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Maximal nowhere dense P-sets in
basically disconnected spaces and F-spaces

A.V. KoLpunov, A.I. VEKSLER

Abstract. In [5] the following question was put: are there any maximal n.d. sets in w*?
Already in [9] the negative answer (under MA) to this question was obtained. Moreover,
in [9] it was shown that no P-set can be maximal n.d. In the present paper the notion
of a maximal n.d. P-set is introduced and it is proved that under CH there is no such
a set in w*. The main results are Theorem 1.10 and especially Theorem 2.7(ii) (with
Example in Section 3) in which the problem of the existence of maximal n.d. P-sets in
basically disconnected compact spaces with rich families of n.d. P-sets is actually solved.

Keywords: maximal n.d. set, P-set, maximal n.d. P-set, compact space, basically dis-
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0. Introduction

In [9], the notion of a maximal (closed) nowhere dense set in a topological space
was studied and some results were obtained. These studies were continued in [4],
[12] and others.

Let M(X) denote the family of all (closed) nowhere dense (n.d.) sets in a
topological space X. In 91(X) the order is introduced in the following way:
Fy < Fy if F; € M(F,) (in the induced topology on Fy). In [9] it was proved that
in some spaces, particularly without isolated points, there are n.d. sets which are
maximal with respect to this order (but, for example, there is no such a set in a
segment). Such sets are called mazimal nowhere dense (m.n.d.), and the family
of all such sets is denoted by 2(X). It should be pointed that the notion of the
m.n.d. set appeared in studies of spaces of measurable and summable functions
([9, Section 2]; [12, Theorem 14]).

It seems natural to study 9(X) only for compact X. Now we shall deliver
some results on m.n.d. sets from [4], [9], [12] combining them in the following
theorem. We recall that a ©-set is any n.d. zero-set (the letter © will be used
for ©-sets only). An F-space (quasi-F-space) is a space in which any cozero-
set (correspondingly, any dense cozero-set) is C*-embedded. A space is called
basically disconnected (b.d.), if the closure of any cozero-set is a clopen set.
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0.1 Theorem. For a compact space X the following statements are true.

(i) If © is a non-empty C*-coembedded O-set, then © € M(X).

(ii) Therefore, if X is an F-space or a quasi-F-space and © # () is a O-set
in X, then © € M(X).

(i) For b.d. X and F € M(X) it is true that F € M(X) if and only if F
contains a non-empty ©-set in X. In particular, M(X) # @ for every
infinite b.d. compact space X.

(iv) (MA). M(w*) = 0.

(v) A P-set is not a m.n.d. set.

(vi) If X contains only a finite number of isolated points, then any m.n.d. set
in X cannot have a countable m-base.

(vil) This implies that, if X is a metric compact space with only a finite number
of isolated points, then M(X) = 0.

(viii) M(27) = MI7) = 0.

Let us pay some more attention to the statement (iv). It is connected with
Hechler’s conjecture which appeared in [1] published in 1978 (i.e., three years
after [9]). S.H. Hechler formulated his conjecture in the following way. Let F' €
MN(w™*); is it true that there exists a family {Gq : a < 2¢} of disjoint open non-
empty sets in w* such that F C ¢l G4\Go. He showed that it is true under
MA. In [7] (1990) P. Simon proved that Hechler’s conjecture is equivalent to the
conjecture “(M(w*)) = 7. The latter conjecture was also introduced in [5] in
the form of Q222. But it is still unknown whether Hechler’s conjecture is true,
though it is proved in other set-theoretical models (see [8]).

Now, let £ be some class of (closed) n.d. sets. Let £(X) denote the family
of all sets from this class R in X. We may consider elements of &(X) which are
maximal in £(X) with respect to the order introduced before. For example, the
class 8 of all non-empty n.d. P-sets and the class 3’ of all non-empty n.d. P’-sets
([10]) may be considered. We recall that a closed set F' C X is called a P-set
(a P'-set), if FNcl E = () (correspondingly F'N int cl £ = ) for any F,-set F
which is disjoint with F.

Let R9n(X) denote the family of all maximal elements in K(X). Note that
Nop(X) = PM(X). In this paper some results on Poy(X) will be obtained. Ele-
ments of this family will be called mazimal n.d. P-sets (m.n.d. P-sets). Compact
b.d. spaces will mainly be considered since ¢(X) > w for a b.d. compact space
X implies PB(X) # 0. Any other natural large classes of compact spaces with
P(X) # O for any spaces X from this class are unknown for us. Besides for a b.d.
compact space P(X) = P'(X), and therefore P, (X) = Pop(X). But in the case
of X = w* the situation is different since P’(w*) = N(w*). So the conjectures
“M(w*) = 07 and “Pip(w*) = 07 are equivalent. Note also that in the general
case the equality 9(X) NP'(X) = 0 is not a theorem in ZFC (see [10]).

In Section 1 we consider classes of compact spaces (usually b.d., but not always)



Maximal nowhere dense P-set in F-spaces

having m.n.d. P-sets; besides conditions for a P-point to be a m.n.d. P-set are
discussed. In Section 2 classes of compact spaces with PB(X) # 0 and Peop(X) =0
are studied. The existence of such b.d. compact spaces is due to Theorem 2.7(ii).
It should be noted that it is much more complicated to find compact spaces of
this kind than to find compact spaces with non-empty PBon(X); in Section 3 the
desired example is constructed. In Section 2 compact F-spaces are considered,
which form a wider class than b.d. compact spaces. In particular, in Corollary 2.3
it is proved (CH) that Pon(w*) = 0. Maximal n.d. weak P’-sets could be studied
here, but we put them off until somewhere later. Section 4 is devoted to unsolved
problems.

We recall that in any b.d. compact space (compact F-space) the closure of the
union of any family (correspondingly, of a sequence) of P-sets is a P-set.

Let M C X and E C M be a closed (open, n.d. ... ) set in M in the induced
topology on M; then E is called a closed (open, n.d. ...) subset of M. If M
is a clopen set in X, then E € P(M) (E € Pop(M)) if and only if E € P(X)
(correspondingly, F € Pgn(X)). The letter X will be used only to denote compact
spaces which are b.d., if the converse is not stated. The letter F' will be used for
closed sets, and G will be used for open ones. The family of all cozero-sets in X
is denoted by Cz(X). The notation of the type of UE, will be used sometimes
for U{Eq : a € A}.

In Section 2 we shall consider the notion of the sequential absolute asX of
a compact space X, which was introduced in [3] using a different term (other
terms: the smallest quasi-F-preimage; quasi-F-cover, sequential cover; see [2],
[6], [14]). The space asX may be defined as the smallest irreducible compact
quasi-F-preimage of X. We shall present those results on the space asX, which
will be used in our arguments. Let 7 denote a canonical surjection: as X — X.

0.2 Theorem. Let X be any compact space and ¥ = asX be its sequential
absolute. The following statements are true.

(i) For any V. € Cz(Y) there is W € Cz(X) such that 7 'W C V C
cdrlw.

(ii) For any h € C(Y) and any € > 0 there are a ©-set © in X and g €
C*(X\O) such that |goT —h| <& on Y\771O.

(iii) A quasi-F-space Y is an F-space if and only if for any disjoint V1, V5 €
Cz(X) there is a ©-set © such that cl V3 Ncl Vo C ©.

(iv) A quasi-F-space Y is b.d., i.e., Y is the smallest irreducible compact b.d.
preimage of X (or c-absolute of X; see [3], [13], [15]) if and only if for
any V € Cz(X) there is V' € Cz(X) such that VNV’ =0 and VUV’ is
dense in X.

1. Spaces with maximal nowhere dense P-sets

First we find conditions on a (closed) n.d. set in a b.d. compact space to be a
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m.n.d. P-set.

1.1 Definition. An ideal I of clopen sets in a b.d. compact space X is called a
o-ideal if Uy, € I (n < w) implies cl UUy, € I.

1.2 Lemma. If I is a o-ideal of clopen sets in a b.d. compact space X, then
Fr = X\UI is a P-set. Conversely, if F is a P-set, then the family I of all clopen
sets disjoint with F' is a o-ideal and F' = F7.

PROOF: Suppose that an Fy-set E is disjoint with F'. Then E = UF;,, where F,
are closed in X. Find clopen U, D F), such that U, N F = . So E C clUF,, C
cl UU,, € I since I is a o-ideal. The remaining part is proved likewise. ([

Note that a nonempty F belongs to B(X) if and only if UI is dense in X.

1.3 Definition. Any family of disjoint non-empty clopen sets in an arbitrary
topological space X, whose union is dense, is called a sieve. If each member of a
sieve is disjoint with a given set F' € 9(X), then this sieve is called an F-sieve.

1.4 Definition. Let A be an uncountable sieve in a b.d. compact space X. Let
I = IA be the smallest o-ideal containing A. In this case a n.d. P-set Fj (see
Lemma 1.2) is called a standard n.d. P-set and is denoted by FAa.

Evidently, if ¢(X) > w, then there exist standard n.d. P-sets in X.

Note that if A’ is a F-sieve, then A’ is uncountable (since a non-empty P-set
FA cannot be contained in a ©-set) and Far D Fa. Besides, if non-empty clopen
U C X and A’ is a trace of the sieve A on U, then Far = FA NU.

1.5 Lemma. The following statements hold.

(i) If F € B(X), then there is a sieve A such that F C Fa.
(ii) If F € Pon(X), then there is a sieve A such that ) # Fa C F.

PrROOF: (i) Let F' € P(X). By Lemma 1.2, we may take any F-sieve A for the
given set F'.

(ii) Now let F' € Pon(X). Take Fa from (i). Then FEN(FA). It means that
there is a clopen set U such that ) ZUNF =U N Fa. Let A ={U, : a € A}.
Put A = {UaNU:a €A, UsNU # 0} U{X\U}. Evidently, Far = Fa N U =
FNUCF. g

Lemma 1.5 shows that for b.d. X, Pon(X) # 0 if and only if there is Fa €
Pon(X). That is why we shall pay some more attention to standard n.d. P-sets.

1.6 Lemma. Let A = {U, : a € A} be an uncountable sieve in a b.d. compact
space X. The following statements are true.
(i) There is no non-empty P-set F' C (X\ UA)\FAa.
(ii) If FA C F € B(X), then F = clU(FNUy) U Fa.
(iii) Fa is the largest P-set in X disjoint with each member of A.
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PRrROOF: (i) Suppose that ) # F C (X\ U A)\Fa. Then there are o, € A such
that F'Ncl U{Uq,, : n <w} # 0. So F is not a P-set.

(ii) Suppose there is © € F such that € clU(F NUy) U Fa. Find a clopen set
U containing x and disjoint with clU(F NUy) U FA. Then 2z € FNU € P(X)
and FNU C (X\UA)\Fa. But this contradicts (i).

(iii) follows from (ii). O
Now some conditions for the given set Fa to be a m.n.d. P-set will be obtained.

1.7 Proposition. Let A = {U, : @ € A} be an uncountable sieve in a b.d.
compact space X. The following statements hold.
(i) Fa € Pon(X) if and only if for any family {F, : a € A} of n.d. P-sets with
Fy C U, (some Fy, can be empty, but the set of others is uncountable)
there are a uncountable set Ay C A and points xq € Uy(a € Ap) such
that cl{zq :a € Ag} Nl U{Fy :a € A} = 0.
(if) If clUUq is C*-embedded in X, then FA € Pon(X).

PROOF: (i) Necessity. Let Fa € Pop(X), Fo € P(X) and F, C Uy (a € A).
Then the set F = (clUF,) U Fa € P(X). Since Fa € Pon(X), then there
is # € Fa such that z€cl(F\FA) = clUF,. Find clopen U with z € U and
UnNclUF, = (. Obviously, U = clU{U NU, : « € A}. Thus, the set Ay =
{a: UNU, # 0} is uncountable. Indeed, otherwise U N Fa = () because Fj is
a P-set. Take any xq € UNUy (o € Ap). Since cl{zq : a € Ag} C U we get
c{za:a € Ag} Nl U{F, :a € A} = 0.

Sufficiency. Let Fo C F € PB(X) and F, = F N U,. Evidently, each Fy, is
an n.d. P-set in X. Let uncountable A9 C A and cl{zq : @ € Ag} Ncl U{F, :
a € A} = (. Since Ag is uncountable, there is € (cl{zq : @ € Ap}) N Fa. By
Lemma 1.6(ii), we get cl(F\FaA) C clU{Fy : a« € A}. So z€cl(F\Fa). This
implies FAEN(F). So Fa € Pon(X).

(ii) If Fy C Uy and Fy is a n.d. P-set, then there is 4 € Uy\F,. We can
separate xo and Fy, in U, by zero-sets. Then the sets U{zy : @ € A} and
U{Fy : a € A} are separated in UU, by zero-sets. Since UU,, is C*-embedded in
X, we get cl{zq :a € Ag} N (clUF,) = 0. Now use (i). O

1.8 Remark. Let X be an arbitrary compact space with a uncountable sieve
A ={Uy : a € A} of clopen sets and let UU, be C*-embedded; let FA = X\ U
{AUp<wUaq, : (an) C A}. In this case it also may be proved that Fa € Pon(X).

Now we shall find b.d. compact spaces having m.n.d. P-sets.

1.9 Definition. Let X be a b.d. compact space. This space is called wi-eztre-
mally disconnected (wy-e.d.), if a closure of the union of any family of w; clopen
sets is clopen. If in a b.d. space Y the closure of the union of any family of wq
disjoint clopen non-empty sets is not open, then we call Y a anti-w1-b.d. space.
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Evidently, the class of all wi-b.d. compact spaces coincides with the class of
Stone spaces of all wo-complete Boolean algebras.

1.10 Theorem. Let X be a wi-b.d. compact space. The following statements
are true.

(i) Any standard n.d. P-set Fp is a maximal n.d. P-set.

(ii) A n.d. P-set is a maximal n.d. P-set if and only if it contains some standard
n.d. P-set. Any maximal n.d. P-set is contained in some standard n.d.
P-set.

(iii) Any non-empty clopen subset F’ of a standard set Fa is a maximal n.d.
P-set.

PrOOF: (i) Let A = {Uy : @ € A} be an uncountable sieve. In general UU,
need not be C*-embedded in X. But still this obstacle can be avoided. Let
{U, v <wi} € Aand FANU" # 0, where U’ = clUU,, is clopen (since X
is wi-e.d.). Then A" = {U] : v < w1} U{X\U'} is an uncountable sieve and
N :FAQU/#@.

The sieve A’ has the C*-embedded union in X. Indeed, if F; and Fy are
disjoint closed subsets in UA/, then their intersections with each member of the
sieve may be separated by clopen subsets which are clopen in X as well. The
unions of these clopen sets have the clopen closures since X is wi-e.d. Therefore
these closures are disjoint, i.e., cl FyNcl Fy = @. Thus, UA’ is C*-embedded in X.
By Proposition 1.7(ii), Fas € Pop(X). Hence Fa € Pon(X).

(ii) The first part follows from Lemma 1.5(ii), and the second one follows from
Lemma 1.5(i).

(iii) As it was obtained in the proof of Lemma 1.5(ii), there is a clopen set U
in X such that F/ = FNU = FA NU = Fa/ for some sieve A’. Now use (i). 0O

Now we consider conditions on b.d. compact spaces, under which there exists
the largest (by inclusion) n.d. P-set. Obviously, spaces with such a property exist.
The space X = fwy with a n.d. P-set F = uw; presents a simple example of this
kind. Now, we identify this P-set F at a point yg. This point is the unique (and
largest) n.d. P-set in a new compact space Y. This simple consideration shows
that there may be some relation between the question which we are discussing
and the following question: under what conditions a P-point is a maximal n.d. set
or the largest one. The remaining part of Section 1 will be devoted to these two
questions in b.d. compact spaces. To study them we need one definition more.
But before introducing it we note that the image of uw; C X remains to be the
largest n.d. P-set under any identification. In some cases the image of X may
not be an F-space, in other cases it may be an F-space but not a b.d. space.
However, if the point yg € Y is identified with a nonisolated point of Y, then we
obtain a compact F-space without n.d. P-sets, although this space does not have
the Suslin property.
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1.11 Definition. An arbitrary space X is said to have a local Suslin property if
in X there is a m-base of open sets each having the Suslin property. If X is b.d.,
then the local Suslin property is equivalent to the existence of a sieve A of clopen
sets each with the Suslin property. If X does not have the Suslin property, then
the non-empty set Fa will be denoted by Feee(X) or simply Feee.

1.12 Lemma. The set Fe..(X) does not depend on the choice of the sieve con-
sisting of clopen sets having the Suslin property.

PROOF: Let A; = {Uy : a € A} and Ay be two such sieves and U € Ay. Then
U{Ua NU : UsuNU # (0} is dense in U. As U has the Suslin property, this union
can be presented as U{Uq, NU : n < w}, where the sequence (an) C A. Since
IA, is a o-ideal, then U = clU(Uq,, NU) € Ia,. Thus, Fao, C Fa,. Analogously,
FAz C FA1~ (Il

1.13 Proposition. Let X be a b.d. compact space without the Suslin property
(this provides that P(X) # 0). The following statements are true.

(i) There is the largest (by inclusion) n.d. P-set in X if and only if X has
the local Suslin property. In this case the required set is Fiec.

(ii) A P-point x is a maximal n.d. P-set if and only if in X there is a clopen
set U with the local Suslin property and such that Fee.(U) = {z}.

(iii) There is the unique maximal n.d. P-set in X if and only if X has the local
Suslin property and Fecc is a singleton (this point is the unique non-empty
P-set in X).

(iv) If X is an wy-e.d. space, then X does not contain maximal n.d. one-point
P-sets.

PROOF: (i) Sufficiency. Let us take a Fcc-sieve A = {U, : a € A}. Obviously,
Feee = Fa. There are no non-empty P-sets in Uy, since ¢(Uy) < w. By Proposition
1.7(i) and Lemma 1.6(iii), Fa is the largest n.d. P-set in X.

Necessity. Let F € B(X) and A = {Uy : o € A} be some F-sieve. If X does
not have the local Suslin property, then ¢(Ug,) > w for some ag € A. In this case
there exists F' € P(X) in Uyy. Then FUF' # F.

(ii) Let {z} € Pon(X) and let A = {Uy : a € A} be some x-sieve. Since Fa
is a n.d. P-set, x € Fa, and {z} € Pon(X), then z is an isolated point in FAa.
There is a clopen set Uy in X separating x from closed Fa\{z}. Let the sieve A’
contain all non-empty sets U, N Uy and X \Uy. Denote the members of this sieve
by U, (y €T).

Let T'1 = {y € T : ¢(U}) > w} and I'y = T'\I'. We shall check that T'; is
at most countable. Suppose that the opposite statement is true. In this case
x € cl{U : v € T1}. Since ¢(UY) > w for any v € ', there is F, C U/, such that
F, € P(X). Then F = cl UFy is a n.d. P-set in a b.d. compact space X. Finally,
xz € F and {z} € M(F), a contradiction.
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Thus, I' is at most countable. So 2€W = clU{U, : v € '1}. Let A" = {U:
v € To} U{X\(Ug\W)}. Obviously, {x} = Far = Feee(Up\W). Finally, put
U = Up\W. Necessity is proved.

Sufficiency follows from (i). Of course, {z} = Fece(U).
(iii) follows from (i) and (ii) and Theorem 1.10(iii).

(iv) Let {z} € Pgn(X). As it was established in the proof of (ii), {z} =
Feee(U) for some clopen U. So without a loss of generality we may assume that
{2} = Fece(X) = Fa, where A = {U, : o € A}. Tt is clear that card A > wy. Let
A1 C A, Ay = A\ A4, card A; = w1, and card Ay > w1. Since X is wi-e.d., the set
W =clU{U, : o € Ay} is clopen. Therefore, X\W = cl U{U, : o € Ay} is clopen
too. But the sets U{Uy : a € A;} (1 = 1,2) are not closed. Soxz € WN(X\W) = 0,
a contradiction. O

1.14 Remark. A compact space X with the following properties can be con-
structed: X has a dense set of nonisolated P-points, and finite and only finite
P-sets are maximal n.d. P-sets. Evidently, this compact space cannot be b.d.
This example will be presented in Section 3.

2. On spaces with non-empty nowhere dense P-sets and without
maximal nowhere dense P-sets

It appears to be more difficult to find compact spaces X with PB(X) # 0 and
Pon(X) = 0 than to find compact spaces with non-empty Pon(X).

2.1 Definition. An arbitrary compact space X without isolated points is said
to have a rich family of n.d. P-sets, if for every open G # () there is non-empty
FeP(X)in G. If X is b.d., then X has a rich family of n.d. P-sets if and only
if ¢(G) > w for any open G # (.

2.2 Proposition. Let X be a compact F-space without isolated points, and
X has a rich family of n.d. P-sets. Let two following conditions hold for some
F e B(X).
(a) There is a family {H, : o < w1} of closed neighborhoods of F' such that
H,, C int Hy, for ag > a1, and H ="{Hy : a <wi}isnd. in X.
(b) There is a family {Gq : & < w1} of open sets such that F N Gy # 0 and
if GNF # () for some open G, then G4 C G for some a < wj.

In this case there is F' € B(X) with F' » F.

ProoF: Evidently, H € P(X). By induction, we choose non-empty n.d. P-sets
Fo C ((int HoNGo)\U{F, : o’ < a})\H. This can be done because cl U{F, :
o' < a} is a P-set in an F-space X (since card{a’ : o/ < a} < w). Besides
cdU{F, : o < a} is nd. as all n.d. P-sets F,, are disjoint. Denote F’ =
HUcU{F,: a <w}. First, we check that F’ € M(X).
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Suppose that it is not so. Then there are open sets G and G’ such that
) 4G CcG c G\H C G C F'. The open set G’ is contained in X\ H, for
some o < wy. Therefore, ) # G’ C clU{F, : o/ < a} € M(X). The contradiction
shows that F” is n.d.

Now we are to prove that F” is a P-set. Let V € Cz(X) and VN F' = (). We
are to check that clV N F' = (. We have clV N H = () as H is a P-set. Then
clV N Hyy = 0 for some ap < wi. This implies cl V N clU{Fy : a > ap} = 0.
Finally,

0= (clVNH)U(l VNl U{Fy:a > agHU(l VN U{Fy :a < ap}) =l VNEF',

At last, we obtain that I/ = F. Since (UF,) N F = {), it is sufficient to prove
F C clUF,. Suppose that it is not so. Then find an open set G such that
GNF # 0 and cl GNclUF, = 0. By condition (b), we get G, C G for some
ap < wiy. Thus, § # Foy C Gay C G, which contradicts the choice of G. O

2.3 Corollary. (i) (CH) Pop(w*) = 0 though w* has a rich family of n.d.
P-sets.
(ii) (CH) Also Pon(agcw™) = O for the o-absolute of the compact w* though
agw™ has a rich family of n.d. P-sets.

PROOF: In the both cases we have w(X) = ¢(X) = 2% = wy. It allows to apply
Proposition 2.2 and to construct families {Hy : @ < w1} and {Go : @ < w1}. In
particular, we may take all sets from the base of open sets intersecting with F' as
a second family. O

2.4 Remark. Note that for any infinite compact F-space X we have w(X) > c.
It means that it is difficult (if possible at all) to use Proposition 2.2 to prove
Corollary 2.3 without some set-theoretical conjectures.

The existence of compact F-spaces and b.d. compact spaces with a rich family
of n.d. P-sets but without maximal n.d. P-sets will follow from Theorem 2.7
in which Proposition 2.2 is applied not to the given space but to its sequential
absolute.

2.5 Lemma. Let X be an arbitrary compact space without isolated points. Let
for any non-empty open G there exists F' € p'(X) such that FF C G, and for any
V € Cz(X) there exists a ©-set © such that (VNF =0) = clVNF C0O. In
this case the sequential absolute Y = a3 X has a rich family of n.d. P-sets.

PRrROOF: Let 7: Y — X. For a set F' from the condition of Lemma, we denote
F' =77 1P\Uu{vecCz(Y):VnrtFc@ forsome O-setinY}.

We are to prove that () # F/ € P(Y). First, we check that 7F' = F (therefore
F' £ 0).
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Suppose F\7F’ # (). There is open G C X such that GNF # () and cl GNTF' =
. Then cl7'G N F' = (. Hence, if y € cl7'G N7~ 1F, then y€F'. By
definition of the set F’, we find a cozero-set V;, and a ©-set O, such that y € V,
and Vi, N'71F C ©,. We choose a finite subcovering {Vj,,...Vy,} of a compact
set cl 771G N 771F. In this case

drtanrtFcu{v, nriFndrlG:i=1,2,...n} CUO,, = ©'.

By Theorem 0.2, there is a ©-set © in X such that © < 77'©. It implies
0 #FNG CO. So O contains a non-empty open subset F'N G of the n.d. P-set
F. But this contradicts properties of P’-sets([10]). The contradiction shows that
TF' =F.

Now it remains to prove that F’ is a P-set. Let V € Cz(Y) and V N F/ = (.
We must obtain that cl VN F’ = ). By Theorem 0.2(i), there is W € Cz(X) such
that 7 1W c V Cc 7 'W. Since 7' WNF c VNF' =0, we get WNF = 0.
Indeed, we have W N 7EF’ = (); but we have already proved that 7F’ = F.

Further, by the assumption of Lemma, there is a O-set © D clW N F. It
implies clV N7 1F ¢ 7710. So (clV\71@) N (+71F\7710) = (. Now we
shall prove that c1V N F’ C cl(r—1F\7~1©). Suppose it is not so. Then there
is y € clV N F’ such that y€cl(r71F\7710). We find V/ € Cz(Y) such that
yeV and V' N(r71F\771@) = 0. Theny e V' NF' c V' nr~'Fc 1. By
definition of the set I, we have y€F’. A contradiction proves the desired result.
Thus, we obtain a new inclusion cl VN F’' C cl(cl V\r1@)ncl(r~tF\7~10).

To prove that I’ is a P-set we shall check that the right part of this inclusion
is empty. We recall that Y = asX is a quasi-F-space. So the ©-set 7710
is C*-coembedded. As the sets cl V\7710 and 771 F\7710 are disjoint closed
subsets of the normal space Y\T_l@, these closures in X are disjoint too. (|

2.6 Remark. Obviously, if X has a rich family of P-sets, then the conditions of
Lemma 2.5 are satisfied. But it is easy to prove that any irreducible preimage of
a compact space X with a rich family of n.d. P-sets also has a rich family of n.d.
P-sets. Indeed, a preimage of a P-set is a P-set.

2.7 Theorem. Let X be a compact space with a weight wy and without isolated
points. Then the following statements are true.

(i) Let conditions of Lemma 2.5 hold for X, and besides for disjoint cozero-
sets V1, Vo there exists a ©-set © D clViNclVa. Then Y = asX is a
compact F-space with a rich family of n.d. P-sets, but PBgn(Y) = 0.

(ii) Let any open set in X have not the Suslin property, and for any cozero-set
V there exists a cozero-set V' such that V NV’ = () and V UV’ is dense
in X. In this case Y = asX is a b.d. compact space (and therefore is the
o-absolute of X) with a rich family of n.d. P-sets, but Pon(X) = 0.
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PRrROOF: (i) By Theorem 0.2(iii), Y is an F-space. By Lemma 2.5, Y has a rich
family of n.d. P-sets. Let F' € PB(Y). We shall check that conditions (a) and (b)
from Proposition 2.2 are true for F'.

Let {W5 : v < w1} be a base of open sets in X, which we may assume to
be additive and multiplicative. Then it is easy to see that the base of closed
neighborhoods of the set 7F is contained in the family of all sets E, = X\W,.
Since 7F is a P’-set, then this base is uncountable and may be presented as
{Eo : @ < wy}. Obviously, {7 'E, : @ < w1} = 7717F D F. Then (in a
standard way) we construct a family {Hy : @ < w1} of closed neighborhoods of a
P-set F such that H, C N{ int Hy : o/ < a}and Hy, C {77 E, : d/ <a}. So
FCH=n{Hy:a<wi} C7 I7F. Thus, condition (a) holds.

Now we consider the family of all open sets T_1W,y intersecting F' and present
it as {Gq : @ < wi}. We are to prove that this family satisfies condition (b).

Let G be open in Y and GNF # (). We shall find G, C G. Let y € GNF.
There is a function h € C*(Y) such that 0 < h <1, h(y) = 1, and A(Y\G) = 0.
Let ¢ < 1/3. By Theorem 0.2(ii), there exist a ©-set © in X and g € C*(X\0)
such that 0 < g <1, [go7 — h| < e on Y\771@. Since 7710 is C*-coembedded
in an F-space Y, there is a continuous extension f = gor7 of the function go 7
on Y such that |f — h| < e. It implies f(Y) > 1 —¢ and f(Y\G) < . Since
FN7710 is a closed n.d. subset of a P-set I, there is a point ¢/ € (F\7~1@)nf~!
(1/2,1]. It means that f(y') = g(ry’) > 1/2. The function g is continuous in the
point 7y/, and therefore there is W, such that ¢/ € Wy, 1 W, N O =, and
g(W4) > 1/2 (here we use the multiplicativity of the base {W, : v < w1 }). Hence
y € 77W, N F, and 771W, N F # 0. It remains to prove that 7~ 1W, C G
because this inclusion implies that 7'_1W«, = (G, for some o < wy.

Suppose that there is yo € 77 1W,\G. Then yo € (Y\7710)\G, and thus
(9o7)(yo) = f(yo) < €. But on the other hand, 7yo € W, and g(W,) > 1/2. So
(go7)(yo) = 1/2. The contradiction shows that condition (b) from Proposition 2.2
holds. So we may use this Proposition.

(ii) By Theorem 0.2(iv), the compact space ¥ = asX is b.d. In (i) it was
proved that Peoy(Y) = 0. Since any non-empty open set in X does not have the
Suslin property, then the same is true for Y. So Y has a rich family of n.d. P-sets.

O

There is another way to get b.d. compact spaces with a rich family of n.d.
P-sets but without m.n.d. P-sets.

2.8 Remark. In Theorem 2.7(ii) one cannot weaken the condition “every non-
empty set in X does not have the Suslin property” to the condition “X does not
have the Suslin property”. At least, under CH it is easy to present a correspond-
ing b.d. compact space with a unique non-empty n.d. P-set (which is, of course,
P-point).
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2.9 Proposition. Let X be a b.d. anti-wi-e.d. compact space with w(X) = wa
and without isolated points. Besides, we assume that any non-empty open set
G C X does not have the Suslin property. Then Pgn(X) = 0 though X has a
rich family of n.d. P-sets.

ProOF: Note that ¢(X) = wa. Let {G, : v < wa} be a base of clopen sets in
X and F € PB(X). We are to check that F'€PBeon(X). By Lemma 1.5(i), we may
assume that F' = F is a standard P-set. The sieve A cannot be countable since
Fa is a P-set. A cannot have cardinality of wy since X is anti-wi-e.d. and so no
w1-family of disjoint sets can be dense in X. Thus, the sieve A has cardinality of
wy. Let A ={Uy : a < wa}.

Denote I' = {y < wy : Gy N Fa # 0}. For any v € I'let Ay = {a < wy :
UaNGy # 0}. Obviously, card Ay = wa (since Fa € P(X) and X is anti-wi-e.d.).
Denote a, = min[A\{ay : 7' < ~,7" € T'}] for any v € T'. By the construction,
we have oy, # aq, for v1 # 0.

The clopen set G N Uy, does not have the Suslin property. Then there is
Fy € B(X) in Gy NUq,. Let F' = clU{F, : v € T'}. Then F’ is a n.d. P-set
since X is b.d. To prove that FAE€Pgn(X) we shall obtain cl UFy O Fa, which
implies Fa < F'.

Let Gy N Fa # 0, i.e,, v € I. By the construction, Fy, C (Gy N F')\Fa.
Moreover (F'\FA) NG # 0. Thus, cl UFy D Fa. O

2.10 Corollary (2“1 = w9). The space uwi of all uniform ultrafilters in w;
contains no maximal n.d. P-sets though it has a rich family of n.d. P-sets.

3. Example

In this section a compact space X without isolated points and with the following
properties will be constructed.
(1) w(X) =ws.
(2) In X no non-empty open set has the Suslin property.
(3) For any G € Cz(X) there exists G’ € Cz(X) such that GN G’ = () and
G UG’ is dense in X.
4) Any point in X is either a P-point or a Gg-point.
5) The set of all P-points is dense in X.
6) A n.d. set in X is a P-set if and only if it is the union of a finite family of
P-points. In particular, Pon(X) = P(X).

By Theorem 2.7(ii), the g-absolute of this space is a b.d. compact space with
a rich family of n.d. P-sets but without maximal n.d. P-sets.

The desired compact space X is constructed as a limit of the inverse spectrum
liLn{Ya,ﬂ'?,Wl} of metric compact spaces (here wy is considered as a linearly

ordered set of smaller ordinals).
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3.1. In this subsection a special functor 7" will be presented. We consider a class
of all metric compact spaces without isolated points and with a fixed (for every
such a compact space Y) dense sequence E = {ep : n < w} with a fixed order
on E. In this class a functor T is presented in the following way. A compact metric
space T(Y) is a closed subspace of the product Y x [0, 1], which is the union of a
horizontal H =Y x {0} and all verticals Vi, = {en} x (0,1/n]. A closed vertical
{en} x [0,1/n] is denoted by V. Any point of the horizontal is called a lower
point, and any point (ey, 1/n) is called an upper point in T(Y'). Let m denote a
natural projection of T'(Y") on the horizontal H. So 7 is a continuous surjection
onY : 7w(y,r) = y. Finally, we choose a dense sequence in T'(Y) in the following
way: Epyy = {(en,7m) : rm € QN (0,1/n],n < w}. Some rule of numeration is
fixed in ET(Y)'
Here some properties of the given construction are presented.

(a) Obviously, H is n.d. in T(Y), and each vertical V, is open in T'(Y").

(b) If y€E, then 71y is a lower point in T'(Y).

(¢) If y € E, then 71y =V, for the corresponding number n < w.

(d) If M C Y, then 7~ M is the union of some family of closed verticals V7,
and some subset of n.d. H.

3.2. In this subsection we construct a family of compact metric spaces {Yy :
a < wi} with dense sequences E, C Y, and surjective (continuous) mappings
7§ Yo — Y5 such that 7§ = wg‘ow‘j\‘ (0< 6 <A< a<wp)andalso 7§ Ey = Ej.

Let Yo = [0,1], Ep = QN [0,1], Y1 = T(Yy), E1 = ET(YO)' Then FEq is

dense in Y;. Now we suppose that Ys, 7§, 7r§\ and countable dense sets Ej are

constructed for all § < «. In this case we put Yo 11 = T(Ya), 7r§‘+1 =n@onatl
where 7911 = 7 is a natural projection on the horizontal H = Hyy1 ~ Y,. We

take Ep(y,) as a set Eq41.

Now let 1 < wy be some limit ordinal, and assume that for any § < p compact
metric spaces Yy with countable dense sets E5 and with corresponding mappings
7T§\ are constructed. In this case we put Y;, = %in(Y(;, 7T§\, 1), where p is considered

as a linearly ordered set of all smaller ordinals. Evidently, w(Y),) = w since Y},
is a compact metric space (without isolated points). Any element y(“) €Y, isa
p-thread (y(®) : a < p), where y(® € Y, and y(® = w?y(a). The canonical
mapping 7k : Y, — Y, is generated by the corresponding mapping y(“) — y(a).
To introduce the set £, we take the family of all the p-threads (y(o‘) o< p)
such that for each of them there exists non-limit § < p with the following property:
y(o‘) is an upper point in Yy, for any non-limit ordinal o > §. Now we shall prove
that any p-thread (y(®) : o < p) from E,, may contain only a finite number of
non-upper members y(o‘) for non-limit «. Indeed, if it is not so for some p-thread,
we find a increasing sequence of non-limit ordinals («y,) such that ay, < p and
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y(a”) is not an upper point. Let A\ = supay, < p. If A = pu, then by definition
this p-thread does not belong to E),. If A < u, then A +1 < p and y()“"l) is a
lower point in Y) 1. Therefore by property (b) of the functor T, y©) is a lower
point for any non-limit ¢ such that A +1 < § < pu. So again this u-thread does
not belong to E;,. Using this property and the fact that both {0 : § < u} and Es
are countable we get that F), is countable too.

Now we shall prove that E), is dense in Y),. It is easy to see that in this case
the base of open sets in Y}, may be presented by all sets of the type of (wéf)_lGa,
where @ < p and G, is a base open set in Y, (if open bases are chosen so that,
if G4 is a base set, then (7))71G, is a base set too).

In each G, there is some y(o‘) € E,. By property (c) of the functor T, there
exists a unique p-thread y(“) such that y(5) is an upper point in Y5 for every
non-limit § > o + 1. Thus y*) € (7h) 1G4,

3.3. In this subsection we construct the required compact space X. We assume
that each countable dense £, is ordered in some manner. Then we put

X = lim(Yo, 7§, w1).

By the definition, the space X consists of wi-threads (y(o‘) :a < wp). We note
that if o is a limit ordinal, then 3(®) is defined by the a-thread (y® : § < ). So
any wi-thread is well defined by all y(‘s), where ¢ is non-limit ordinal less than wq.
So one can assume that any point x of the space X is a thread (y(o‘) fa € W),
where wﬁ is the set of all non-limit o < wy. Now we define 7, : X — Y, where
Ta(z) =y (a € wy)-

Show that for any thread (y(o‘) : a < w)) there can be only two cases. In
the first case all y(o‘) € E, and all but a finite numbers y(o‘) are upper points in
Y,. In the second case there is § € wﬂ such that y(a) is a lower point in Y, for
any a > 0, o € wﬁ. One can prove this by repeating the arguments which were
used when introducing the set ), (see 3.2). The points described in the first case
will be called upper, and the family of all such points will be denoted by Xi;.
Likewise, the points from the second case will be called lower, and the set of all
these points will be denoted by X7..

3.4. In this subsection we check the properties (1)—(6) for X.

Let x € X1,. Then y(o‘) is a lower point for some a € w], and y(o‘) is a G§-point
in a metric space Yy, i.e., y(a) = N{Gp : n < w}, where Gy, are open in Y,. By
property (b), we have 75 14(®) = N(7;1G,) = 2. Therefore, z is a Gg-point in X.

For the given M C X we denote M(®) = 7,M. Then the set 7, 1M (®) de-
creases as the index a increases, and M = N7, ' M (@), Now if F is closed in X
and z = {y(® : a € W|}EF, then y(MEF(®) for some a € | ( here we used a
compactness of X). Now we can prove that, if © € Xy, then z is a P-point in X.
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Let F}, be closed in X and 2€F), (k < w). We must prove that x€ cl UF},.
For each k by the result of the preceding paragraph, there exists aj € w] such

that y(o‘k)EF]gak). Let @ € W} and a > sup{a; : k < w}. Since F,ga—H) C
(r&TH)~LFY we use property (d) of the functor T’ and get that F]ga—i_l) is con-
tained in the union of some verticals in Y,+1 = T(Y,) and of the horizontal
H = Hqy1. Besides, y(@t1) € V,,, (see property (c) of the functor T'). Hence

U{FISOC—H) ik < wyNVy, = 0. By property (a) of the functor 7, we have

cl UF,EOH_I) N Vpo = 0. It means that € cl UFy. So property (4) is proved.

As X has nonisolated P-points, w(X) > wy. The base of open sets in X =
@(Ya, 7§, w1) consists of all sets Tolea, where G, belongs to the base of open
sets in the space Yo(o € w]). Thus, w(X) < wi. Finally, w(X) = wi, ie,
property (1) holds.

We can apply the arguments used in the proof of the density of E, in Y,
(see 3.2) to the set Xy and get that this set is dense in X. So properties (5)
and (2) hold in X. Since no P-set can contain G§-points we get that each P-set
F in X is a compact P-space in induced topology. Thus, F' is the union of a
finite set of P-points. Therefore, each such a set is a maximal n.d. P-set. So
property (6) holds too.

It remains to check property (3). Let G be some cozero-set in X. Then G is
an Fjs-set; besides X is a compact space. Hence G = U{T(;lek i k < w}, where
each Gy, is a base open set in Y,,. Fix a > sup{aj : k¥ < w} and replace each
Gy, by (wgk)_le with the same preimage in X. Thus, G = U{7; G} : k <
wl = 771 (U{G}, : k < w}), where all G}, are open sets in one space Y. Let
Wy = (7&t1)~1G,. Then G can be represented as T;il U{W : k < w}. By
property (d), the set UW}, is the union of some set of verticals V5, C Y41 and
a set from the horizontal H = H,11. Let a set W’ be the union of all other
verticals from Y,41. Evidently, W’ is a cozero-set and W/ N (UW},) = 0. Put
G = T(;_il(W’). Then G’ € Cz(X) and GN G’ = ). Moreover, X\(GUG’) C
T(;_ilH C X. Thus, the closed set X\(G U G’) does not intersect the set X/
which is dense in X. Hence, GU G’ is dense in X. O

4. Unsolved problems

4.1 Question. Is it true in ZFC that Peop(asw™) = Pop(uwi) = 07

4.2 Question. Under what set-theoretical conjectures which are weaker than CH
does the identity PBeon(w*) = 0 hold?
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