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On maximal functions over circular
sectors with rotation invariant measures

H. AiMAR, L. FOrzANI, V. NAIBO

Abstract. Given a rotation invariant measure in R™, we define the maximal operator
over circular sectors. We prove that it is of strong type (p,p) for p > 1 and we give
necessary and sufficient conditions on the measure for the weak type (1,1) inequality.
Actually we work in a more general setting containing the above and other situations.
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Let X be a topological space and p be a Borel measure on X. By Lﬁ(X)
we will denote the space of all real valued measurable functions on X such that
|l = (e 1F@)IP dp(@)/? < 00 i 1 < p < 00, and || flloc,s = inf{a: p(fa €
X :|f(z)| > a}) =0} < oo, if p= +o0. By L, 10.(X) we mean the set of all real
valued measurable functions on X which are integrable on compact sets.

p < +oo, if there exists a positive constant A;, such that for every f € Lﬁ(X),
T fllpp < Apllfllp,u- The operator T is of weak type (p,p), 1 < p < 400, if
there exists a constant B, such that for every f € L (X) and A > 0, u({z € X :

ITf(z)] > A}) < Byl fllpur P

An operator T defined on Lﬁ(X) is said to be of strong type (p,p), 1 <

Let y € S,,—1, the unit sphere in R", a € (0,7) and 0 < r < R < 400. The
set S = S(y,a,m, R) = {z € R": arg(z,y) < e and r < |z| < R}, where arg(x,y)
is the angle between = and y, is called a circular sector in R”. If GG is a Borel
subset of Sy_1, G(r, R) will denote the set {pz : x € G, r < p < R} and o, will
mean the surface measure on the sphere of radius 7.

Let p be a non-negative rotation invariant Radon measure. If f € L, ;,.(R")
and x # 0 we define

s _ 1
(1) Mif () = sup s /S F@)lduy)

z€eS
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where the supremum is taken over all bounded sectors S in R™ with non-zero
measure containing z. Set M f(0) = 0.

It is not hard to prove that if G is a Borel set in S;,_1, 0 <7 < R < 400 and
f € L},(R") then

/ f(y)du(y)
G(r,R)

R
701(5}%1) /G / flpy)dv(p)dor(y')

R
e R

where v is the measure in R defined by v((a, b)) = u(S,—1(a, b)), with the above
notation and G = S,,_1, for 0 < a < b < 400. So, the average of f over circular
sectors is obtained by considering averages over the intervals in R, with respect
to v, and over the “balls” in S;,,_1, with respect to the surface measure o1. This
fact allows us dominate M, /“j f by an iteration of two maximal functions: one in R
with respect to an abstract measure v, and the other in S,,_1 with respect to its
“doubling” usual measure o7.

This situation is analogous to the classical one of the maximal operator over
rectangles with sides parallel to the coordinate axes, with respect to the Lebesgue
measure. In this case the strong type inequality holds for p > 1 but the weak
type (1,1) inequality is no longer true (see [4]).

We are interested in the boundedness of M. The strong type (p,p) for p > 1
will be obtained as a consequence of the strong type inequality for the maximal
functions in (S,_1,01) and in (RT,7). Our main result is a characterization of
the measures v for which the weak type (1,1) inequality holds. We shall work in a
more general setting that includes the above situations. The basic result of these
notes concerning M;; will be the following corollary of Theorems 1 and 2 below.

Given a non-negative rotation invariant Radon measure u, we have
(a) My is of strong type (p,p) for 1 < p < oo;
(b) M} is of weak type (1,1) if and only if 1 is a finite linear combination of

surface measures; i.e., 1 = Zfil a;or;, with a;,7; >0, N € N.

Let X be a set; a nonnegative symmetric function d on X x X is called a
quasi-distance if there exits a constant & such that

d(z,y) < kld(z,2) + d(z,y)]

for every z,y,x € X, and d(x,y) = 0 if and only if z = y.
The balls B(z,r) = {y : d(x,y) < r} form a basis of neighborhoods of z for
the topology induced by d.
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Consider (X,d,\), where d is a quasi-distance on X and A a non-negative
measure defined on a o-algebra of subsets of X which contains the balls. For
f € L) 10c(X) we define the Hardy-Littlewood maximal function operator

My (@) = sup <o / (@)l dA(x

where B is a ball containing x with positive measure.
We shall say that (X,d, \) is a space of homogeneous type if there exists a
constant A such that

(2) 0 < A(B(z,2r)) < AXB(z,r)) < 00

holds for every x € X and r > 0.
For these spaces, the weak type (1,1) and the strong type (p,p) for p > 1 of
My hold (see [2]).

Let (X, d,\) be a space of homogeneous type and v a Lebesgue-Stieltjes mea-
sure on R. Consider the product space X x R endowed with the product measure
p=Axv. For f€L,i(X xR) we consider the maximal function

3) My f(z,t) = sup / £ 9)ldu(y, )

(z,t)es M

where the supremum is taken over all the cylinders S = B x (r, R) in X x R with
positive measure containing (z,t), B being a ball in X.

Theorem 1. M, is of strong type (p,p) for p > 1.

PRrROOF: Since the case p = +o0 is trivial we consider 1 < p < oo. By Tonelli
theorem we have that

My f(z,t) = sup /If Y, s)|du(y, s)

(z,t) es H
1 1 R
= (;ggsm/fg <W/ |f(y75)|dV(8)> d\(y)
05757 [, MU ) ODG)
< M,\[(M (fC O]

The maximal function My is L% (X)-bounded because (X,d, ) is a space of
homogeneous type and, even without any doubling condition for v, the maxi-
mal function M, is LY(R)-bounded because the basic space is one-dimensional
(see [1]). Then
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o M Pdue) < [ L)) Pt
= [ [ s eonol@raedne

<c// My (f(, ) (OIPAA)dw (1)
—c [ [ e 0P
gc/ /|fxt|pd1/ JAA(2)

= |f (@, ) Pdp(z,t).
X xR

O

Remarks. (1) Observe that we have just used the strong type inequalities for
My and M,. In fact, if (X1,d1, A1) and (Xo,d2, A2) are spaces for which their
maximal operators are bounded, then Theorem 1 holds for the product space
X1 X Xg.

(2) Following Zygmund, Marcinkiewicz and Jensen one can prove a stronger
result: If (X1,d1, A1) and (Xa,da, A2) are spaces for which their maximal oper-
ators are of weak type (1,1), for each f € L, ;,.(X1 x X2) and each A\ > 0 we
have

u({(m,t) € X1 x Xo: Muf(x,t) > /\}) <

. / @Dl () 4 1og+ LEDL) gu(2, 7).
X1 ><X2

See, for example, [4, p. 161].

The weak type (1,1) inequality of M, is a bit more delicate. We shall now give
a characterization of the measures v for which M, is of weak type (1,1) when
dealing with a special class of spaces of homogeneous type.

Let us first observe that if v is a finite linear combination of Dirac measures the
weak type inequality holds. This easily follows from the weak type for the Hardy-
Littlewood maximal operator in spaces of homogeneous type. What is important
is that the converse is true in most of the spaces of homogeneous type of interest,
such as the unit sphere with the surface area measure or the euclidean space with
non-isotropic parabolic distances and Lebesgue measure.

The fact that every non-atomic space of homogeneous type can be normal-
ized in such a way that each ball of radius r has measure of order r, for r small
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enough, was proved in [5]. In [6] it is shown that the more restrictive normaliza-
tion A(B(z,7)) = 7, can be obtained in several interesting cases containing the
generalized parabolic distances or some regular and smooth Vitali families.

The proof of Theorem 2 is an extension of the standard construction of a
counterexample given in [4, p. 165].

Theorem 2. Let (X,d,\) be a space of homogeneous type normalized in such
a way that \(B(xz,r)) = r for x € X and r small enough. If M, is of weak
type (1,1) then v is a finite linear combination of Dirac measures; in other words,

V:Z?;lai&m, a; >0,r, € R, N eN.

PROOF: Let v be a measure which is not a finite linear combination of Dirac
measures. We will show that M, is not of weak type (1,1). Fix 290 € X. We
consider two cases.

Case 1. Suppose first that
(4) there exists z € R such that v((z,z + 1/i)) # 0 for every i € N
and define ¥ (i) = 1/v((z, 2+ 1/i)). Consider, for each N € N, the sets
V(i)

JZ-N:{(:zr,t)eXx]R:z<t<z+1/i,:ceB(xo,W)} i=1,...,N;

N
Ey = ﬂJiN: {(z,t) e X xR:2<t<z+1/N, z € B(xo, ‘I’((]b)))}.
=1

Then, by the definitions of ;4 and ¥, we have

M) = MBao. ) (2 +1/0) = g
w(1) (1)

w(EN) = A(B(zo, ﬁ))’/((zvz N = Gz

Observe that

ZL:JI JiN C {(a:,t) €X xR: Mu(xgy)(z,t) > %}

for some constant C. In fact, if (z,) € J¥ then

M) @) = = | vy ()t )

7




316 H. Aimar, L. Forzani, V. Naibo

Then
C N
p{(x,1) €X xR Mu(xpy) (@) > g=d) 2wl )
YT
N . .
(@) —T(E—-1) 1
) ; YN w6)
since
N
UJZ-N:{ yeX xR: z<t<z+1z€B(m0,%)}
1=1
N .
UU{@nexxRiz<t<z+ioe B, i) - Blao, ih ).
1=2
So,
C (i— 1)
U(N)u({(z,1) € X x R: My(xpy)(x,t) > 7] 1+Z .
Observe that lim HN YE—1) _ 0, so the above series diverges to +
N—+oo 11li=2 76) 5 ges 1o +0Q.

We conclude that M, is not of weak type (1,1).
Observe that the same construction with the obvious changes works if instead
of condition (4) we have

(5) there exists z € R such that v((z — 1/, 2)) # 0 for every i € N.

Case 2. Suppose now that neither (4) nor (5) hold. Then v is a discrete measure
supported on an infinite set whose atoms do not accumulate; that is, there exists
an infinite sequence {r; };cn of real numbers with no accumulation points such that
v(A) =3, ca a; for every measurable subset A C R, where v({r;}) =a; > 0. In
fact, for each z € R there exists i, € N such that v(z—1/i;, z+1/i;) = v(z). Now
if K C R is compact, the set {z € K : v(z) > 0} is finite. So, we obtain a sequence
{r:} with no accumulation points such that v(r;) = a; > 0 and v(A) =3, 4 a;
for every measurable subset A C R. Observe that {r;} is not finite because v is
not a linear combination of Dirac measures. We assume, without loss of generality,
that 0 <7; < rijy1.

We consider two cases. (i) Assume ;. a; = +00. Define for each N € N

JN ={(z,t) e X xR:0 <t <ri11, x € Blwg, =~+—)} i=1,...,N;

=19

Ey=J={(teXxR: 0<t<r2,xeB(:z:0,%)}.

b 1@
=1 Jj=
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Then, for (z,t) € JiN, we have

©6)  Mulxmy)(@t) > / XEy (> 8)du(y, ) = —2

MEANNI Zévl aj

So, there is a constant C' > 0 such that

UJN {xteXxR M (xpy)(@,t) > =& }

Zj:laj
Then
N w
p({(@.t) € X xR : Mu(xpy)(@,t) > ==—1 > u(lJ ) =D =,
i=1% i=1 o1 =19

since

N N

UJiN: U {(a:,t) eXxR:rq <t§r,~,x€B(z0,%)}.

i=1 i=1 7=t

This last series diverges since ) ;. a; = 400, see for example page 18 of [3].
Then M, is not of weak type (1,1).

(ii) Assume now that ) ;- a; < 400 and for each N € N define

TV = {(@1) € X xRirioy <tz € Blag, Z2Y) i=1.. N (rg=0);
>

N
Ex = ﬂ J; = {(x,t) eEXxR:ry_1<t,x EB(JCO,%)}.
195
=1

As before, there exists a constant C' such that

UJN {xt e X xR: Mu(XEN)($t>CZ%}

Jj=N
Then we have
#u{(aj t) € X xR : My(xg,)(x,t) >OZCL]}>C(1+N21 )
ijN aj SN sz%

for some constant c. The series above diverges to +o0c so we conclude that M, is
not of weak type (1,1). O
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