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Criteria for k); < oo in Musielak-Orlicz spaces

LiaNnyING CAO, TINGFU WANG

Abstract. In this paper, some necessary and sufficient conditions for sup{ks : ||z||° =
1} < oo in Musielak-Orlicz function spaces as well as in Musielak-Orlicz sequence spaces
are given.
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In Orlicz spaces endowed with the Orlicz norm, denote

1
ky = sup {k>0:||x||0:E(1+pM(kx))}.

el =1

Since the study of many geometric properties in Orlicz spaces is related to whether
kp < oo is true, the criterion for kj; < oo has been discussed extensively. In
1986 S. Chen obtained a concise result in classical Orlicz spaces:

ky < oco<= M € Vg (ie. N € Ay).

But because of the fact that the Musielak-Orlicz functions and condition A are
more complicated, the corresponding problem in Musielak-Orlicz spaces has not
been solved. And it has become to be an obstacle for the study of many geometric
properties in these spaces. In this paper, we shall generalize the result of S. Chen
to Musielak-Orlicz function and sequence spaces.

The triple (T, X, ) stands for a finite nonatomic measurable space. A mapping
M : T x [0,00) — [0, 00] is said to be Musielak-Orlicz function if it satisfies:

(*) for each u € [0,00), M (t,u) is a py-measurable function of ¢ on T
(**) for t € T (a.e.), M(t,u) is convex and left-continuous with respect to u;
(***) for t € T (a.e.), M(¢,0) = 0, limy—o0 M (¢,u) = 0o and M (t,u’) < oo for
some u’ > 0.
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We denote by N (t,v) the complementary function of M (t,u), where
N(t,v) = sup{uv — M(¢t,u)} (teT, v>0).
u>0

It is easy to see that N is also a Musielak-Orlicz function.
Let z(t) : T — (—00,00) be a p-measurable function. The linear set

{z(t); 3N > 0 such that pps(Az) = / M(t, Az(t)) dp < oo}
T
equipped with Orlicz norm
.1
o]0 = sup [ a@u(®)dn = int 30+ pa (k)
px(y)<1JT k>0
forms a Banach space denoted by L?\/[' It is called the Musielak-Orlicz function

space. For 0 # x € LY, ||z]|® = £ (1 + par(ka)) iff k € k(z) = [k, k3], where

T
k;zinf{k>o:pN (k|z|)) /thtk|x )|))du21},

k;*zsup{k>o;pN (k|z])) /thtk|:v )|))du§1}.

We say that M (¢, u) satisfies condition A (M € A for short) if there exist A > 1
and a measurable nonnegative function § deﬁned on T with fT )dp < oo such
that

M(t,2u) < MM (t,u) + (t) (teTae, —oo<u<+00).

The right derivative of M (¢,u) (N(t,v)) at u (v) is denoted by p(t,u) (q(t,v),
respectively).
We start with the following lemmas.

Lemma 1. The following statements are equivalent:
(1) N € A, i.e. there exist A > 1 and 0 < §(t) € L' such that

N(t,2v) < AN(t,v) 4+ 6(¢) (teT ae., veR)
(2) for any & > 0 there exist A > 1 and 0 < §(t) € L' such that
N{(t, g) <AN(tv)+3(t)  (teT ae., veER);

(3) for any € € (0,1) there exist 0 € (0,1) and 0 < §(t) € L' such that
M(t,eu) < M (t,u) + 6(¢) (teT ae., veR);

(4) there exist ,0 € (0,1) and 0 < §(t) € L' such that
M(t,eu) < 0sM(t,u) + 6(t) (teT ae., veR).

PROOF: See Theorem 1.13 in [2]. O
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Lemma 2. For any 0 #z € LY, if f{teT:m(t);éO} N(t,B(t))dp > 1 then K(x) #
(0, where B(t) = sup{v > 0: N(t,v) < co}.
PROOF: See Theorem 1.35 in [2]. O
In the following, we always denote

kpr = sup {k>0:|\x||0:

fl=]|°=1

(1+ par (k) }.

=

Theorem 1. The necessary and sufficient condition for kj; < oo is N € A.

PROOF: Necessity. Suppose that N ¢ A. For any € > 0, define

3

3(t) :sup{UZO:M(t,su) > 15z

M(t,u)}.

Then
/ M, 5(t)) dpt = o.
T

(Otherwise

M(t,eu) < 1LJFEM(t,u) +M(t,8(t) (teT ae., ucR).

This shows that N € A.)
Thus we can take u(t) > 0 satisfying

3

M(t,eu(t)) > T EM(t,u(t))
and
/M(t,u(t))du> Lre
T 9
Then

/ M(t,eu(t)) du > 1.
T

So [leu||® > 1. And recalling M (¢, eu(t)) < oo (t € T a.e.), it is easy to check that
there exists Q C T such that |leu|q||® = 1. Take k € K(cu|q), i.e.

1=|leulol® = 7(1+ par(keu | 0)).

1
z



L. Cao, T. Wang

Then

(1 + par(keu ) = lleul all°

=

3+ eurleulo) <
< (4 pur(= -eul@) = <(1+ par(u] )
1+¢
£2 [ ae.utey) dn)
= e+ (L+)pnrleulq).

<e(l+

So % < e+ eppyleu|q) < 2e. By the arbitrariness of € > 0, we obtain the

contradiction kj; = oo.

Sufficiency. Since N € A, according to Lemma 1, there exist 7 > 0 and 0 <
§(t) € L' such that

M(t,2u) > 2(1 + 2n)M (t,u) — 6(¢) (teT ae., veR).

So for u satisfying M (¢, u) > %t?), we have
(1) M(t,20) > 2(1 + ) M(t, u).

Take D > 0 such that D —1— % Jp0(t)dp > 1. For any = € LY, with [|z[|® = 1,
denote

_ : o(t)
Hy = {t €T : M(t,Dlx(t)]) > 2—77}
Since 1 = ||z]|° < %(1 + py(Dx)), we get
py(Dx) > D — 1.
It follows that
Mt Da(t) du = par (D) — | M(t, Da(t)) dp

H, T\Hy

2) >D-1-— 5() dy
21 J1\H,

o),
>D—1—— [ §t)du>1.
> 2nT()u_

By N € A, we get B(t) = oo (a.e.). Consequently, by virtue of Lemma 2, for
any z € LY, with ||2|° = 1, K(z) # 0. If k € K(2), then k < D or k > D. If
k > D there exists 7 > 1 such that

2-1p <« k< 29D,
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From (1) and (2), we have

2D >k=1+pplkx) > [ Mt ka(t) du
H,

> [ M(t, 277 Dla(t)]) dp
H,

> 2Pt [ Mt Dl (o)) du
Hy
> (1)l

It implies that j — 1 < logy, 2D. Thus k < D - 2198145 2D+ Thig shows that
kpr < oo.

Next we present the criterion for kj; < oo in the Musielak-Orlicz sequence spa-
ce 19,. Let M = {M;}$°; be a sequence of functions. For each 4, M;(u) is convex
and left continuous with respect to u, and satisfies M;(0) = 0, limy—00 M;(u) = 00
and M;(u') < oo for some u/ > 0. We denote by N;(v) the complementary function
of M;(u), where N;(v) = Sup,>o{uv— M;(u)}. p;(u) and g;(v) denote their right
derivatives, respectively. p; (u) denotes the left derivative of M;(u). We say that

M satisfies condition 0 if there exist A > 1,49, ¢; > 0 (i > o) with >7,-; ¢; < o0,
and a > 0 such that
M;(2u) < AM;(u) +¢; (i >0, M;(u) < a). O

In what follows, denote by x = (2(4))72; a real sequence, and define a modular
of = with respect to M by

par (@) =Y M;(|a(i)]).
i=1

The linear set

{:v:ﬂc>0, pM(E) <oo}
c
equipped with the Orlicz norm

1 [ee)
2| = inf (14 kx)) = sup z(2)y(i
" = jnf = (1 + pas (k) o ; @)y (i)

forms a Banach space denoted by 19\4 and called the Musielak-Orlicz sequence
space. For any 0 # x € 19\4 we define K (x), kk, ki* and kjs in the same way as
in the function case. For each 7, denote

b; = sup{v > 0 : N;(v) < oo}.

We obtain the following theorem.
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Theorem 2. kj; < oo if and only if
(1) N e€é;
(2) for any a > 0 there exists A > 1 such that if N;(p;(u)) > a then

Nl(pl()\u)) >1 (z =1,2,.. )

PROOF: Necessity. The necessity of (1) can be verified analogously to Theorem 1.
If (2) does not hold, there exist a > 0, up > 0 and 4, such that

Nin(pin(un)) > a, Nzn(pzn(nun)) <1, (n =12,.. )

Let xy, : p(in) = tn, 2n(i) =0 (i #ip) (n=1,2,...). Then z, € lg/l and

Since
pN (p(nan)) = Ni, (pi, (nun)) <1,
by the definition of k3" we have k;* > n. Consequently

% = |lon|°kE > na.

lznll

This shows that kj; = oc.

Sufficiency. ~ Since N € 4, there exist N > 1, i, ¢; > 0 (i > ij) with
Ei>i6 ¢; < 0o, and a’ > 0 such that

N;(2v) < N N;(v) + ¢ (i > ip, Nij(v) <d).

Take ig > ij satisfying >, ; ¢ <1 and a < d’ satisfying

>0
_1 1 . .
M;(q;(N; *(a))) < o (i=1,2,...1).
Next take A > ) such that
(3) Ni(pi(v)) > a = Ni(pi(Mu)) >1  (i—1,2,...).

It is easy to prove that

(4) N;(2v) < AN;(v) + ¢ (i > ig, N;j(v) <a).
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Notice that %Ni(%) and %M,(%u) are complementary to each other. So for
i > g, N;(pi(u)) < a, we have

Miu) + Nilpla) = i) < 74 () + 3 NiC0it0)

2 A
< %Mz (%) + Nz(pz(u)) + %
< g5 MilA) + Ni(pi(u)) + &
Then
(5) M;(Au) > 2AM;(u) —2¢; (i > g, Ni(pi(u)) < a).

Condition (2) implies N;(b;) > 1 (i = 1,2,...). Applying Theorem 1 in [3], for
any = € 19, with ||z]|° = 1, we get K(z) # 0. Then for any given k € K(z), we
have £k <5\ or k > 5. If £ > 5\, then

Ni(pi(5Alz())])) < pn(p(BAI2])) < pn(p™ (kz)) <1 (i=1,2,...).
Applying (3) we have
Nipi(sle@) <a  (=1.2....),

- Sla(i)] < (V7' (@)  (i=1.2,...).

Consequently

0
Y Mi(5la(i)) <Y Mi(a;(N; () < 1.
i=1 )
From 1 = ||z]|° < %(1 + par(52)), we deduce that pps(5z) > 4. So

(6) > Mi(5la(i)]) = 3.

>0
Take j > 1 such that 5} < k < 501, Combining (3) with
Ni(pi(As N~ Ha()]) < pn(p(BN [2]) < 1,

we obtain '
Nilp; BN Hz())) <a  (i=1,2,...).
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From (5) and (6), we conclude that

BN > k=14 ppp(ka) > > My(kla(i)

1>10

> > Mi(5N|x(3)])

1>10
> 3 { VMGl — (2071 26) — (20226 — - — 26

1>10

1 1 1

— 32y { A(5l2(9)]) — (ﬁ+ ot (2/\)j> -202‘}

1>10
> @0 Y {Misle()]) - 26} = (20,

1>10
Thus j <logy 5\, ie k< 5Al082 5A+1 Hence kjy; < oo. O
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