ KerDo;_, 11 ~ ImDgj_,,.
Concerning the middle part of the sequence, the kernel and image of D; have
the form
~ S8 A1+k A1+1
Ile - @04:)\14‘]‘3 , 01 —A1EZ EBOQ:)\l-i-l,ag—)\zGZ 69ozg:)\z-l—l ,a3—A3€EZ "
)‘l74+1 )\173-{—1
(42) o 690!172:)\1734-1 yQ—2—A—2€Z @0171:&724-1,0!171—)\17162
Al—2+1
Oll=>\171+170¢l—>\l€Z (alv ety al)Ka
and
KerD; ~ g2 otk oML
I = Ya1=X1+k,a01-MEZ Pas=X\1+1,a2—r2€6Z Paz= )\2-1—1 a3—A3€Z °
Al—gt1 A—3+1
(43) ®0172=A173+1,a172—)\172€Z a_1=N_o+1l, 04 1—-N_1€Z
Al—2+1
EBal:)\l,l—i-l,al—)\lEZ (Of]_, Tt al)K

In this case, one has the isomorphism of K-modules:

(44) Cll,l-i-l ~ KerD; ~ ImD;_; ~ Cll—l,l'

PROOF: It is a consequence of Theorems 5.1 and 4.8. (Il
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5.2 BGG sequence on odd dimensional sphere.

The odd dimensional BGG sequence (n = 2 + 1) has the following simple form:

i Dy Dy Dy . Dyt

0 C_1 Co Cr1 & Cri1

Cort1 Cory2 0

Theorem 5.4. Let n = 2]+ 1 and v € Z be an integer fulfilling 0 < v < (2 +1).
Then the term of the BGG sequence corresponding to C,, decomposes as follows:

(45) Cy =~ Cg—l,v © Cg, v+1-

The definition of the middle, respectively terminal parts, i.e. C}, respectively
C_1 and Cyy49, has been explained in the previous section. The meaning of the
mappings i and 7 is the same as in the even dimensional case (see 5.1).

PrOOF: The underlying M-module structure of C, corresponds to highest weight
M+EM+L2e+1 0, (A1 + Dy, Adpt1s -+ - A s In order to decompose C,,
on K = Spin(2l+ 2)-types, we use the branching rules for the odd case n = 21 +1

3),

a1 —AMEZNar>2M+Ek>a>2M+1>a3>2 +1--->ay > A1 +1
> Oyl 2 Mgl = Q2 = > N > ap > N > oy,

and we get:
~ MO AM+k
(46) Cv — 69061:)\14‘]9,041—)\162 69062:)\14‘170!2—)\262
69)\1+1 o 69)\”,24-1 Av_1+1

az=Aa+1,az—A3€Z ay=Ay—1+1,00=AEZ Yapt1=Av41,Q+1—Ap+1EZ

Avt1 -2 Ai—1
Q2= 42, Qyt2—Ap+2€Z Q_1=A_1,0_1—N_1€Z a;=\;, 01—\ EZ

Al

®(xl+1=—)\l Lo —NEZ (041, ce al+1)K'

In the same way, one can decompose also the terms Cy_1 and Cy4+1. The set of
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K-types common with Cj is

v OO A1+k
(47) v+l = D=2 4k, a1 -\ €Z Pagmry 41, as—Ao€eZ
69)\1-i-]. . @AU72+1 Av—1+1
az=X2+1,a3—A3€Z ay=Ay—1+1,00 =M EZ Y aytr1=Ip+1,0pt1—Ay+1€EZ
Av+1 o @Al—l
Qy2=Ap+2 , y+2—Ay+2€EZ =\, — N EZL
Al
69Ofl+1:—)\l yQ41—NEL (@1, 1)K
and
v " OO A1+k
(48) C v—1,0 — @al—)\l-‘rk a1 —MNEZL 69012—)\1-1—1 ag—MNo€EZ
69)\14-1 Av— 3+1 D Ay—2+1
az=X2+1,a3—A3€Z ay_1=Ap—2+1,0p_1—=Ap—1€Z Yop=Ay_1+1,00—AyEZ
>\'U P Al71
Qyt1=Ap 41, Q1 —Ay+1EZ =\, =N EZL
Al
@az+1=—>\z a1 —NEZ (a1,-- -, Ofl—i-l)K

It is then easy to verify the direct sum decomposition
(49) Cy =~ g—l,v@cg,v—i-lv

which finally proves the assertion of the theorem. We shall work out in details
the case of the middle operator D;. The decomposition of C; ~ Cj,; gives

~ ~ MO A1tk
(50) () ~ Ol-i-l — 69051:)\1-‘1-]67051—)\162 ®a2:A1+1,a2—)\2€Z
i+ T Nt
as=MAo+1,a3—A3€Z ay=Ay—1+1,00—A,EZ a_1=MN_o+1l,q;_1—N_1€EZ
Al—2+1 A—1+1
69Oél=>\171+1 v —NEZ FYapp1=—(N_1+1) , 01— NEZ (@1, 1)K

Definition 4.3 allows us to conclude

Czlﬂ 142 = ~ 1,1~ Oay=x 4k, a1-MEZ 693;—;];1-{—1,042—)\262
(51) EBigii\g—i-l,ag—)\geZ T @2}1:?:1\1,2“ , 01—\ _2€E7Z
@ill;zAT,11+1,al—AleZ @ym:—,\l caa—nez (@)K
and
Cl 1~ Cﬁ}d ~ @) A +k,a1-A€Z @gétﬁl—l—l L aa—Xa€Z
(52) EBigii\g—i-l,ag—)\geZ "'@gi:?iil,zﬂ,al,l—)\l 2E7Z @Al QAT,ll—irl,az—)\zeZ
{ 3211:%)\l+1)7al+1—)\lez ;l(j\llil—)(Alf1+1) 01— N EZ How, . 1)K
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so that

o A !
Cr=C1,19C 141,

A I+1
Cr1 =011 OO0 14e

(53)

It is remarkable to note that we have an isomorphism of K-modules

1 A
(54) Criive = Ciays

and so the homomorphism D; acts by ‘flipping’ of K-modules isomorphic to Cll—l !

+1

and Oll, 41 with respect to the decomposition of homomorphism D on C’ll_‘_l’ 142

and Cll'ﬁ_l (see the picture below):

l I+1
Ci1 Gl
Im Dl*l Im Dl Im Dl+1
I+1 I+1
Gl Clit, 142
Ci—1 C Cis1 Cryo

The last term of the BGG sequence Cy;42 has the content of K-types

~ 2[+1 ~ mAMt+Ek—1 A1
(55) Cotr2 ~ Cour1 N Oy o141 = B3 TN w1 neZ Ponmr wa—roeZ
Xi—1 Ai—1 Al
"Di=aswi—A€Z T Pu=a, w—Nez 69Wl+1=—>\l ywi1— A €L (Wi, @)K

O

Remark 5.5. Note that the same remark as 5.2 in the even case holds true for
n=20+1.
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Corollary 5.6. Let 0 <v < (I—1)or (I+1)<wv < (20+1). Then

~ A +k A1+1
(56) KerDv - Oll_)\l'i‘k‘ a1—A1EZ @az =A1+1, a2—A2€Z ®a3:)\2+1,o¢3—)\362 to
) @Aufzﬂ v Av41
p=Ay—1+1, A=A €L~ Ay 1=Ap 41, 0 +1— Ay +1€Z ~ Ay 2=Ap4 2, Ayt 2—Ay42€Z " *°
Al—1 A
' EBal:Ahal_)\lEZ 69Ofl+1=—>\l,Oél+1—>\l€Z (@1, @41)K,
~ A1+k
(57) ImD, =~ Ocl—)\1+k‘ a1—A1€Z 69(12 =A1+1,a2—X2€Z @ag )\2+1 a3—A3€EZ "
. EBA1172+1 Ay—1+1 @Aerl
ay=Ay—1+1, 00— A EZ “ay+1=Ap+1, Ayt 1—=Ap+1E€L Yyt 2=Ap 42, 0y t2—Ay2€L " "
Al—1 Al
’ ®al:Al,al—Al€Z ®al+1=—)\l,al+1—)\lez (011, e Oél+1)K,

and we have the isomorphisms
KerDy =~ Cy_y ,,

58
(58) ImDy = Cy yy1q-

There is also the set of isomorphisms, allowing the identification of kernels and
images of homomorphisms before and beyond the middle part of the BGG se-

quence:
(59) KerDyyy11 ~ImDyyy, >~ ImD;_,, ~ KerDy_p, 41,1 <v <L
The only exception from this scheme occurs in the middle part of the sequence for

homomorphism D) : C; — Cj41, where we work with abelian group C; ~ Cj41:
(60)

~ ~ ! ~O- o A1tk
KerDy =~ ImDyy = Cp_y ;1 = G171 1 =BG x+k, a1 -2 €Z Pagai 41, an— o€z
st o @Azfs-i-l @)\sz-i-l
ag=A2+1,a3—A3€Z ap1=N_ot+l, 1 =N _2€Z Y= N_1+1,qy—N€EZ
Al
69Ofl+1:—)\l Q41— NEZ (@1, ar)K,
and the image of Dy is equal to
1 o N A1 +k
Ol7l+1 = Cl,l-l—l ~ImDy ~ a1—)\1+k a1—M€EZ @az =XA1+1,a2—X2€Z
61) @htl st Ai—2+1
( ) az=M2+1,a3—A3€Z ap_1=AN_ot+1,a;_1—N_2€7Z Yay=N_1+1,00—NEZ
Ai_1+1 ()\l+1)
al,...,Q .
{ opp1=(N+1) 0041 —NEZ ®al+1— (N—1+1) a1 —NEZ }( L ’ l+1)K

The identifications in the middle part can be summarized as

(62) Cli 1o ~ KerDyp ~ImDyyq ~ImDy_y ~ KerD; ~ C{_, ,,

141, 1+
and
I+1
(63) Cr~Cl_ ®C11,Cry1 cr z+1 ST 142
I+1
where Cl 1,1 = Cl+1 1+2°

PROOF: It is a consequence of Theorems 5.4 and 4.8. (I
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